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AN EXISTENCE THEOREM OF CALCULUS OF VARIATIONS 
FOR INTEGRALS ON PARAMETRIC SURFACES.* 


By LamMBeErTo CESARI. 


q 


In recent years the concept of integral 3(S) = f f F(a, p) dudv, 
8 


a= 2°), p= (p", on a continuous surface in parametric 
form, S:7 «(u,v), €Q = (0,1, 0,1), has been studied by the author 
in connection with the theory for Lebesgue area [2,3,4]. In particular, 
various necessary conditions and also sufficient conditions for lower semi- 
continuity [3,4] have been obtained, which extend, to the large class of all 
surfaces in parametric form and of finite Lebesgue area, the well-known 
theorems of Tonelli [26, vol. 1] for curves of finite length and of McShane 
[14] for surfaces under particular conditions. 

In the present paper the problem of the existence of the absolute minimum 
of integrals }(S) for surfaces in parametric form and of finite Lebesgue area 
is studied with the aim of advancing for such surfaces an existence theory 
based only upon geometrical considerations and the concept of lower semi- 
continuity. The following existence theorem is obtained (no. 25): 


Each positive definite semiregular integral 3(S) = fj F(a, p)dudv 


has an absolute minimum in the class of all surfaces of finite Lebesgue area 
which are contained in a given closed bounded convex part A of the space E 
and whose bowndary is a given closed Jordan curve C, provided that C is the 
boundary curve of at least one surface of finite Lebesgue area in A. 


This theorem, in which the condition of the boundedness of A can be 
removed (no. 42), extends an analogous theorem of Tonelli for integrals on 
acurve [26, vol. 2], as well as a theorem of McShane [17] for integrals on 


a surface 3(S) = Sf F(p)dudv in which the function F does not depend 


upon the point z in the space #;. Another particular case is the problem 
of Plateau for which Rado, McShane, Courant, Douglas, Tonelli gave, a long 
time ago, final existence theorems, and for which the integral involved is the 


area integral 3(S) = ff | p | dudv. 
e S 


* Received March 14, 1951. 
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The proof of the above existence theorem (§3) is based only on the 
recalled conditions for lower semicontinuity [3], on some results of Lebesgue 
area theory for surfaces, on previous observations of McShane [18] and C. B. 
Morrey [19], and, above all, on a detailed study of a new suitable smoothing 
process for polyhedral surfaces (§ 2). The author is indebted to Professor 
L. M. Graves for the very short and elegant proof (§ 2, n. 13) of Lemma 15, 
which supplants a previous somewhat longer one. 

In order to point out the elementary and direct character of the procedure 
used in the present paper the direct application of any existence theorems for 
the Dirichlet problem (no. 43) has been avoided. 


§1. Generalities on Surfaces and Integrals. 


1. Let a= (a',a’,- - -,a”") be any point (vector) of the space H,, and 
let | a | be the norm of a; that is, | a | = [(a*)?+- - -+ (a")?]%*. Let {a;. a2} 
= |a,—a,| be the euclidean distance between two vectors a1,d2; hence 
{a,0}=|a|, where 0=(0,0,---,0). For any set ACH, let diam A 
be the diameter of A; that is, diam A —Sup|«—y| for any z,yeA. For 
any two sets A, BC E, let {A, B} be the distance between A and B; that is, 
{A, B} =Inf|re—y| for any te A, ye B. For any set A let Ao, A*, 
A=A-+ A* be, respectively, the subset of the interior points, the boundary 
set, the closure set of A. 

We have to deal especially with the space EF; of the points = (2', x”, x°) 
and the space #; of the points w= (u,v). LetQ=[0SuS10Sv8 1] 
be the unit square of H, and let us fix the counterclockwise orientation on Q* 
as the positive sense. 


2. Let x(w),weQ, be any single-valued vector-function continuous on 
Q. The equation S:4—2(w),weQ, defines a continuous oriented Fréchet 
surface and the equation C:4—2(w), we Q*, defines a continuous oriented 
closed curve C. We say, in the following, simply that S is a surface and C 
is a curve. We call C the boundary curve C 9S of the surface 9. 

Let || S, 8’ ||, || C, C’ || be the Fréchet distance between two surfaces S, 8’, 
or two curves C,C’. We say that two surfaces S, 8’, or two curves C, C’, are 
Fréchet-equivalent, and we indicate this fact by S~ 8’, or C~C’, if and 
only if || S,S’ || —0, or || C,C’ || 0. The following statements are well 
known. 


Lemma 1. i) | ii) | 8,8’ =0; iii) | 8,8” 
S | 8,8’ | + | |; iv) if then || 8, 8’ || = | 81, |. 
The same for curves. 


INTEGRALS ON PARAMETRIC SURFACES. 267 


Lemma 2. [See 6] || 09,059’ || <|| 8,8’. Hence if then also 
aS ~ as’. 


If S~S’, we say also, for 
simplicity’s sake, that and x —a’(w) are different representations 
of the same Fréchet surface. 


3. [For this no. see 1 and 6] Let S:4 = 2(w), we Q, be a given surface. 
For each point we@ we call the point r(w) the image of w on 8S. We 
indicate by [S] the set of all points re H; such that x is the image of at 
least one point we@Q. We say that [S] is the set of points covered by the 
surface. Given a set IC Q, we indicate by (JZ) the set of points ze EF; such 
that x is the image of at least one point of J. We say that (JZ) is the image 
of I on 8S. We know the set [S]C F; is bounded, closed, connected, locally 
connected. For each point ze [8] let us denote by S-*(x), or the counter- 
image of x, the set of all points we Q whose image is xz. We know that S-1(x) 
is a closed subset of Q, hence its components y are subcontinua of Q (possibly 
single points of Q). Let us call G@ the collection of all continua yC Q which 
are components of at least one set S*(x)CQ. The collection G has the 
following properties: i) each point we@Q belongs to one and only one con- 
tinum y of G; ii) G@ is the collection of the maximal continua of Q on which 
the vector 7(w) is constant; iii) the collection G is upper semicontinuous on Q. 

We say that a surface S is a base surface [in 1 an A-surface] if a) for 
any continuum y ¢ G the open set E,—vy is connected. We say that a surface 
S is non-degenerate if B,) for any continuum ye@ the open set Qo — yQo 
is connected; 62) yD Q* for a ye G implies y—Q, i.e., x(w) is constant 
on Q. The properties «, B,, 82. are invariant for Fréchet equivalence. The 
following statement holds: 


LzemMaA 3. [1] Any base surface S whose boundary curve C=9OS is a 
Jordan curve is non-degenerate. 


4. We have to deal in the following with subdivisions of Q in rectangles 
or in triangles. We say that a subdivision of @Q in rectangles r is regular 
if the rectangles r are the following ones: uS Bj Sv S 
where 0 = % <a, Omi —1, 
0= <Bi<: < Bun < =1, are any given numbers. We say that 
a subdivision of @Q in triangles ¢ is regular if each point we@Q which is a 
vertex of a triangle ¢ is a vertex also of all adjacent triangles. 

We say that a representation S:4—a(w), weQ, of a surface § is 
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quasi-linear in Q, or that the vector z(w) is quasi-linear in Q, if x(w) is 
continuous on @ and there exists a regular subdivision of Q in triangles ¢ 
such that z(w) is linear on each t. We say that a surface S is a polyhedral 
surface if S possesses a quasi-linear representation. Each triangle tC Q of 
the corresponding subdivision of Q has for image a triangle 7 CH; and we 
call the sum of the elementary areas of the triangles TJ the elementary area 
a(S). Given any surface S, we term the Lebesgue area L(S) of S the 
number —lima(S) for all possible polyhedral surfaces when 
| =, S || > 0. 


5. We say that a representation S:7—a2(w),weQ, of a surface 8 
is a D-representation, or that x(w) is a D-vector, if r(w) = [@(u, v), x7(u, v), 
w= (u,v) and i) z(u,v), s=1,2,3, are ACT functions 
in Q (i.e. absolutely continuous in the sense of Tonelli) ; ii) the derivatives 
Ly? = = dr*/dv, s =1,2,3 (which by 1) exist a.e. in Q) are 
L?-integrable in Q. Every quasi-linear representation is a D-representation. 

For any D-vector x(w) let us consider the vectors 2, = [2,8, s = 1, 2, 3], 
Ly = s = 1, 2,3] and the following expressions: 


3 3 3 
E =| ty |? Gm | |? == Ly‘ = > 


g=1 


J =JS(w) = (J1,d2,d3), J, == — 7, § = 1, 2, 3, 


where we mean We call J =J(w) the Jacobian (vector) 
of the vector z(w). Let us term the Dirichlet integral D[x] (or D-integral) 
and area integral I[x] the integrals 


(8) ff (B+ @aw, 


where dw = dudv. The following statement is well known: 


Lemma 4. [19 and 1, p, 72] If a surface S possesses a D-representation 
S:2—2(w),weQ, then = < +o. 


We say that a D-representation S:2—z(w), weQ, of a surface § is 
generalized conformal if iii) E—G, F ~0a.e.in Q. For every generalized 
conformal D-representation we have (I -| G)/2 = [HG— a.e. in Q 
and J[z] = D[z]. 


( 
= 
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Lemma 5. [21 and 1, p. 83] Every non-degenerate surface S with 
L(S) < +0 possesses a generalized conformal D-representation 8:24 = 2z(w), 
weQ. For any representation of this kind we have 


L(S8) << +o. 
6. Lemma 6. Given a non-degenerate surface 8, L(S) < +0, and any 


« > 0, there exists a polyhedral surface 8S, having a quasi-linear representation 
So: 2 = weQ, such that 


| 88, So <4 < Dlx] < L(8) +e. 


Proof. By Lemma 5 there exists a generalized conformal D-represen- 
tation S:t—-2(w), weQ, of and L(S) —=D[z]< +o. Let 
= [r*(u, v),s =1, 2,3], w= (u,v) €Q, and let z,°(u, v), s—=1, 2, 3, 
be the Stieltjes polynomials of order n of the continuous functions x*(u, v), 
s=1,2,3 (the latter supposed defined in the square (—1Sul, 
—1=v<1) by symmetry and in the whole plane (u,v) by periodicity 
with period 2 with respect to wu and v). Let S, be the elementary surfaces 
S:c=—2,(w), we Q, n=—1,2,---. We have (Lemma 4) L(S,) 
= D[an] < Because the functions z,*(u,v) are continuous in are 
ACT in each finite region and their derivatives (%n*°)u, (Un*)y are L?-integrable 
in Q, then, by well known theorems [9, 27], we have t,(w) 3a(w) on Q 
and the integrals of [#G— F?]% and of E+ G in Q, calculated with the 
polynomials z,*(u,v), approach the corresponding integrals calculated with 
the functions x*(u,v), s =1, 2,3; that is, >J[r], D[ an] > D[z] as 
nm—>oo. Hence there is an integer n such that | 2,(w) —2(w)| < for 


any weQ, and 
L (Sn) =I [24] < D[tn] < + = L(S) +6/2. 


Now let us consider the surface S, in the representation 8:4 —=2,(w), weQ, 
tn(w) = (u,v), =1,2,3], where the are polynomials. <A _ well 
known elementary procedure permits us to define a polyhedral surface So 
(inscribed in S,) and a quasi-linear representation So:%—2)(w), weQ, 
of S, such that | z,(w) —a(w)|<«/2 for any weQ and such that 
| —I[#n]| < | D[ xo] <</2. Therefore | —2(w) | 
+ €/2 =e for any weQ and (Lemma 5) S 
< D[an] + «/2 < L(S) +c. Finally by Lemma 2 we have 


|| AS, || S || 8, So |] S max | <e. 


Lemma 6 is thereby proved. 
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7. Let be a closed subset of let F(a, p), = 2’, x*), 
p = (p', p*, p*), be any single-valued real function of the real vectors z, p 
such that 

a) F(z, p) is continuous as a function of (x, p) for any xe A and |p| 40; 

b) F(a, tp) = tF (a, p) for any re A, | p|0,t>0. 


Let S be any surface such that [S]CA, L(S)< +o. Let S:r—az(w), 
weQ, be any representation of S. Then a concept of Weierstrasse integral 


on the surface S, 3(S) = jf F(a, p)dw (dw = dudv), has been pre- 


viously introduced [2], and 3{S) is invariant for Fréchet equivalence. If 
F(z, p) =|p|, then 3(S) = L(S). The following statements hold: 


Lemma 7. If S possesses the D-representation S:r—a2x(w), weQ, 
then (8S) ts given by the classical Lebesgue integral 


where J(w) = (J1,J2,J3) ts the Jacobian (vector) of the vector x(w) (no. 5). 
Lemma 8. If 8, Sn, n=1,2,- - +, are surfaces of finite Lebesgue area 
and [8], [Sn] CA, || Sn, 8S || 0, L(S8,) L(S8), then 3(Sn) > 3(S8). 


Lemma 7 is a particular case of a more general statement [2, p. 107]. 
Lemma 8 has been proved in [2, p. 101]. 


8. We say that §(S) is a positive definite (semidefinite) integral it 
F(a, p) > 0 (F(x, p)= 0) for any re A, |p| Let us now suppose that 


c) the derivatives p) = 0F (x', x, p', p?, p®)/dp*, s=1, 2,3, 
exist and are continuous for any xe A, | p| 0. 
We say that 3(S) is a positive regular (semiregular) integral if 
E(z, p, p) = F(z, p) — =p*F.(z, p) > 0 (= 0) 


for any ze A, |p|, |p|A~0, pAp. We say that $(S) .is a lower semi- 
continuous integral on a surface S, with respect to a family {9} of surfaces 
S if, given « > 0, there exists a 6 >0 such that for any surface Se {8}, 
|| S, So || < 8, we have 3(S) > 3(S.) —«. The following statement has been 
previously proved: 


Lemma 9. If F(z,p) >0 for any ce A, |p|, if So is a given 
surface and [S,]CA, < +0, and if E(z2, p, p) = 0 for any xe [So], 
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pp, |p|, |p|~0, then the integral 3(S) is lower semicontinuous on 
the surface S, with respect to all surfaces § such that [S]CA, L(S) << +. 


This lemma implies that any positive definite semiregular integral 3(S) 
is lower semicontinuous on each surface S, such that [S,] CA, L(So) < +0. 
Lemma 9, as well as this last statement, are particular cases of a previous 
theorem [3, p. 67]. 


Note. For the validity of Lemma 9 it is sufficient to suppose that 
condition c) holds for all ze [So] (not necessarily for all ee A), as can be 
easily verified by inspecting the mentioned proof given in [38], especially 
pp. 61-68. 


9. Lemma 10. To any surface S we can associate a base surface Sy 
having the same boundary curve 0S,=0@S and such that [S,]C[S], 
L(So) SL(S). In addition, if 3(S) is any positive semidefinite integral 
and [S]CA, L(S) < +0, then we have also 3(S8o) 3(8). 


Lemma 11. Given a Jordan curve C of E3, given « > 0, there exists a 
§=8(C,«) >0 such that to each base surface S with || 0S,C || <8 we can 
associate a non-degenerate surface So, such that [S.]C[S], L(So.) L(S), 
| ASo,C || <«. In addition, if 3(S8) ts any positive semidefinite integral and 
[S]CA, L(S) < +00, then we have also §(So) S 


Lemma 10 is a result which is well known and often applied [16, 20, 7]; 
Lemma 11 has been recently proved [7]. Both results depend on the so-called 
retraction process for surfaces [7]. 


10. We say that a given sequence Sy:% = n—1,2,-°-, 
of representations of surfaces, that is, a given sequence of vectors, satisfies a 
three points condition on Q* if Q* contains for each n three points dn, Dn, Cn, 
whose mutual distances exceed some fixed § > 0 and such that the three 
points 2n(Qn), Zn(Cn) tend to three distinct limits as n—>0. 


Lemma 12. If S,, n=1,2,- +--+, are non-degenrate surfaces such that 
L(S8Sn) < + and || 0S,, C || 0, where C is a continuous closed curve not 
reduced to a single point, then there are generalized conformal D-representations 
weQ, of the surfaces S,, n—=1,2,---, satisfying: a three 
points condition on Q*. 


This Lemma is only a variant of Lemma 5 [1, 21, 35]. 
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11. Lemma 13. Given any two positive numbers N,«, there exists a 
positive number »=7(N,€) >0 with the following property: To any D- 
vector x(w), weQ, such that D[xz]<N we can associate a number 
§= 8[N,«,z(w)] >0,7< 8 <e, and a regular subdivision (no. 4) of Q in 
“rectangles r whose dimensions are between 8 and 28 and such that the image 
of each side (not on Q*) of the rectangles r on the surface S:r—z(w), 
weQ, is a rectifiable curve whose length is < «. 


This Lemma has been proved recently [35, especially the first pages, 
pp. 317-319]. 


12. Lemma 14. (Given a sequence of D-representations of surfaces 
Sn: wed, n—1,2,---, such that D[a,.] << N, N constant, 
m=1,2,---, and || 0Sn,C || 0, where C ts a closed Jordan curve, then 
the vectors t,(w), n=1,2,---, are equicontinuous on Q*. 


This Lemma has been proved in different ways [1, 21, 35]. 


§2. A Smoothing Process for Polyhedral Surfaces. 


13. Lemma 15. Suppose f(x) is L-integrable and non-negative on 


02a, and that 0< Skf?(x) almost everywhere on 


<a and in particular forx=0. Then aS 2kf (0). 

Proof. The transformation g = kf shows we may assume k=1. Set 
h(2) — f Then h(x) > 0 for all 0 <a and h’(r) = — f(z) 
; 0<h(r) ae, h’(x) S—Vh(z) <0 ae, and 


ho(a) — Vin(a)da, 0<2<a. Then h=h,=h, on 0X2<a, and 


h, hi, he, — hy’, —h.’ are continuous on 0 = Sa, and positive on 0 =z <4; 
also is continuous on 0 < a, and he” = = 
on 0X2<a. Hence, by the theorem of the mean, = 
and so ho.(z) = (a—z)*/4, f?(0) =A(0) =ho(0) 2 a?/4. 


14. Lemma 16. If C is a simple closed polygonal in E3, 1 the length 
of C, x CE. a simple polygon, wen*, a quasi-linear repre- 
sentation of C on x*, then there is a polyhedral surface S whose boundary 
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curve is 0S =C and a quasi-linear representation S:x—=X(w), wen, of 8 
on such that X(w) for any wen*, a(S) S1?/4, and [8] 
contained in the minimum convex body containing C. 

Proof. Let wi, t=1,2,- ++, Wa = be points of such that 
z(w) is linear on each are = 1 = 1, +, n, of Let 
Invi = 21, = 1, 2,- - +, n, be the images of w; on C. We can say that the 2; 
are vertices of C. Let S be the polyhedral surface sum of the triangles 
Ti = If d is the diameter of C, we have 
d=1/2 and 


area (14)|21—2% | | | S | | 


Finally area SS Let =h(w), w’ = 
be a quasi-linear homeomorphism between = and the triangle 


T=[w20,7’ 


such that, if w;’—h(w;) are the images of w on T*, 1=1,2,---+,n, we 
have w,’ = (0,0), wo’ = (1,0), wn’ = (0,1). All other points w/’, 1 = 3, 4, 
-++,m—1, are on the segment 0,0. We can also 


suppose that h(w) is linear on each 7,1 —1,2,---,n. Let X’(w’) be the 
quasi-linear continuous vector, w’e 7, which is linear on each triangle 
and there represents the triangle T;, 1 = 2,3,- - -,n—1, and is 
such that X’(w;’) =, 1=1,2,---, Let finally X¥(w) =X’ [h(w)], 
wen. The vector X(w), we, has all the required properties. 


15. Let S be a polyhedral surface, S:4—-a2(w), weQ, a quasi-linear 
representation of S on Q, C08 the boundary curve of S. Let 2 be any 
point of >0 any real number, B* B*(p) the 
sphere of centre x) and radius p, B= B(p) =[| *—2| < p] the interior 
of B*. Let us suppose CC B(r) for a given r > 0, and, for any p=r, let 
us consider the maximal connected subset A = A(p) of Q containing Q* and 
open with respect to Q, such that z(w) ¢ B(p) for any we A(p). Let R be 
the maximum distance of the points of [S] from 2). We have R=r. 


Lemma 17. Under the above conditions A(p) is an open connected set 
whose boundary is Q* + where mi, +, n, are simple disjoint 
Jordan regions, finite in number, and each m* is a sum of elementary arcs. 
If 2 is the image of 3m* on 8, then £C B*(p) is a sum of a finite number 
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of elementary curves and, if I(p) is the total length of 8, we have l(p—0) 
=I(p) =1(p +0) for anyr=p=R. 


Proof. The vector x(w) is quasi-linear on Q, hence is linear on the 
triangles of a regular subdivision of Q in triangles. Let v,d,¢ denote the 
vertices, sides, triangles of the subdivision. Let V,D,T denote the images 
of the v,d,¢. Let us consider the distances of all elements V,D,7T from z, 
(in the sense of set theory, no. 1). We have a finite collection {p} of numbers 
p. All elements V are points of H;, all elements D are segments or points, 
all elements 7 are triangles, or segments, or points. For each triangle 7 the 
intersection 7'B* is one (or two, or three) arcs A of circumference (or a 
single point). Hence &, as a part of the intersection SB*, is a sum of a 
finite number of closed curves p;, 11, 2,--+,n, each a sum of arcs of 
circumference A. This holds for any p, rSp=R. Let us denote by 
W—W(p) the image of A—A(p). Each arc A is the image of an arc of a 
conic in a triangle ¢ in Q and the curves 7;* are sums of these arcs, plus, 
possibly, segments, finite in number, whose images are single points which 
are intersections of segments 7 with B*. If p is not in the finite collection 
{p}, no point V is on B*, hence for each arc A the vertices of the triangle T 
to which A belongs are not on B*. Hence dA separates two annular strips in T, 
one in Y& and in B, one not in W and outside of B+ B*. The curves p; and 
their total length I(p) vary continuously as p varies in a sufficiently small 
neighborhood of the given p, i.e. 1(p —0) =1(p) =1(p +0). 

If p is a number in the collection {p}, then suppose first that there is 
a vertex on B*. If V is such a vertex, for each triangle 7 having a vertex 
in V let us consider the part of 7 contained in a circle of center V and 
sufficiently small radius. This part may be completely contained in B, or 
completely outside of B--B*, or partially in B and partially outside of 
B+ B*; and in this last case such a part contains an are of circumference A 
ending in V which separates points in B from points outside of B-+ B*. 
Therefore the neighborhood u of V on S can be divided in sectors r alterna- 
tively in B and outside of B + B*. Not all sectors +r which are in B belong 
to Mf. If such a sector r is in B and belongs to 2, then the two corresponding 
arcs A ending in V are adjacent arcs on a curve p; If a sector r is in B 
but does not belong to %, then + is a part of a region § in § which is com- 
pletely inside of B and which belongs to M(p’) for all p’>p. As p varies 
continuously in a left neighborhood of the given value p, all arcs A vary 
continuously, remaining inside of %; hence 1(p—0) =—TI(p). As p varies 
continuously in a right neighborhood of the given value p, again all arcs 
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vary continuously, but we have new arcs A, which approach the arcs A of 
the boundaries of the regions =. This assures that | ces 0) exists and 
+ 0) =1(p). 

Analogous reasoning holds for each of the values pe {p} which vail the 
distances of segments D, or triangles 7’, from 2p. 

We have proved that 1(p—0) =1(p) =I(p+0) for any r=p=R, 
p not ef{p}; Sl(p+0) for any rSpSR, pe {p}. 
Lemma 17 is thereby proved. 


16. With the same notation as in no. 15 let o(p) be the collection of 
the elementary surfaces defined by the vector x(w) on the Jordan regions m, 
i=1,2,---+,n. Let a(p) be the total area of o(p). Evidently —0, 
a(p) <a(S), r<p<R, and a(p) is a monotone non-increasing function 
of p, r=p=R. In addition, the previous discussion (proof of Lemma 17) 
assures us that a(p) is continuous at each point p, r= p= R, p not € {p}. 


Lemma 18. Under the above conditions we have, for any p, 


R 


Note. This Lemma has a quite evident and elementary proof which we 
are going to give in the following lines (see also 32). For a higher formu- 
lation of this Lemma, not necessary for our purpose, see [12, 13]. 


Proof of Lemma 18. First of all let us observe that a(2) + a(o) = a(S). 
Now let us consider any two values of p, pi: < ps2, such that the interval (91, p2) 
is free of points of {p}; then the difference a(p:) —«(p2) is the sum of a 
finite number of the elementary areas described by the arcs of circumference 
A =A(p) on the corresponding triangles T of 8. If we consider one of these 
T and we call h the distance of x, from the plane of T, x, the projection of 2, 
on such a plane, then A= A(p) is an are of circumference of center x, and 
radius [p*—h*]%. If we indicate with A(p) also the length of A(p) [the 
endpoints of A(p) are on the boundary of 7], then, as p varies between p,; 
and pe, A(p) describes the elementary area 


By adding these relations for all triangles 7 containing an are X we have 


(1) a(p:) = f 
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Let us suppose that p, r= p= R, be any given number and that pS pi < p, 
<***<pmSB8 are all the distinct members of {p} between p and R. By 
(1), which holds on each interval interior to (pi, pis1), we have 


a(pi + 0) — (pir — 0) = l(p)dp, t—=1,2,-- -,m—l1, 
J ps 


and, «(p) being monotone non-increasing, also 


pt 
Analogously 


R 
a(p)—a(1) = f"Ue)dp, — a(R) = Uo) dp, 
if p< pi, Of pm < FR. In any case a(f) = 0, hence, by adding, 


a(p) = 


17. We will prove, in nos. 19-24, the following 


Lemma 19. Let § be a polyhedral surface, S:x—=-2(w),weQ, a quasi- 
linear representation of S on Q, C=d0@S the boundary curve of S, L the 
length of C, D any number = the diameter of C, x any point of C, K any 
positive constant. Then there exists a polyhedral surface S, and a quasi- 
linear representation So:%—=2)(w),weQ, of So on Q, with the following 
properties : 

i) So ts contained in a sphere of center xo and radius 

p= 2D + 3[Ka(S) ]*. 


ii) there is an open set rCQ, which is the swm Sm of a finite number 
of disjoint simple polygons 1—=1,2,---,n, such that on 
hence x(w) =2(w) on each m*, 1=1,2,---,n, and on Q*. 
Denote by o, oo the polyhedral surfaces represented by x(w), 
on and by a(c), a(oo) their total area, = oi, 
Oo = Your, Sa(oi), a(oo) = Hach surface ou is contained 
in the minimum convex body containing the curve 00;= 00. Denote by % 
the curves 00; = 00, and also their lengths, i=1,2,--+-,n; denote by 2 
the family of curves pi, 2,- - -,n, and also their total length, = 
then 

lil) = (3p;)? S Ka(c) 

iv) a(oo) S (K*/4)a(c) ; 

v) each continuum cCQ such that cQ* A0, diam x(c) < D, ts com- 
pletely contained in Q —rz. 


al 
he 
a 
m 
tl 
tl 
he 
fa 
t 
T 
<= 
be 
al 
L 
I( 
Po 
he 
t 
h 
sl 
a 
sa 
C0 
i 
a 
in 
1 


INTEGRALS ON PARAMETRIC SURFACES. 277 


18. Note. 1) If we suppose D exactly the diameter of C, then DS L/2 
and the inequality i) becomes: 


2) In the statements of Lemma 19 it is not excluded that + is empty, 
hence S = Sy, L—0, a(oo) 0. 


19. The curve C is completely interior to any sphere B*(r) of center x 
and radius r> D. We can take for r the value r—2D. Let us call R the 
maximum distance of the points x of [S] from 2. Then 8S is contained in 
the sphere of center z and radius Rk. If R=2D-+ 3[Ka(S)]* 
the Lemma is proved. Let us suppose therefore R > 2D -+ 3[Ka(S) ]*%, 
hence R > r. Let us consider for any p, r= p S R, the set A = A(p) studied 
in nos. 15, 16, the functions = 0, «(p) =0 R, and the finite 
family o—o(p) of elementary surfaces contained in § and represented by 
the vector x(w) on the finite family =; of simple Jordan regions, 
r= Q— (A+ A*) (no. 15). We know (Lemma 17) that /(p—0) =1(p) 
Slip +0) for any rSp=R and that /(p) is the total length of the 
boundary of o and «(p) the total area of o. In addition (Lemma 18), for 
any rp R, we have 


R 
f l(a)da= a(p). 


Let I be the set of all p such that J(p) 0. The set J is not empty because 
(Rk) =0. If po is a limit point at the left for J then (pp —0) = I(po) = 0; if 
po is a limit point at the right for J, then 0 S 1(p) — 0) = I(po) S (po + 0) = 9, 
hence 1(po) = 0. This proves that J is closed. Let us indicate by Ry, rS pS R, 
the smallest peZ, r<p<R. Let us suppose R, 3[Ka(S)]*. We 
have 1(Ry)) = 0, i.e. the vector x(w) represents on +* curves reduced to a 
single point, hence x(w) is constant on each simple closed curve 7;* bounding 
a component 7; of z. Let us define the continuous vector x(w) on Q by 
saying that coincides with z(w) in and 2(w) is constant on 
each component 7; of 7. We have a(o.) =0, £—0, and the surface S, is 
contained in the sphere B*(R,). Because the vector z(w) is quasi-linear 
in Q, the simple closed curves 7;* bounding the components of 7 are sums of 
a finite number of segments, that is the components of z are simple polygons 
in Q; and this assures also that the vector z)(w) is quasi-linear on Q. Lemma 
19 is therefore proved if Ry S 2D + 3[Ka(S) ]*. 
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20. Let us suppose now R, > 2D+ 3[Ka(S)]%, hence r< Ro SPR. 
We have /(p) >0 for any r=p< Ry. Let us observe that the interval 
(r,r + [Ka(S)]*) is completely contained in the interval (r,R,). Let us 
suppose, if possible, that > [K-a(S)]* for any r= p=r-4 [Ka(S) 
Then by Lemma 18 we would have 


R r+[Ka(S)14 
a(S) >a(r) Up)dp> f [K-1a(S)]*dp —a(8), 
which is contradictory. Hence there must be at least one number 2 
sr-+ [Ka(S)]*, such that 1(r’) = [K-a(8)]*. (For the reasoning 
in this number see [32].) 


Ro 
21. Let us consider the functions of p, $(p) —f l(a)da, Kl?(p), 
p 


=p where is continuous and /(p—0) =1(p) S1(p +0) for 
any p. Let J be the set of all numbers p, 7’ = pS Ro, such that ¢(p) > Kl?(p) 
and let 7” be the g.l.b. of the numbers pe J. Let 7” — R, if J is empty. 

Let us observe that for we have = 0, 1(R,) =0; hence 
p=, does not belong to J. In consequence we have 1” = R, only if J is 
empty. 

A) If 1” then either eJ and ¢(r’) > KI?(71’), or there are peJ 
as close as we want to 7’ for which ¢(p) > K/?(p), hence $(7’) = KI?(r’ + 0) 
= Ki?(r’). In both cases 


Ro 
l(a) da = Kl(r"), 


B) Ifr <r’ < Ro, then we have ¢(p) S Kl?(p) for any =p <7"; 
hence ¢$(r’) = KP (r’ —0) = On the other hand there are 
numbers pe J, 17’ < p< Ro, as close as we want to 7” for which ¢(p) > K/?(p); 
hence = KI?(r” +0). It follows that —0)=1(r”’ +0), while 
we know that I(r” —0) =I(r”) S1(r’ +0). Therefore —0) =1(r”) 
=I(r’ +0) and ¢(r”) = We conclude that 


Ro 
l(a)das l(a)da = KP 
(a) da (a)da = KI?(p) 


for any where > 0 for any and 


Ro 
l(a) da == KI?(r’”’). 
By Lemma 15 it follows that 
—r 2Kl(r’) S 2K[K-*a(S) ]* = 2[Ka(S) ]*%. 
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. Fo 
C) If r’=—R, then J is empty, 1(Ro) =0, l(a) da 
p 
< KIl?(p) for any Sp=R), I(p) >0 for any =p < and finally 


Ro 
om f l(a)da == KI?(R,). Again, by Lemma 15, we have 
Ro 


= Ry S 2Kl(r’) S 2[ Ka(S) ]*. 
Let us observe that in all three cases we have 


eS + 2[Ka(8)]* <r + 3[Ka(8)]* = 2D + 3[Ka(8)]*, 
f “U(a)da = KP(r"). 


22. From no. 15 we know that the boundary & of the surface ¢o = o(r”) 
is the sum of a finite number of closed elementary curves ;, P2o,° °°, Dn 
and that each p; is a sum of a finite number of arcs of circumference 
\=-z’ of the sphere B*(7’’). Each A is contained in a triangle T of 9 
and has its end point z,2’ on the boundary 7* of T. Hence the plane 
region between the arc \== a’ and the segment X’ = (xz’) (both with end- 
points z,z’ on J*) is completely contained in 7, is interior to the sphere 
B*(r’’) and belongs to the part M(p) of the surface S. If we substitute 
each arc A of the curve p; with the segments ’ we obtain a polygonal line p/ 
inscribed in p; and completely contained in the sphere B*(r”). For each 
triangle 7 (containing an arc X, let us consider the corresponding triangle ¢ 
of Q; then A and )’ have counterimages in ¢ which are respectively an are r 
of a conic and a segment 7’ having the same endpoints on the boundary ¢* 
of ¢, and the plane region between 7 and 7’ belongs to ¢ and to A= A/(r”), 
whereas 7 belongs to A* = A*(r’). Then p;’ is the image under the vector 
a(w) of the polygonal line z;’* which we obtain by substituting the arcs r 
of A* with the segments 7’, p/:r7—2z(w), wenj*. This holds for any 
j=1,2,-- -,n; hence we have, on Q, n simple polygons z;’, = 1, 2,---,n, 
without common interior points and, if 7’ is their sum, Q—7’CA=—A/(r”’), 
n = The polygonal closed curves p/, j —1, 2, 
‘+ +,m, are all contained in the sphere B*(1r’’) and we indicate their sum 
by 2. If & is also the total length of &, we have Y <1(r”), where I(r”) 
is the total length of &. Let us call p/ also the length of p/, 7 = 1, 2,-- -,n; 
hence p,’ + po’ +--+ +--+ pn’ Let us denote by oj the surfaces defined 
by the vector z(w) on 7; and by o’ their sum. We have a(o’) = a(c), where 
o=o(r’) and a(c) = a(r”); hence a(r”) Sa(o’). 
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23. For each polygonal closed curve p; there is (Lemma 16) a poly- 
hedral surface o.; having pj as a boundary curve, and a quasi-linear repre- 
sentation oo: +2/*, such that —2z(w) for 
any and a(ooj) S (14) p7, j= 1,2,--+,n. Let us denote by 
the finite family of surfaces oo;, 7 =1,2,---,n, and by z(w), weQ, the 
continuous vector defined by 2)(w) = 2z;(w) for any wea, j =1,2,---,n, 
=2z(w) for any we The vector z(w) is quasi-linear on Q, 
hence the surface So:% = 2)(w), we Q, is a polyhedral surface. The poly- 
gonal closed curves p;, 7 =1,2,- - are contained in the sphere B* 
(the vertices are points on the sphere B*(r”)). By Lemma 16 each surface 
oj is contained in the minimum convex body containing pj, hence each 
surface oo;, and consequently also the whole surface So, is contained in the 
sphere B*(7r’). Thus i) is proved. 


24. By Lemma 16 and all the preceding considerations, we have 
= (%4) Spi? S (Sp7)? = (14) 2” 
< (14) P(r”) < (K-/4) (K-1/4) 
S (K/4)a(r’) S (K/4)a(o’) 
that is, a(o)) S (K~*/4)a(o’), and iv) is proved. We have 


Ro R 
(Sp/)* < P(r”) < K+ f K+ da 
r” r” 


Ka(r’) S K"a(o’) ; 


thus iii) is proved. Finally if, for a continuum ¢CQ, we have cQ* ~0, 
diam z(c) < D, then for any w, w, wec, wecQ*, we have 
|z(w) —a | S| —2(w)| + | e(w) —2(wo)| 
< diam z(c) + diamC D+ D=2D; 


hence xz(c) CB(2D) and cCQ—va. Thus also v) is proved. Lemma 19 is 
now completely proved. 


§ 3. Existence Theorems. 


25. TueroremM I. Let A be a closed bounded conver set of H; and C 
a closed Jordan curve in A. Let W be the family of all oriented Fréchet 
surfaces S in A whose Lebesgue area is finite and whose boundary curve is C, 


a 

r 

T 

0 

0 

W 

al 

u 

( 

fo 

le 

W 

W 
0 

F 
al 


INTEGRALS ON PARAMETRIC SURFACES. 281 


and lel us suppose W not empty. Then every positive definite and semi- 
regular integral 3(S) has an absolute minimum in W. 


The proof follows in nos. 26-41. 


26. The function F(z, p) is continuous in the closed bounded set J 
of all points (x, p) such that ee A, |p| —1, and F >0 for any (2, p) el. 
Then if m,M are the minimum and the maximum of F in I, we have 
0<mSF(z,p) =M for any (2,p)elI and therefore m|p|< F(z, p) 
<M |p| for any ze A and any |p| 0. By a theorem of McShane [18] 
we can define for any xe #; and | p| —1 a function /’)(z, p) continuous at 
each point (z,p) and coinciding with F(z,p) for any (z,p)eJI. In 
addition we can suppose mS F,(2,p) =M for any re |p|—1. Let 
us define (x, p) for each | p | 40 by putting (2, p) =| p | Fo(2, p/| p|). 
We have F,(z, p) =F (a, p) for any xe A, | p|s40. Indeed, by no. 7, ), 
Fo(a, p) =| p | Fo(2, p/| p|) =| F(a p/| p|) =F (ap). The function 
F,(x, p) satisfies all the conditions of no. 7. By %(S) we mean now 


f f F,(2, p)dw and, for any surface such that [8]CA, we 
8 


have 3(S) = ff. F(a, p)dw. 
8 
We observe that m<F,(z,p)=M for any te |p|—1, and 
m|p|SF.(t,p) |p| for any re |p|s40. In consequence, by 
[2], we have also 


(1) mL(S) <%(8) ML(S) 


for any surface S. 


27. For any §= 0 let Ag be the closed convex bounded set of all points 
te such that = 8. We have AsDA and For any 
let W(8) be the family of all surfaces S such that [S]C Ag, || 08, C || S68. 
We have W(8) DW, W(0) =W, and W(8’)DW(8) for any %. 
W is not empty, hence also W(8) is not empty for any §>0. Let us denote 
by 1,7(8) the g.l.b. of when Se W, or Se W(8), 8>0. Then 
Si<+o and =7(8) for any 0<8=8. Hence there 
exists 7 = lim as 8 > 0-+ 0 and we have 0 = 7(8) S71 for any § > 0. 
For any integer n=1,2,-- -, let 


pn = min[ (n + 2)-12-"-?, 2-?7Me,?], 


and let &>0 be a real number such that j(58,) >j—pn, 8: S1/n. 


2 


| 
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Finally let a,’ =a (C,8,) be the number of Lemma 11 related to the Jordan 
curve C and the number «—6,. Let = min[ Gn’, dn]. 


28. Let us consider the family W(a,). There is a surface 8,’ © W(a,) 
such that 


and we have [S8,’]CAg,, || 0Sn’,C || S%n. By (1) we have L(S,’) (1/m)(S,’). 
By Lemma 10 the surface S,’ can be retracted to a base surface 8,” having 
the same boundary 08,” = 0S,’ and such that [8,”] C[S8,’], L(8,”) S L(S,’), 
3(S,’). Hence || 08,”, = || 08,’,C || = a,. By Lemma 11 the 
surface 8,” can be retracted to a non-degenerate surface S,’” whose boundary 
a8,” is a continuous curve such that || 0S,’”,C || =8,. In addition 


We observe that 8, =1/n, hence || 0S,’”,C || as n—>o. On the other 
hand the surfaces S,’”, n=1,2,---, are non-degenerate surfaes whose 
areas L(S,’”) satisfy the relation 


L(8,") S S L(S8,’) S (1/m)3(81’) 
< (1/m)[j (an) + pn] S (1/m) (j +1) < +o. 


By Lemma 12 there are generalized conformal D-representations S,”: 
(w), we Q, of each S,’”” on Q, satisfying a three points condition on 
Q* and (no. 5) D[a)’”’] =L(S8,”), n=1,2,---. By Lemma 6 and 
Lemma 8 there is, for each n, a polyhedral surface 8, and a quasi-linear repre- 
sentation S,:2—=z,(w), we Q, of S, on Q, such that | 2,(w) — tn’’(w)| S 8, 
for any w©Q, D[tn(w)] <D[zn’”(w)] + | < 

In the first place we have | 2,(w) —a,’”"(w)| <8, for any we Q*; 
hence also the vectors n= 1, 2,- - -, satisfy a three points condition 
on Q*. In addition, if C,—0@S, is the boundary curve of Sn, we have 
|| Cu, || =|] || <8 and Cx, C Cn, || + C 
= 6, + 5, = 28. Finally we have 


This implies that S, W(28,), hence Y(Sn) = =J—pn. By all the 


preceding considerations we have 
< j (an) + 2pm + 2pm 
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and, by (1) and no. 5, also 
a(Sn) S D[xn(w)] S + pn = + 
< (1/m)(j+1) +1. 


We can assemble the properties of the polyhedral surfaces S, and of their 
quasi-linear representations S,:2—2%,(w), weQ, (satisfying a three points 
condition on Q*) as follows: 


| Cw C | = 28n; [Sn] C Sn W (28,), 


mom 


29. The representations z,(w), we Q, of S, on Q are quasi-linear, 
hence they are D-representations and, by no. 28, D[rn(w)]<(1/m)(j + 1) + 1. 
The constant N = (1/m)(j +1) +1 does not depend upon n. C is a Jordan 
curve and || C,, C || 30 as n—>00, hence, by Lemma 14, the vectors 2,(w), 
weQ, are equicontinuous on Q*. There is a subsequence Zp,,(w), weQ, 
of vectors z,(w) which converges uniformly on Q*. Let us suppose, for 
simplicity’s sake, that mm—m. Let X(w) =limaz,(w), we Q*, as no. 
If Co:t—=X(w), we Q*, we have || Cy, Co || 0, || Cr,C | | C, Co || 
=| C,C, + || Cn, Co ||, hence || C,C, || = 0. That is, rc—X(w), weQ*, 
gives a representation of the Jordan curve C. By the equicontinuity of the 
vectors 2n(w), we Q*, n=1,2,- --, we can determine, for each integer v 
(v==1,2,---), a real number 7, >0 such that 


| 2n(w) —2n(w’)| S min[e,, n=1,2,-°°, 


for any w,w’eQ*, |w—w’|<7,. The numbers 7, depend upon y but 


not on n. 


30. Let us consider again the D-vectors z,(w), we Q, n—1,2,° 
which satisfy the relation D[tn] < N, N constant, n 1, 2,---, and let us 
apply Lemma 13. Let v indicate any integer, v—1,2,---, and é, >0 be 
any real number. Then, by Lemma 13, with « —é,, we can determine, for 
each v, real numbers my > 0, Sn» > 0, ny < Sn» < €, and regular subdivisions 
(no. 4) A», of Q in rectangles r whose dimensions lie between 8n, and 28ny, 
such that the image of each side of the rectangles re An, not on Q*, is a 
rectifiable curve of length =€,. We observe that the numbers y, depend 
only on v, and 8,, on v and n. 
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As the application of Lemma 13 can be made successively for v = 1, 2,---, 
we can choose 


= min [r,/2, 8,, nv-1/2*, nv-2/2*, 9 m/2”**], Vv L, 2, 


For each v the dimensions of all rectangles re An,, n = 1,2,- - -, lie between 
8,» and 28,,, hence between 7, and 2é, < m1. Therefore they are less than 
the dimensions of all rectangles re A,,,1, n=1,2,---. The images of the 
sides on Q* of the rectangles re A,, under the vector t,(w) are arcs of 
diameter = min[e,, 8,]. The images of all other sides of the rectangles re A,, 
under the vector z,(w) are ares of length = min[e,, 6,]._ The image of the 
boundary r* of each r € An, is a curve of diameter S min[4e,, 48,] if r*Q* 40, 
and is a curve of length = min[4e,, 48,] if r*Q* —0. In any case we have 
diam 2,,(7r*) = 4c, for any re v= 1,2,-- +, n= 1,2,° °°. 


31. In the following we suppose n an arbitrary integer (n —1,2,- - -), 
and v=1,2,---,n. Let us indicate (no. 4) by wy = (ui, vj), += 0, 1, 2, 
Uo = —0, = = 1, all vertices 
of the rectangles re A,,». Let us denote by 7 each segment (u= uw, vj SVS 1;,1), 
or v= vj), 1,2,° -,a—1, 
j=1,8. Let 7’ be all analogous segments 7’ CQ* with 1, 7 =—0,1, 
or +=0,1,---,a 7=0,8-+1. The segments +r constitute the 
boundary R,,* of the rectangle = [u, SuS ug, 0; Sv S ve], the seg- 
ments 7’ constitute the boundary Q* of Q. Let us indicate by ¢ and ?’ the 
polygonal lines which are images of the segments 7 and 7’ under the vector 
In(w). Let Sn,’ be the polyhedral surface S,,’:%—=2,(w), we Ray. Then 
the sums of the arcs ¢, or ?’, constitute the boundary curves 08,,’, 0Sn = C of 
the surfaces S,,’, Sy». Clearly 3(Sn”) = 3(Sn). Let us make correspond to 
each segment + CR,,* with 1 = 1, «, 7 = 1, 2,- - -,8—1, the segment 7’ CQ* 
with 1—0,«-+1 and the same 7; let us make correspond to each segment 
7+CR,,* with 1—1,2,-- -,a—1, 7 =1, 8, the segment 7’ C Q* with = 0, 
8+1 and the same 7 (the correspondences being linear); let us make 
correspond to the vertices w11, Wai, Wap, Wig Of Ry,* the arcs of Q* which are 
sums of the two segments 7’ CQ* adjacent to the vertices Woo, We+1,05 Wa+1,B+19 
Of Q*. We have a continuous monotone correspondence between 
and Q*. If we R,,*, w’ e« Q* are corresponding points, we have 


| tn(w) —2n(w’)| S| tn(w) —2n(w) | 


+ | tn(w) + | tn(w’) 


where, if wer, w’e7’, then w, w’ are corresponding end points of r and 7; 
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analogously if w is a vertex of R,,* and w’er’, ww. By nos. 29, 30, 
we have | 2z,(w) This assures us that 
| || S38, and therefore || ASn»’,C || || @Snv’, AS, || + || Sn, C | 
< 38, + 28, = 58,. On the other hand [S,,’] C [Sn] C C and finally, 
by no. 27, Sp,’ e W(58y) and 


j— py S3(Su) Sj + 2pm Sj + 


In addition, 


32. For each rectangle re A,, let us call & the polyhedral surface 
3:2 wer, and Let L denote also the length of 03. Let 
us prove that S (5M/m)e,?. First let us suppose r C Ray; thus L S 4ey. 
If the above statement were false then, for a certain re Any, we would have 
a(%) > (5M/m)e,*._ Thus, by Lemma 16 applied to the curve L: 2 = 2y(w), 
wer*, there is a polyhedral surface =* contained in the minimum convex 
body containing L, of area a(3*) S (44) L? S (4) (4e,)? = 4c,” and a quasi- 
linear representation =*:2 2*(w), wer, of on r with 2*(w) 
wer*, If we denote by we the surfaces that we 
obtain by putting —=2n(w), we Iny*(w) wer, 


then we have 0S,,* = 0S, and [S,,*] is contained in the same convex body 
Az, in which Sp, is already contained. Hence || 08n,*, C || = || 0Sn,’, C || S 58,, 
[Sn»*] C Avs, and consequently S,,* CW(58,) and =j—p,. Now, 
by no. 27%, we have 
By S = + — S + + Ma(a*) — 
<j + 2, + 4Me,? — m(5M/m)e,? = + 2p, — Me,? 
S jt 2p, — 4p, = — 


which is contradictory. This proves a(3) = (5M/m)e,? for any re An, 
rCRay, v=1,2,---,n, n=1,2,---. Let us now suppose rCQ — Ray; 
then a(S) S (1/m)3(3) = (1/m) [S(Sn) — J(Snv’) ] S 3u,/m, and, by no. 
27, S (3/m) < (5M/m)e,” for any reAny, rCQ—Rky, 
v=1,2,---,n, n=1,2,---. The statement at the beginning of this no. 
is thus proved. 


33. For each n—1,2,--- and v—1,2,---,n, let us apply Lemma 
19 in connection with each rectangle re A,,, the vector tn(w), weQ, the 
constant K = M/m = 1, any point where w er*, and D = 4e,. 
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This is possible because from no. 30 we have diam z,(r*) S 4«, = D for any 
re Any. Let T,, denote the collection of simple polygons defined by 
Lemma 19 in all rectangles re A,,». According to Lemma 19 all polygons + 
are interior to r together with their boundaries. Let 2,,(w) be the vector 
defined by Lemma 19 on each rectangle re Any. Because of = (w) 
for any wer*, as well as for any w € r — 3m, the vectors Iny(wW), wer, Te Any 
define a unique vector %n»(w), we Q, continuous and quasi-linear on Q. Let 
Sny be the polyhedral surface S,,: —=ny(w), we Q. 

For each rectangle re Any let o, o) be the family of polyhedral surfaces 
defined by the vectors z,(w) and x,,(w) on the family of polygons z, re Tn), 
aCr. We have dodo. Let & be the total length of 00 = 009, i.e., the 
sum of the lengths p of the common boundaries curves of the polyhedral 
surfaces defined by tn(w), 2ny(w) on the polygons 7, re Ty. Cr, re Any. 
We have = Xp, where the sum ranges over the polygons te 


34. Since =2,(w) for any we Q* we have 0Sny = OS8n, || C | 
= || 08,,C || = || Cr, C ||] S 28. Each surface o, is by Lemma 19 contained 
in the minimum convex body containing [2] = [@0] = [@0)] and, because 
of [2] C[S,] C Ass, where Azs, is a convex body, we have [Sy,]C Ao, 
v=1,2,---,n. This assures us (no. 27) that Wos,, hence Y(Sny) 
= J (28n) = fin 

By Lemma 19 we have 

a(oo) S (K*/4)a(o) = (m/4M )a(o). 
By (1) (no. 26) it follows that 
0S S Ma(o.) M(m/4M )a(c) S M(m/4M) (1/m)3(c), 


hence 
(2) 0S $(o0) 


Let us indicate by Sn») the polyhedral surface (sum of triangles) defined by 
the vectors Zny(w), Zn(w) on the polygonal region Q— 3x, re Tn, We 
have Snyo + So = Sn, Savy + Boo = Sny, where the sum ranges on all families 
of surfaces o [resp. oo], each family determined by the vector x, [resp. Zny] 
on the polygons 7, 7 C Tn», Cr, for any re Any. We have 


(3) + = B(Sn), S(Snvo) + = B(Snv) ; 


reAny reAny 
and, by (2), we have S G(Sn); hence S S + 
v=1,2,---,n. We have thus proved that 


— = SJ + 2 pn, y=1,2,-°-,n. 
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By (2) and (3) we have also 
= (Sn) — 3(Sny) —2 [3 (ce) — ] 


hence 
(4) xX S yom 1,2,° °° 


Tre Any 


If we denote by ony, Gnvo the total families of all surfaces o, oo for all r& Any, 
we have also, by (2) and (4), 


35. By (1) and Lemma 19 we have 


(5) alo) (1/K)a(e) = (m/M)a(o), 


where & = 0c = do, and we have denoted by & also the length of &. From 
(4) and (5) we have 


re Any re Any 
hence 


reAny reAny 
and also, by no. 27, 
(Dd 3 LVS 4yn/M S en? < 


reAny weTny reAny 
Tcr 


In particular, for each rectangle re Ay, the total length 2 of the common 
boundary = = 00, of the surfaces defined by the vectors tn(w), ny(w) 
on the polygons z, 7¢ Tn», 7 Cr, satisfies the relation 


Q< [4y,/M]* < en, 


For any v—1,2,---,n, we have hence For any 
polygon te 7',, we have rCr, re An, and the diameter of the set tn(x*) is 
S the length of the curve r—2,(w), we7*. But this curve is the boundary 
curve of one of the surfaces which are part of o. Hence diama,(r*) S 
length (#0) Se, 


36. For any reA,, let us indicate by 3%, % the polyhedral surfaces 


287 
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WET, Xo: wer. Then (Lemma 19) is com 
pletely contained in a sphere of center %—2,(Wo), Woer*, and radius 
p = 2D 3[Ka()]* whence, by no. 32, pS 8, + 3[ (M/m) (5M/m)e,”]*% 
<15Ke,. Therefore diam z,,(r) —diam (%)) < 30Ke, for any reA,,, 


37. Let T’n1 C Tn: be the subcollection of all polygons a € 7',,; which are 
not completely contained in any rectangle re Ang + Ans +° +--+ Ann; let 
T'nv CT ny, v = 2, >,m—1, be the subcollection of all polygons ze Tp, 
which are not completely contained in any rectangle An y41 + 
+ An, and not completely contained in the set + + T’ny13 
let T’nn C Tnn be the subcollection of all polygons +e Tn, which are not com- 
pletely contained in T’n, + T’ng + 

Let us denote by Tny, T’n, also the (closed) sets of points of Q covered 
by the polygons re Tn,, T’ny. Let us denote by Ay, C An, the subcollection 
of all rectangles re A,, which are not completely contained in the closed set 
+ Teng +e For any polygon re T’ny we 
have Cr, reA,. We prove the following statement: a 1s completely 
exterior to the set r(T’ns + +--+ T'ny-1). First let us observe that 
a€T’ny, hence is not completely contained in + +: 
Here hence also is not completely contained in T’,,; + 
+ Let be any polygon 7’,; then r is not com- 
pletely contained in x’. On the other hand, by definition of T’n,, T’ns,* 
T'n,v-1, 7 is not completely contained in r, because re Ay». If r and x’ have 
no interior points in common the statement is trivial; if r and 7’ have 
interior points in common then they must have also points of their boundaries 
in common, that is 7’*r* 40 and each component of w’*r is a polygonal line 
having both end points on r*. From no. 35 we have diam 2(7"*) Se Se 
< D. By Lemma 19, statement v) we deduce that r’* is completely outside 
of x. Because z is in r but not completely contained in 7’, it follows that 7 
is outside of 7’. This holds for all polygons 7’ T’n, + 
hence z is outside of r(T’n1 + ++ T7'n»1) and the statement is 
proved. 


38. By no. 37 no polygon we T,,’ has points in common with polygons 
+: Let us denote by X,(w), weQ, 
the vector which is —2,,(w) for any wen, re Tr’, and 
which is = z,(w) for any we Q— In’ = Ta’ +: Tar’. The vector 
X,(w), we Q, is continuous and quasi-linear on Q. Let 5, be the polyhedral 
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surface S,:x2—X,(w), we Q. The same reasoning as at the beginning of 
no. 34 assures us that C || S 28n, [Sn] CAos,, hence 
W(28,) and =j—ypn. The vector X,(w) defines on the polygons 
we Tn,’ a family ony’ of polyhedral surfaces which, because of T'ny’ C Tn», is 
only a part of the family ony (no. 34), defined by 2n,(w) on all polygons 
x€Tny and which is the sum of the surfaces oy of nos. 33-34 for all re Any. 
If we denote by Sy,» the surface (sum of triangles) defined by Xn(w), as 
well as by z,(w), on Q —I,’, then, by no. 28 and no. 34, we have 


(Sn) =X (Sno) + (onn’) < (Sn) +3 


By no. 27 we have finally 


2" SFA (M+ 2) pn 


39. Let « > 0 be any real number. Let »—~yp(e) be the first integer 
such that 132Ke,<«. Let 8=S(e) =», >0. Let wi, we be any two 
points of with | W,— We | <8 and let be any integer. Then w,€1, 
12 T2 Any, Where 11, 72 are the same rectangle of Any, or two rectangles 
of A,, having one side or one vertex in common. In any case r,*r.* 0. 
We are going to consider several cases: 


a) belong to the same polygon we Then, by 
no. 38, | Xn(w:) —Xn(we)| =| tny(W1) —2ny»(We2)| and the last expression 
is = the diameter of the minimum convex body containing z,(7*), which is 
certainly = 2diamz,(z*). Finally, by no. 35, we have 


| Xn (wi) — Xn (we) 


< 2 diam %(7*) S en S <e. 


b) m& T’ny, not completely contained in ri, 7% & Any, 1 = 1, 2, 
™ fm. Here (r,* + 1,*)a;* is not empty; hence let w be any point 
we + 1,2. We have | X,(wi) —Xn(wi’)| S 2en, —1, 2. 
The two points w,’, w.’ are in r,* + 7,*; hence there is a polygonal line A 
joining w,’, w.’ contained in r,* + r,*, and therefore formed by at most four 
consecutive segments contained each in one side of the rectangles r,, rz. By 
no. 30 we have diam S 4e,, hence | 2,(w,’) S diam 2, (A) 
S 4e,. On the other hand X,(w) = = In(w’), += 1, 2. Therefore 
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| Xn(wi) —Xn(we)| S | Xn( wi) + | wr’) — | 
+ | n(we’) — Xn(We)| S en + 4ey + en S Bey <e. 


c) wem mC, THE Ann, 1—=1,2. Here a is completely 
contained in 7;, hence n = y = p (no. 37). Let wi,n,41 be any point wi,y,41 © mi*, 
hence | Xn(wi) —Xn(Wi,n11) | < 2eny Xn(Wi,nsr) = += 1,2. We 
have Tn,,’, hence Any, For any point wiy, € riy,* we have 
| Ly (Wi,»4+1) — Tn(Wiy,) | <= diam where %,, is the surface defined by 
application of Lemma 19 on the rectangle riy,, hence (no. 36) | tn(wWi,»,+1) 
— £n(Wiy,)| S diam 3,, < 30Ke,,. Now aeTny,’, hence no polygon we 7,’ 
+:--++T7h»-1’ (no. 37) has points in common with a. Therefore riy, is 
not completely contained in any of the polygons we Ty’ + Tn,y,-1’. 
In particular, 7;,, is not completely contained in any of the polygons x € Tn, »,-1’. 
The polygons z € T'n,y,-1 — Tn,»,-1’ are either completely contained in rectangles 
re An, t=, or completely contained in Ty)’ --- Tn»,-1’.. Therefore 
riy,* cannot be completely contained in the interior of any such polygons z. 
In any case we can choose on riy,* the point wi, not interior to any oi 
the polygons weTn,,,1. The point wi, now chosen belongs to a rec- 
tangle 1j,y,-1€ An,»,-1, and for any point we have | 
— £n(Wi,y,-1)| S diam %,,-1 < 30Ke,,1, where %,,. is defined as %,,. By 
repeating this procedure we have a finite chain of points wxerz*, t =v, 
and | (wits) —In(wi)| 80Ke, t= 
p,t=1,2. Therefore | S% | tn( wit) — (Wits) | 
< 30K (en + + ,,) and, because < €:/2, also << 60Ke,. Finally, 
if we denote by w;’, w/” the points w;,y,41, Wiz, We have 


| Xn(wi) —an(wi’)| < << 60Key, wi’ Ty, 


Let us now observe that the points w;,14:, wit belong to the same rectangle 
Tit Ant, (t = vis 4%;—1,- hence the distance | — wie | is < twice 
the maximum dimension of all rectangles r € Anz, i. e., by no. 30, | wi,tss — Wit | 
< 4&, where 46 = (144) 91-1, (447) m-2,- -. Therefore 
| wi, — Wi, | — | Wi, — | | Wi, t+1 — Wit 

and finally 
| wii — Wi, | 4é,, + + -+- 

S (Y%) + (2?) + 
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This assures that the point wi,,, has a distance from w/ Ang] 
which is less than the minimum dimension of all rectangles re A,,. Also the 
point w;” = w;, belongs to the rectangle r; == rj, and necessarily the rectangle 
ri is either coincident with r;, or adjacent to r;, or has a vertex in common 
with r;, 11,2. Therefore the rectangles 1,’,r2’ belong to a chain 71, 2, To’ 
of rectangles re A,,, any two consecutive ones being identical, or adjacent, 
or with a vertex in common. Consequently the points w,” ¢1,’*, we” € r2"* 
can be joined by a polygonal line A formed by at most eight consecutive 
segments each contained in a side of a rectangle re Any, This implies that 


| —2n(we”)| S diam (A) S 8e,. 
Finally we have 
| Xn(w:1) —Xn(we)| S | Xn(wi) — + | tn(wr’) — 


+ | — + | — tn(we’)| + | tn(we’) — Xn(we)| 
S 2, + 60Ke, + 8e, + 60Ke, + %e, <e. 


d) weQ—lI,’, t=1,2. Here w; not ely’, In’ = Tar’ + Tro’ +: 
+ hence w; not +: Tra+’). If belonged to a polygon z, 
r€ Tnn— Tn’ (as an interior or boundary point), then necessarily the polygon 
x would not be completely contained in the closed set Tns’ + Tno’ +: °° 
+ Tna-1’, hence Tn’ (no. 37), which is impossible. This proves 
that w; not «Tnx. Let us indicate by wm, n= yp, the minimum of the 
indices ¢ such that w; not closed, Then 
not eT'ny,, Tin, 1,2. We have X,(wi) =2,(wi), 1,2. We can 
repeat the reasoning of c) with the simplification due to the fact that here 
w/ = w, 1=—1,2. We obtain 


X,,(w1) —Xn(we) | = | tn(wi) —2n(we)| S | ta(wi) | 
+ | tn — (we")| + | Tn — %n(We2)| 
< 60Ke, + 4e, + 60Ke, S 124Ke, <e. 


e) The two points w; are in two different ones of the situations dis- 
cussed in b), c), d). We have only to combine the different reasonings. 


40. We have proved in the previous no. 39 that, given « > 0, there is 
an integer » = (ec) > 0 and a real number 6 = 8(e) > 0 such that, for any 
two points w,, w.eQ, | w,—w.| <6, and for any integer n = p, we have 


292 LAMBERTO CESARI. 


| Xn(w:) —Xn(we)| Now the »—1 vectors X,(w), weQ, n—1, 2, 
+ +,n—1, are continuous on Q, hence there is a number & —8’(e) >0 
such that for any w.eQ, | w2| < 8, and any n—1,2,-- -,n-—1, 
we have | X,(w:) —Xn(w2)|<«. If 8) —8(e) = min[8, we have 
| Xn(wi) —Xn(we)| <e for any w:, weeQ, |wi—w.| <8 and any 
m=1,2,---,. We have proved that the vectors X¥,(w), we Q, n —1, 2,---, 
are equicontinuous on Q. From [S,]CAss,, n=1,2,--- (no. 36), it 
follows that the vectors X,(w), we Q, n=1,2,---, are also equibounded 


in Q. 


41. By Ascoli’s theorem there exists a subsequence Xn,,(w) of the 
vectors X,(w), n=1,2,---, which converges uniformly toward a con- 
tinuous vector X(w), weQ. For simplicity’s sake we suppose mm—=m. 
Such a vector coincides, on Q*, with the vector X(w) already determined in 
no. 29. Let S be the surface S:a—X(w), we Q. From X,(w) 3X (w), 
weQ, and S,:2 = X,(w), we Q, it follows that || S,, 8 || > 0 and, by no. 29, 
also =C. We have || S,, S || and, by no. 38, a(S,) < (1/m)9 (Sn) 
< (1/m)(j+1)<+ oo, hence 0=LZ(8) Slima(S,) <<-+ 0. From 
[S,] CAos,, 82> 0, it follows that [S]CA, where A is a closed convex set 
of #3. By no. 2% we have SC W, hence 3(S) =t. Now we have 6, <1, 
n =1,2,- - -, hence all surfaces S, S, are contained in the finite closed set A.. 
We have F,(z,p) > 0 for any re Az, |p| 0. The surface is contained 
in A, hence in A», and the function F(z, p) has continuous first derivatives 
with respect to p*, s=1, 2,3, for all ce A, |p| 0 [because F =F, for 
zeA], hence F,(z,p) has continuous first derivatives also for all xe [S], 
|p| 0. We know that €(z, p, p) = 0 for all pp, | p|, | p| 40, ze A, 
hence also for all ze [8]. All conditions of Lemma 9 (note in no. 8), 
where A is now the set Ag, are satisfied. Therefore the integral 


3(8) — f Pola, p)dw 


is lower semicontinuous on the surface S with respect to the surfaces Sn, 
n=1,2,---, ie. 3(S) SlimS(S,), where, by no. 38, we know that 
<j +2, n=1,2,---. Hence §(8) Sj and finally i< Sj, 
where, by no. 27, we know that 7%. This implies that 3(S) =i—j. We 
have thus proved that there exists a surface Se W for which 4(S) assumes 
its absolute minimum 1 in W. Theorem I (no. 25) is completely proved. 
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42. TuerorEeM IJ. Let C be a closed Jordan curve in E3, W the family 
of all oriented Fréchet surfaces S in E3, whose Lebesgue area is finite and 
whose boundary curve is C, and let us suppose W is not empty. Let 3(S) be 
any positive definite semiregular integral such that m |p| S F(a, p)=M |p|, 
where m,M,0< are two given constants, xe Ey, | p| ~0. 
Then 3(S) has an absolute minimum in W. 


The proof is the same as for Theorem I with the obvious simplification 
in no. 26. Here we have A=F;. From the equicontinuity of the vectors 
X,(w) in Q and the fact that we have || C,, C || > 0, it follows that the same 
vectors X,(w) are also equibounded in Q and therefore we can apply, here 
also, Ascoli’s theorem. 


43. Note. In the proofs of Theorems I and II the principle of Dirichlet 
is not applied directly. We observe however that Lemmas 5, 6, 12 have been 
applied, that the proof of Lemma 6 is based on Lemma 5 and that the recalled 
proofs of Lemmas 5 and 12 follow reasonings which are the same as for some 
existence theorems for the problem of Dirichlet. Nevertheless our proofs 
appear to need somewhat weaker facts than the principle of Dirichlet, namely 
only that a) any non-degenerate surface of finite Lebesgue area posseses 
Dirichlet representations; b) the g.1.b. of the relative Dirichlet integrals 
coincides with the Lebesgue area, without stating that the minimum is 
actually attained. 
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THE “ INDEPENDENT SCALARS ” IN HOMOGENEOUS 
TURBULENCE.* 


By N. Copurn. 


1. Introduction. In discussing my paper™ at the University of Illinois 
Symposium on Fluid Dynamics, Professor S. Chandrasekhar mentioned the 
problem of determining a method for generating the “independent scalars ” 
in various types of homogeneous turbulence. By definition, these scalars must 
possess three properties: (1) they must be components of the various cor- 
relation tensors; (2) these scalars must be defined in such a manner that the 
correlation tensors satisfy the continuity relations identically; (3) the maxi- 
mum number of such scalars must occur in each correlation tensor. 

It is the purpose of this paper to furnish a method for the construction 
of such independent scalars. The method is based on the following considera- 
tions. First, one determines the maximum number of independent scalars 
associated with a given correlation tensor. Secondly, by a contraction process, 
a new tensor, containing the desired number of independent scalars, is con- 
structed. By forming the curl of this tensor, one obtains a tensor which has 
two properties: (1) its divergence is zero (and hence it satisfies the continuity 
relations) ; (2) it possesses the structure of a correlation tensor which depends 
upon the maximum number of independent scalars. 

In order to develop the method, we consider the cases of: (1) isotropic 
turbulence ; (2) turbulence possessing axial symmetry with respect to a specified 
direction. The expressions for the correlation tensors in terms of the indepen- 
dent scalars are well known for the first case from the work of Karman- 
Howarth ? and H. P. Robertson.* For the second case, S. Chandrasekhar * has 
derived, recently, the corresponding results for the correlation tensors. 


* Received October 26, 1950. 

1N. Coburn, “A method for constructing correlation tensors in homogeneous turbu- 
lence,” Proceedings of the University of Illinois Symposium on Fluid Dynamics, to be 
published. 

?T. von K4rmadn and L. Howarth, “ Isotropic turbulence,” Proceedings of the Royal 
Society, vol. 164 (1938), pp. 192-215. 

8H. P. Robertson, “An invariant theory of isotropic turbulence,” Proceedings of the 
Cambridge Philosophical Society, vol. 36 (1940), pp. 209-223. 

« S. Chandrasekhar, “The theory of axissymmetric turbulence,” Philosophical Trans- 
actions of the Royal Society, vol. 242 (1950), pp. 557-577. 
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Finally, we discuss the general theory for constructing correlation tensors 
in terms of independent scalars. It is shown that if we require the correlation 
tensors to be linear functions of the independent scalars and their derivatives 
then, essentially, the above method is the one and only method for constructing 
such tensors. 

The author wishes to thank Professor Chandrasekhar for allowing the 
author to see the proofs of his papers on axisymmetric turbulence (see footnote 
4) and for his remarks relating the results of this paper with those of his paper. 


2. The independent scalars in isotropic turbulence. Here, we consider 
the theory of Karman-Howarth and Robertson. From the work of either of 
these authors, it is known that the correlation tensors have simple forms. In 
order to introduce these formulas, we mention our notation. Let x, \ = 1, 2, 3, 
denote a Cartesian orthogonal coordinate system in Euclidean three-space. 
Further, if P(x), ’P(’x) denote the two points involved in the construction 
of the correlation tensors, then — will denote the vector joining 
these points. Evidently, the magnitude, r, of this vector is, 


rom [ + (€7)? + 
One additional tensor, which enters into this theory, is the metric tensor, g. 
With the aid of this tensor and vector, é, the correlation tensors may be 
written as 
R = AG, RM = BEE + 
(2.1) 
Rua = DE + E(&g" + 


where A, B, C, D, E, F are’ scalar functions of r. 
These tensors satisfy the following continuity relations 


where commas denote differentiation, that is R,, —0dR/d& etc. The 
relation (2.2) furnishes a first order differential equation for A. Hence RA 
does not depend upon an independent scalar. Further, we notice that (2. 2) 
determines a vanishing correlation vector and a vanishing correlation tensor 
of the second order. That is, the’ above relations imply that B, C are related 
by a single first order differential equation and that D, H, F are related by 
two first order differential equations. Thus, both R and RM depend upon 
one independent scalar. In the next two paragraphs, we shall determine 
expressions for R, R¢ which depend upon single independent scalars, 


respectively. 


3 
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First, we consider the tensor #. Multiplying the second equation of 
(2.1) by egé8, we obtain 


(2. 3) = CeyrpgéF. 


Note, ¢,,g is the permutation tensor density. If we restrict our coordinate 
systems to right handed Cartesian orthogonal coordinates then ¢,g is a tensor. 
Next, we introduce the tensor 


(2.4) 


It is easily verified that the tensor R“@ satisfies (2.2), identically. That is, 
this tensor has zero divergence. Further, from (2.3), we see that this tensor 
depends upon one scalar. It remains to be shown that R#* has the form (2.1) 
and hence can be considered as a correlation tensor. Substituting (2.3) into 
(2.4), we obtain 


(2. 5) — — + 


where 8g* is the Kronecker tensor and 8,g% is the generalized Kronecker tensor. 
In particular, 8)g% satisfies the equation 


Through use of this relation, we may reduce (2.5) to the equation 
Ree = — (2C + rdC/dr) + 


That is, the above expression furnishes a second order correlation tensor which 
depends upon a single scalar and for which the continuity relation (2.2) is 
identically satisfied. It should be noted that (2.5) does not assure us that 
Re will be symmetric. Such symmetry can be obtained, if needed, by use of 
an additional procedure, to be explained in section 6. 

Now, we turn to the study of the third order correlation tensor, R. 
Similarly to (2.3) we introduce the tensor 


(2. 6) = = + 


Further, we construct the tensor 
(2. 7) — 


Evidently, the divergence relation (2.2) is identically satisfied. Further, the 
tensor R“* depends upon a single scalar. Hence this scalar is an independent 
scalar. Substituting (2.6) into (2.7), we obtain 
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(2. 8) 


Simplifying (2.8), we find that 
(2.9) BM = Ere” — (8E + (Eg + + 


Thus, (2.9) furnishes a third order correlation tensor which depends upon a 
single scalar and for which the continuity relation (2.2) ts identically satisfied. 
That is, we have constructed a third order correlation tensor of the type given 
in (2.1), and such that this tensor 1s expressed in terms of one independent 
scalar (the maximum number of such scalars). 


8. The independent scalar in turbulence with axial symmetry. The 
general theory of turbulence with axial symmetry has been initiatel by G. K. 
Batchelor ° and completely studied by S. Chandrasekhar.* In addition, another 
approach to this theory has been given by the present author. The previously 
mentioned authors have followed the invariant theory method of H. P. 
Robertson.? Here, we shall apply our present ideas to the work of S. 
Chandrasekhar. 

Let 7 (A=1,2,3) denote a unit vector in the axial direction. By 
following the invariant theory approach, Chandrasekhar constructs the 
following correlation tensors: 


(3. 1) R = MS + 
(3.2) ASG By + + DM + BOM 
+ + + + + 
The scalars NV, M, etc., are considered to be functions of r, and p» where 
(3. 4) r= [(&)? + (2)? + (€)?]%, rp = 


The problem is to find the correlation tensors in terms of the independent 
scalars for which the continuity relations (2.2) will be identically satisfied. 
First, we note that (2.2) furnishes a single scalar relation between the scalars 


5G. K. Batchelor, “ On the theory of axisymmetric turbulence,” Proceedings of the 
Royal Society, vol. 186 (1946), pp. 480-490. 
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M, N of (3.1). Hence, only one of the scalars, M, N, is independent. 
Secondly, we note that the second continuity relation determines a correlation 
vector. Since the general correlation vector for axial symmetry is of the type 
(3.1), the equation (2.2) furnishes two relations for the coefficients A, B, 
C, D, E. That is, three of these scalars are independent. By a similar 
argument, we see that the ten coefficients F, G, etc., satisfy four relations. 
Hence, six independent scalars characterize the third order correlation tensor 

In order to express the correlation vector, R, in terms of a single 
independent scalar, we proceed as in section 2. Multiplying (3.1) by eg 
we obtain 
(3. 5) 8, => => 


We shall show that the vector 
(3. 6) Rt == 


is the desired vector. First, we note that the vector, R*, has zero divergence. 


Secondly, we note that 
(3. 7) = — + 
Substituting (3.5) into (3.6), we obtain the formula 


(3. 8) Pa — — 8,99 (PEN + Nj 


Simplifying (3.8) by use of the expansion formula for 5),% and (3.7) we 
find that 


(3.9) [paN/ar + 1-2(1 — ON — /Or + 2N]j2. 


The above equation is essentially equation (25) in Chandrasekhar’s paper.* 
Next, we consider the tensor PR“. We noted in the previous paragraph 

that this tensor should be expressible in terms of three independent scalars. 

Hence, we repeat the technique used in section 2. That is, we introduce the 


tensor 
(3.10) Sy#— MES — + + 


With the aid of (3.10), we form the tensor R* of (2.4) and obtain 
(3. 11) 
— — — + 0B /Apjp) 
+ /drép — + 10D /Opjp) + DPSp"] 
— Bg + + 
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For the sake of simplicity, we have written £ for gp éY in the above equation. 
Replacing by (8\%8g? — we find that (3.11) becomes 


3.12 
a = — + wdD/dr + (1 —p?)0D/Op] 
— g (2B + rdB/or) + 4- pdC/or 
+ — p?)0C/dp + — + 3D) 
— j2j#(2C + 
The tensor R4* of (3.12) does not coincide with the corresponding tensor 
developed by Chandrasekhar.* The reason for this difference lies in the non- 


uniqueness of A, B, etc. That is, another possible correlation tensor can be 


formed from linear combinations of A, B, etc. or from 


(3. 18) ‘Sry = — + Gg + 7°, 


where “RM Fi + Gg + Hoje + + By expressing F, G, 
H as linear combinations of B, C, D with variable coefficients and adding the 
resulting tensor ‘Rk to R™, one obtains other possible second order correlation 
tensors. The uniqueness problem will be discussed in the next section. To 
calculate the third order correlation tensors, one applies (2.6), (2.7) to the 
tensor (3.3). The calculations are routine but rather lengthy and will be 


omitted. 


4. The theory of correlation tensors which depend upon independent 
scalars. In this section, we discuss the mathematical significance of our 


method. 


a. The General Problem. We consider the following problem: given the 
arbitrary correlation tensors R\(év), RM (é7), and the independent 
fields &, 7, respectively; to determine associated tensors R(é), 
RM (£7) such that: 


(1) # is a linear function of FR and its first derivatives with respect 


* Professor Chanrasekhar has called my attention to the fact that the relations 
between his scalars Q,, Qo, Qs and the scalars B, C, D of (3.12) and F, G, H of (3.13) 


are 
Q.=B+C+ = —H, 
Q2 = — C — + r°D) = H + + ru + G) 
Qs = — D — (r*0/dr — ur-*0/0u) (ruC + r?D) 
= F + — wr *0/du) (°F + G+ ruil). 


N. COBURN. 


to and is homogeneous in €‘, j* and 7 of order zero (and similarly 
for R, in terms of respectively) ; 
> > 


(2) # has identically vanishing divergence (and similarly for RM, 2) ; 


(3) RB, RM, RM have the structure of correlation tensors. 

We shall show that the tensors R, R, RM formed in accord with the 
following rules and only in accord with these rules satisfy the conditions (1) 
through (3). 


(4) Construct the tensors Sy, S,-“, Sj from the given correlation 
tensors RX, RM, and the independent vector fields 7* 


according to the laws 
1) Sy ey ’Sy RIP, eyrp RMA, 


3) Cyaplr Hage, ap “Say = Cyap RMU, 


(5) The desired tensors, are determined by 


JIS 


(6) The most general tensors of the desired type are of the form 

(4. —ak4+ + 

(4. RM dRM + RM + 

where a,b, - are constants. The scalars of ’R will be independent 

scalars if the scalars of R are less than the maximum number of independent 


scalars. Otherwise, the scalars of ’R*, ’R will be linear combinations, with 
variable coefficients, of the scalars of R* (and similarly for the second and 


third order tensors). 
b. Remarks on the Above Problem. We consider each of the statements 
(1) through (6) of section (a) and discuss these statements under the corre- 


sponding numbers of this section. 


(1) This first statement implies that the scalars of R are linear func- 
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tions of the scalars of R and of the derivatives of these scalars. 
This will be shown in our proof (similar results apply to RM, RM). 
The second statement implies that #*, R, RM are each expressed 
in terms of independent scalars. In this connection, anothed prob- 
lem presents itself. Do RB, RM, RP contain the maximum number 
of scalars? We shall discuss this in (6). 


It is, of course essential that R’, RM, Rd ete., shall have the 
structure of correlation tensors. This result will follow from the 
fact that R, RM, Rd will be chosen to have such structure and 
the assumption (1). Again, this point must be verified in our proof. 


There can be at most three independent vector fields associated with 
three-space, independent of the type of turbulence. Of course, if 
the turbulence involves only one vector field, the primed and double 
primed tensors do not appear (see section 2). In axial symmetric 
turbulence, the double primed tensors do not occur, but the unprimed 
and primed tensors do occur. The tensors (and simi- 
larly for the second and third order tensors) are assumed to be 
independent. Note, the equations (4.1) through (4.3) annul the 
non-independent scalars. 

It should be noted that the divergence of the tensors RX, RM, RM, 
ete., vanish identically in virtue of (4.4) through (4.6). 

We shall show that the process of section (a) generates all cor- 
relation tensors which depend linearly upon independent scalars 
and their derivatives and whose divergence vanishes when the tensors 
(and those of the second and third order), are properly 
chosen. Then, the A, RM, A will contain the maximum number 
of independent scalars. The tensors f*,’h, PR (and similarly for 
the corresponding second and third order tensors) are to be chosen 
as follows. Construct the tensor R* so that this tensor contains the 
maximum number of distinct scalars, N, not all of which are 
actually independent. Determine the number of conditions imposed 
on these scalars by the continuity relations. By subtracting the 
number of conditions from the maximum number of distinct scalars, 
one obtains the maximum number of independent scalars, say m. 
If # contains m, < m independent scalars, then ’R* must be con- 
structed. To do this, we introduce ’R*. This tensor has the same 
structure as R* but depends upon N new distinct scalars. Thus, we 
construct a tensor ’R* which depends upon m. (where = m — m,) 


: 
(4) 
(5) 
(6) 
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independent scalars. Finally, we construct ’R* which depends upon 
(where mz = m-—m,— mz) independent scalars. Note, the 
tensor ’R* may appear to contain more than m — m, independent 
scalars (see 3.12). In this case, the remaining scalars are linear 
combinations of the m independent scalars. 


5. Proof of the results. 


a. The Tensors with Identically Vanishing Dwergence which Depend 
Linearly upon R, R, RM and Their Derivatives. We consider the situation 
where two independent vector fields é*, 74 exist. The case, in which 7 exists, 
is treated in the same manner. First, consider the vector R’. This vector is a 
general linear combination of R#* and its derivatives with respect to &. Hence, 
we may write 


(5.1) — AR + BeR,, + + 
EPR + Fo + 


where A, B,C - - are functions of &. We note that j* and & are arbitrary. 
Hence, consider the transformation 


where k is an arbitrary constant. By substituting (5.2) into (5.1), we see 
that R is composed of two independent vectors: 


(5. 3) AR + BER, + DER. + 


Forming the divergence of the first vector in (5.3) we obtain 


(5.4) By (A+B+3D4+F + (B+ DER 


where the dots denote terms containing the derivatives of B, F. Since R* 
is arbitrary, we may imagine R* expanded in a power series in which the 
derivatives R*,,, R,ag are arbitrary at any given point. Hence, the condition 
that the divergence of R vanish for arbitrary R, & implies that 


(5.5) B4+D—0, A+B48D4F—0, 


and A, B, D, F are constants. These results also follow from the fact that 
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the identical vanishing of (5.4) implies the vanishing of the coefficients of 
all invariants of (5.4). From (5.5), we find 
(5. 6) =— D, A =— 2D. 


Thus, we may represent the most general vector of the first type, R\, whose 
divergence is identically zero and which depends linearly upon Ff and its 


derivatives, by 
(5. 7) R = — — ,, + 


Similarly, one may show that the most general vector of the type ’R> (see 5. 3) 
may be represented by 
(5.8) Rg — jh Ra, 


By carrying out a similar analysis, one may show that the only possible second 
and third order tensors are 


(5. 9) Rea | + é*Re7,,,, 
(5. 10) Pea jVR",, jv 


b. The Equivalence of Our Construction of Tensors and the Above 
Construction. It is evident that one could describe the basic tensors of the 
theory by equations (5.7) through (5.12). However, the construction used 
in section 4 is an equivalent construction, as will be shown. Further, this 
previous construction is easier to evaluate and shows why the barred tensors 
depend upon independent scalars. In order to show the equivalence of the 
barred tensors in sections 4 and 5, we carry through the computations of 
section 4. 

Consider the equations (4.1), (4.4). By eliminating S,, ’S., we find 


Replacing 8g%° by 575g? — 8g%8) and carrying through the differentiations in 
(5.13), we obtain the relations (5.7), (5.8). Similarly, one may show that 
(4.2), (4.5) and (4.3), (4.6) lead to (5.9), (5.10) and (5.11), (5.12), 
respectively. 


ce. The Scalars of R etc., are Linear Functions of the Scalars of R> etc., 
and Their Derivatives (see section 4b, remark 1). In order to verify this 
result, we return to equation (3.7%) and the equations (3.1), (3.2), (3.3) 


E 
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defining the structure of R', R, P+, From these equations and the formulas 
(5.7), (5.8), ete., it is evident that the scalars of RP etc., are linear functions 
of the scalars of R* and their derivatives. A similar argument can be used 


if three independent vector fields exist. 


d. Do the R, etc., Have the Structure of Correlation Tensors? The 
argument of (c) shows that the R etc., do have the structure of correlation 
tensors. Note, it is essential that R* be a linear homogeneous function in 
&, 7, of order zero (etc., for RM, see section 4a, hypothesis 1). 


6. The symmetry of R“*. As we have noted, the above procedure does 
not assure us of the symmetry of #4*. When a single independent vector field 
&\ exists, then R“* is symmetric. Hence, no problem exists for this case. 
For the case in which two independent vector fields &, 7» exist, the following 
tensor is symmetric (if R““ is symmetric) and has vanishing divergence 


(6. 1) RMP yp yp — yp — RM yp. 


It should be noted that the tensor R“* of (6.1) is linear in the second 
derivatives of R#*. In fact, if we change the hypothesis (1) of section (4a) 


to read: 


(1)’ R#+ is symmetric and is a linear function of RM and its first and 


second derivatives with respect to &, 


then present computations indicate that (6.1) furnishes the only solution to 
the problem. If an additional independent vector field 1 is present then an 
additional tensor R can be formed. The j* in (6.1) is merely replaced by 2. 
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HOMOGENEOUS DIRICHLET PROBLEM FOR INHOMOGENEOUS 
ULTRAHYPERBOLIC EQUATION.* 


By O. G. OWENs. 


1. Introduction. There is a class [1] of 4-dimensional domains G for 
which the solution of the Dirichlet problem for the ultrahyperbolic equation, 


(1. 1) = — Uyy, — Uyey, = f (%1, Lo, Y1; 


is unique. Closely related uniqueness questions are discussed in a paper by 
F. John [2]. The existence of another such class of domains is established 
in the present paper. Without now specifying the differentiability assumptions 
on U(21, Le, Yi, Y2), this new class of domains can be described analytically 
as follows: Let G(X) and G(Y) be regions in X and Y space, respectively 
(see section 2), and let A(X) and w(Y) denote the characteristic values of 
G(X) and G(¥Y). Then, if |A(X)—p(V)| is never zero, the Dirichlet 
problem for (1.1) is unique for the cross product region G = G(X) X G(Y). 
Moreover, if f vanishes on G*, and if |A(X) —yp(Y)| has a positive lower 
bound, then a solution of (1.1) exists which vanishes on G*. The fact that 
regions exist for which | A(X) —yp(Y)| is bounded away from zero is 


shown by means of an example. 


2. Notation. ((X) will denote a simply-connected open region in 2- 
dimensional cartesian %.)-space—more briefly X-space. will 
always denote a point of G(X), and x* = (2*,, x*.) a point of the boundary 
G*(X) of G(X). It will be assumed that G*(X) consists of a finite number 
of piecewise analytic ares. 

An arbitrary characteristic value and associated characteristic function 
of the region G(X) will be denoted by A(X) and ¢(X). That is, A(X) and 
¢(X) are solutions of the following equations: 


(2.1)  Ap(x) =0, ee G(X); 
=0, ve G°(2); Soo =1, 


where A, = 0?/0x,? + 0°/0x.", dx =da,dz.. As in the case of G(X), a 


* Received October 16, 1950; revised July 31, 1951. 
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region @(Y) is defined in 2-dimensional cartesian Y-space, together with the 
related characteristic values »(Y) and associated characteristic functions p(y). 
The 4-dimensional cartesian cross product region consisting of all points 
(x, = ( (21, Z2, Y1, Y¥2) Such that ce G(X) and yeG(Y) is denoted by 
G=G(X) X G(Y), and its boundary by G*. 


8. Uniqueness. Our proof of the uniqueness theorem involves the 
application of two lemmas having to do with uniform convergence of series 
of characteristic functions. It is convenient to introduce some more notation 
for the statement of these lemmas. We write u—u(z,y) ¢C*(X,Y), if u 
has all partial derivatives of order &, and these are continuous functions of 
(x,y) on G, the closure of G. We write u—u(z, y) C*¥(X)(C*(Y)), if u 
has all partial derivatives with respect to x(y) of order k, and these are con- 
tinuous functions of (z,y) on G. 


Henceforth in this paper we assume that 


u(z*,y)=0, (a*,y) € G*, G*(X); 


(3. 1) 
u(z, y*) =0, (z, y*) G*, y*e G*(Y). 


The first of our two lemmas is the following: 


Lemma 1. If u(z,y) ¢ C*(X, Y), then u(a, y) is equal to the untformly, 
absolutely convergent series 


n,m=1 G(X) 


Note. As proved, Lemma 1 is true under weaker differentiability restric- 
tions on u(z,y), namely, u, A,u, Aywe C?(X) and C?(Y). 


Proof. As u(z,y) ¢C?(X) and satisfies (3.1), it has the series repre- 
sentation [3]: 


As f u(z, y)on(xz)dxeC?(Y) and vanishes on G*(Y), (3.4) can be 
G(X) 


expressed as follows: 
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Because of (2.1) and (3.1), the integrals in (3.5) can be so transformed 
by Green’s theorem that u(z,y) can now be expressed as follows: 


(3.6) u(z,y) = 4n(c) [AyAsU/(rndm) m(y)dady. 


We mention that the above use of Green’s theorem is all right, as the 
first derivatives of gn(x) (m(y)) are uniformly bounded [4] on G(X)(G(Y)). 

The expansion (3. 2) will be justified by establishing the uniform absolute 
convergence of the series (3.6). Our proof will be based on the inequalities 
of Schwarz and Bessel, and is as follows: 


(3. 7) 


Ms 


lA 


[ 


1 


3 


Ms 


lA 


[ 


n=1 (Y) G(X) 


Hence, as 3 n?(2)/An? and & Wm?(y)/um? are uniformly bounded [5], Lemma 
1 is now proved. 


The last lemma we need is the following: 


Lemma 2. u(z,y) C*(X,Y) and Ayu, then 
(3.8) H (2, y) = —=— 


(3.9) 1(2,9) = = — 


Note. As proved, Lemma 2 is true if u(x, y) is such that u(z, y) e C?(X) 
and C?(Y), Azwe C?(X), A,’we C?(Y), AyweC?(Y), A,?ueC?(X). 


Proof. We first show that the series (3.8) is uniformly absolute cun- 
vergent. Because of (2.1) and (3.3), 


As Azu(2, = Ayu(z*, y) =0, (3.10) can be transformed as follows: 


0. G. OWENS. 


G(Y) G(X) 


G(X) 
The last integral representation being valid since A,?u(z, y) y-y+ = 0. 
H(z, y) can now be majorized as follows: 
(3. 12) 
m=1 n=1 G(X) - G(Y) 


) G(Y) 
n=1 m=1 G(x) 
The above inequalities are obtained, as in (3.7), by repeated applications of 
the inequalities of Schwarz and Bessel. The inequality (3.12) implies that 
the series (3.8) has the desired convergence property. 
We shall now show that H(z,y) =—A,u(z,y). Let K=K(z,z) 
denote the Green’s function for the region G(X), and recall that the charac- 
teristic value and function are solutions of the equation 


= An 2) on (2) dz. 


Thus, because of the uniform convergence of the series H(z, y), 


(3. 13) 2) H (2, y) dz An bn(2) dz 


sm= 


Moreover, as we C?(X), u(x, y) can be represented in the form 


(3. 14) — fH y)de =u (a, 9). 


Consequently, because of (3.13) and (3.14), we have the following identity: 


Let g(z, y) denote the bracketed expression in the integrand of (3.15). Then, 


310 

Le 
of 
J id 
su 
las 
A 
9( 
fo 
eq 
| 
In 
are 
(3 
an 
(3 

{¢ 


ULTRAHYPERBOLIC EQUATION. 311 


Our proof that g =0 will follow the usual procedure of potential theory. 
Let © denote an arbitrary area with closure in G(X), and Q* the boundary 
of ©. Represent the normal derivative with respect to Q* by d/dngs. Then, 


0 = dV /dng+dQ* 


= dK /dng-g (2, y) dz dzg(z,y) dK /dng-da*. 
G(X) G(X) 


The interchange of the order of integration being permissible because of the 
summability of the normal derivative of K [4]. Now, as is well-known, the 
last (interior) integral is — 27 if zCQ, and 0 if zC G(x) —Q. Therefore, 


— 2x g(z, y)dz = 0. 


As Q has been chosen arbitrarily, and as g is continuous, we conclude that 
g(x, y) =0, that is, —A,u(z, y) =H (z,y). As the relation — A,u(z, y) 
=I[(z2,y) follows in the same way, Lemma 2 is proved. 

We now consider the proof of the uniqueness result, which is stated as 


follows: 


THEOREM 1. Assume u(z,y) ts of class C®(X, Y), ts a solution of the 
equation A,u = A,u, (x,y) G(X) X G(Y) and assumes vanishing boun- 
dary values on G*. Then, provided |X(X) —p(V)| ~0, we must have 
u(x, y) =0 on G. 


Note. Under the following weaker differentiability requirements on uw, 


Theorem 1 is still true: 
(83.17) wu, Aywe C?(X) and C?(Y); A,2ueC?(¥), AyrueC?(X). 


In general, functions possessing the differentiability properties (3.17) on G 


are said to be of class D. 
Proof. By Lemma 1, 
(3. 18) u(x, y) 
and by Lemma 2, 
(3.19) O—A,u(z, y) —Ayu(a, y) — An) 


Thus, as (3.19) is uniformly absolutely convergent, and as the system 
(n,m = 1, 2,3,---) is complete on G, Qnm(pm— An) = 0. 
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Hence, as the characteristic values A, and pm are distinct by assumption, 
= 0 (n,m —1, 2,3,-- -), that is, u(z,y) for all (2, y) G. 


4. Existence. The existence theorem which we establish has to do 
with a homogeneous boundary value problem—boundary values vanishing on 
G*—for the non-homogeneous equation (1.1). The proof presupposes the 
vanishing of f on G*. The restriction that G = G(X) G(Y) is such that 
| A(X) —p(Y)| is uniformly bounded away from zero, is an indispensable 
requirement in the establishment of the existence theorem. Domains with 
this property are exhibited in the next section. 

Before stating our theorem we introduce some new symbols. 


(x, y) (2, y)) 

will denote any partial derivative of f(z, y) with respect to x(y) of order k; 
D*f (x,y) will denote any partial derivative of f(z, y) of order k. (D°f(z, y) 

THEOREM 2. Assume G= G(X) x G(Y) is such that | A(X) —p(Y)| 
ts bounded away from zero, and that f(x,y) © C*4(X,Y) on G. Moreover, 
assume that D*f(z, y), 0S k S 22, vanishes on G*. Then there is a u(z, y) 
of class D (see (3.17)) which vanishes on G*, and is a solution of (1.1) 
on G. 


Proof. Assuming the existence of such a u(z, y), we first determine its 
series expansion. If we D and is a solution of (1.1), then the results of 
Lemma 2 are still valid, provided, as we have supposed, that f vanishes on G*. 
Thus 


(4.1) 9) = 


(4. 2) A,u— Ayu = Stam (4m — An) 


n,m= 


Now, as fe D, Lemma 1 yields 


(4.3) 9) = 


Consequently, as {¢n(2)Wm(y)} is complete on G and as (1.1) is valid, 
we conclude that 


(4. 5) Onm (pm — An) = Dam (n, m = 1, 2. 
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Thus, a8 (m—An) is never zero, 


»m= 


Our immediate purpose is to show that the restrictions imposed upon 
f(z,y) in the statement of the theorem are sufficient to assure that we D, 
and that A,w— A,u—f(z,y). Such a u(z,y) is unique by Theorem 1. 

The essential requirements for such a study are bounds on | D*$,(z)| 
(0<k=2). Such bounds are readily found in the literature for domains 
G(X) having simple closed analytic curves as boundary. Moreover, such 
bounds are effective in the case of our example, section 5. 

In the case where G*(X) consists of a finite number of analytic arcs, 
A. Hammerstein [4] has found the following bounds for the characteristic 
functions ¢n(2) : 


(4.7) | << Arn (n = 1, 2,3,- (4.8) | D’on(x)| < Arn. 


If G*(X) consists of a simple closed analytic curve, J. Schnauder [6] 
has determined bounds for the second and third partial derivatives of the 
solution of a general elliptic equation in terms of bounds for the solution and 
its first partial derivatives. The general equation considered by Schauder 
includes as a special case the Poisson equation: 0?v/0x,? + 0°v/0x.? = p(21,%2). 
Consequently, because of (4.7) and (4.8), Schauder’s results enable us to 
conclude immediately that 


(4.9) < Arn’; (4.10) D8n(a) | < Arn*. 


For the special domain G(X) considered in the next section, the charac- 
teristic functions ¢,(x) are given explicitly, and the fact that they satisfy 
the above bounds is apparent. 

It is now possible to show that ue D, and we commence this investigation. 
In a purely formal manner, (4.6) yields the equations 


Dztu(z,y) = (om — (y) 
(4. 11) 
D,u(z,y) = = Pm / (vm An) on 


n,m= 


Therefore, because of (4.10), if 


(4. 12) | Cam: | pia? <0, and | Dum | Anfim® <0, 


n,m= 
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then u(x, y) exists and e C?(X) and C?(Y). Consequences of (4.12) are the 
next two equations, 


(4. 13) Agu(x, =— Anbam/(4m — An)on(Z) 


n,m=1 


(4:14) Ayti(a, 9) —— — (9); 


n,m=1 


which show that 


(4.15) — Ayu — Bann = 9). 


From (4.13) and (4.14), we conclude that both A,w and A,w are 
elements of C?(X) and C?(Y), if 


| bam | <0, | bam | <0, 


(4. 16) 
Bam | Anim? <0, | bam | < 20. 


n,m= 


The inequalities (4.16) imply that 


(4. 17) (Han — Anon Ym (Y); 


n,m= 


Hence, A,?ue C?(Y), and A,?u e C?(X), if 


(4. 19) > | Dam | A3* <0. 


nym=1 
Therefore, it will be sufficient to show that 


(4. 20) | Dam | <0, 
n,m=1 
in order to conclude that u(z,y)eD. As 31/An? and 3 1/pm? < oo, the 
inequality (4.20) is certainly true if 
(4. 21) | Onm | < (n,m = 1, 2, 3,° *). 


From (4.4) and (2.1) we deduce that 
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In turn, (4.22) implies 


(1.28) bam — (Antin) daa) (df) 


An application of Schwarz’s inequality to (4.23) yields the desired bound 
(4.21), namely, | 


This result completes the proof of Theorem 2. 


5. An explicit domain G. We now propose to give an example of a 
region G = G(X) G(Y) for which | A(X) —p(Y)| is bounded away from 

Take G(X) and G(Y) to be squares with sides of length a and Bb, 
respectively. More precisely, let 


(5. 1) G(X) =[0S%, 2, Sa], G(Y) y2 S 5]. 


Then, as is well-known, the corresponding characteristic values and functions 
are: 


= A(X) =x?(n? + n.”)/a?, 
(5. 2) 
Wm(y) = = + m4”) /b*. 


As suggested by Mr. Louis Nirenberg and Mr. George Raney, we take 
(5.3) a=34R and b—R, 
Ff being any real positive number. Then 


| A(X) —w(Y)| = (2?/R?)| + np?) — (ns? + 4?) |. 


(4. 22) 
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We shall now prove that 


(5. 4) | 3(n,? + np?) — + n,”) | (M1, Ne, M3, = 1, 2, *) 


is never zero. A consequence of this will be | A(X) —p(Y)| =7?/R*, a 
positive lower bound. 

Suppose there exists a non-vacuous set of points (m,, mz, ms, m,) for 
which (5.4) is zero. There is then a point (m, m2, ms, m,) of this set for 
which m,? + m,? is a minimum. - Thus, as any square is congruent either to 
zero or one modulo three, there are integers ps and p, such that m,* = 37p,? 
and m,” = 37p,”._ Hence, m,” + m2” = + ps”). The same reasoning 
shows the existence of integers p, and p. such that m,? = 3p,” and m,? = 3p,’. 
Consequently, 3(p.? + po”) = (ps? + ps?) << (ms? + m,”), which is a contra- 
diction. 
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OSCILLATION THEOREMS.* 


By Cuoy-Tak Taam. 


1. Introduction. In the present paper we shall study the distribution 
of the complex zeros of the analytic solutions W(z) of 


(1. 1) d?W/dz* + Q(z)W =0, 


where Q(z) is an analytic function of the complex variable z in the domain 


concerned. 

The method we employ in this paper is to derive a pair of simultaneous 
differential equations (2.7) and (2.8) which are satisfied by the modulus 
and argument of any solution W(z) along the real axis. Since the modulus 
of a solution and the solution itself have exactly the same zeros, the equations 
(2.7) and (2.8) reflect the distribution of the zeros of the solutions on the 
real axis. The results so obtained can be extended to the zeros of the solutions 
along any analytic curve, in particular. the linear segments in the z-plane. 

Using equations (2.7) and (2.8), methods will be developed to deter- 
mine regions in which there are no zeros and thus we may confine them to a 
certain smaller known region of the z-plane. These methods could to some 
extent complete the methods based on the Green transform as developed by 
K. Hille.? 


2. The associated differential equations. On the real axis, equation 
(1.1) has the form 
(2. 1) @W/de* + Q(x) —0, 


where x is the real part of the complex variable z. Let Q(z) be analytic along 
the real axis. In the sequel, by a solution W(x) of (2.1) is always meant an 
analytic solution, not identically zero, unless otherwise stated. 


Let 
(2.2) W(r)—u+w, W(x) —reM, 


* Received January 15, 1951; revised April 6, 1951. 
The author is grateful to Professor E. Hille for some suggestions in the present 
paper. 
1See E. Hille, “ Oscillation theorems in the complex domain,” Transactions of the 
American Mathematical Society, vol. 23(1922), pp. 350-385. 
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where gi(z), g2(z), u(x), v(x), r(x), are real and The 
derivatives W’(x), W(x) with respect to x at any point where W(x) ~0 are 
(2.3) W = (1 + W” = [{r” — r(0’)?} + + 2776} 


Substituting the expressions (2.2) and (2.3) in the equation (2.1) and 
separating the real and imaginary parts gives 


(2.4) + — (@)?)r=0; (2.5) 16% + 27°’ + qo(r)r =0. 


Multiplying equation (2.5) by r(x), it can be rewritten in the form 
(2. 6) (0’r?)’ +- qo(x)r? = 0. 


The equations (2.4) and (2.6) hold at every point of the real axis where 
W(x) Ata point where W(x) = 0,1’ (x), r’(x), and (@’(x)r?(z))’ 
do not exist. We shall, however, replace r(x) and @’(z) by functions Y (z) 
and ®(z) respectively (to be defined shortly) such that equations (2.4) and 
(2.6) will hold at every point of the real axis. 

The new function Y (2), called the associated solution of W(x), is defined 
as follows. If W(x) does not vanish on the real axis, let Y(r) —r(z) 
= (u?(z) + If W(x) vanishes at the points 4, 
a; define =r(z) in ax, Sex Sax, and Y(x) =—r(z) in 
<< < do, where 

The associated solution Y (x) and r(x) and have exactly the same 
zeros. Y (zx) is obviously continuous for all x, and has continuous first and 
second derivatives at every point where W(2) does not vanish. At every such 
point Y (x) satisfies both equations (2.4) and (2.6). 

We shall prove that Y’(z) and Y’’(zx) exist and are continuous at every 
zero a; of W(x). Let us consider the zero a. Since W’(a,) 0, from the 
definition of Y (x) and the Law of the Mean, we have, ast> a+, 


Y’(d) +) = lim [u(x)u’(x) + v(x) ][u*(x) + v°(x)]4 
= lim [w’(¢1)u’(x) + (¢2)v’ (x) )? + 


= [(u’(ao))? + (v’(ao))?]3 = | w’(ao)|, where a Similarly 
Y’ (a) —) =| w’(ao)|. But Y’(a)) =lim [Y (x) — hence 
Y’(a)) =lim Y’(c) where ca, anda >c>z. Thus Y’(z) 
exists and is continuous at dp. 

We shall soon see that 6’(z) has a limit at the zeros a; of W(x). In 
equation (2.4) replacing r(x) by Y (x), we find that lim Y’ (x) = 0as x > . 
By the law of the mean, 
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Y” (ao) = lim [Y’(x) — Y’ (a) (a — a) * = lim (c) 


Hence Y”’ (zx) exists and is continuous at dp. 


Between any two consecutive zeros, a < W(x) can be repre- 
sented by a continuous curve not passing through the origin in the W-plane. 
Then #(xz) can be so determined that it becomes a continuous function of 2 
with continuous first derivative in a4; << @ < aj,,; namely, 


(2) (x) —v(w)w (x) + if a < din. 
By de L’Hospital’s rule it is easy to prove that 
lim 6’ (x) = 2*[w” (ai) (a;) — (ay) (as) (as)? + = 0, 


where x—>a;. Define = @’ (x) if and —0 if where 

Clearly (x) is continuous for all z, and from equation (2.6) it can be 
shown that (®(z) Y*(z) )’ is also continuous for all z. Hence for each given 
solution W(x) of (2.1), its associated functions Y(x) and (x) satisfy the 
simultaneous differential equations 


+ & 0; (2.8) (®Y?)’+ q¥?=0. 


3. A physical interpretation of equaltions (2.4) and (2.6). Consider 
a particle of unit mass whose position in a plane at time z is (r,6), which 
moves under a force q,(x)r directed toward the origin and a force q.(xr)r 
perpendicular to the radius vector but in the negative direction of 6. Equation 
(2.4) gives the relation of the forces acting along the radius vector, and 
equation (2.6) expresses the connection of the rate of change of the angular 
momentum to the moment of force. 


4, Distribution of zeros on the real axis. In this section we study the 
distribution of the zeros of the solutions of (2.1) on the real axis by means 
of the equations (2.7) and (2.8). As in section 2, z is here a real variable. 


THEOREM 4.1. If W(x) is any solution of (2.1), q2(x) #0, and if 
y(x) ts a real-valued solution of y’ + qi(x)y=0, y(x) 0, finally if the 
zeros of y(z) are bi, << bin, (1—=0,+1,+2,---), then W(x) has at 
most one zero in 6; S SS 
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Proof. Suppose that W(z) has more than one zero, and that one of 
them is a. From (2.8), 


because W(x) and its associated solution Y(x) have the same zeros. Since 
Q2(x) 0, Y(x) 0, then #0. Now consider the equations 


which are satisfied by Y(x) and y(z) respectively. By Sturm’s comparison 
theorem,” we find that between any two consecutive zeros of Y (zx), there is at 
least one zero of y(z). If Y(az) has more than one zero in § S 7 S Diss, then 
y(z) has at least one zero in << x < bi. Since y(z) has no zero in 
b< 2 < by. then Y(x) and consequently W(zx), has at most one zero in 
bg StS dun. 

THEOREM 4.2. If W(x) ts a solution of (2.1), and tf go(x) changes 
sign at Cy, Cur (t= 0,+1,4+2,---), then has at most 
one zero in SASS Ci. 


Proof. Suppose that W(x) W’(x) has at least two zeros a, and do, a, < ds. 
Since W(a;) implies Y(a;) and W’(a;) implies ®(a;) —0, 


a2 
integrating equation (2.8) gives f Hence g2(z) must 


change sign at least once in a4, < %< ad. If W(r)W’(x) has two zeros in 
StS cin, then must change sign at least once in < Cin. 
Since g2(x) does not change sign in <2 < Ci, then W(x) W’(x) has at 
most one zero in SS Cis. 


5. Zero-free intervals. Suppose that W(x) has a known zero, and 
without loss of generality, it is assumed to be at the origin. The theorems 
in this section will provide methods to determine intervals about a known 
zero in which the solution W(z) does not vanish again. 

THEOREM 5.1. If W(x) 1s a solution of (2.1), W(0) =0, and if 
Max = M>0 in0 Sz Sa, then W(x) #0 in 0 < Min(a, 
provided that Q(x) 4M, and W(z) 40 in0<a< and =M 
provided that rM-* =a and W(z) has the zero 


Proof. Let Y(zx), y(x) and u(z) be the solutions, respectively, of the 
following differential systems: 


2E. L. Ince, Differential Equations (Dover, 1944), p. 225. 
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(5.1) Y” + (q(e) —#%(2))¥—0, ¥(0) —0; 
(5.2) 
(5. 3) u’ + Mu=0, u(0) —0, 


where Y (x) is the associated solution of W(x), and y(x) 40, u(x) 0. 
Denote by b, c, and d, respectively, the smallest positive zeros of Y (x), y(zx) 
and u(x). If 6?(z) 40 and qi(z) 4M, an appeal to Sturm’s comparison 
theorem gives 0<d<c<b. Hence c—b implies =0 and d—c 
implies =M in0SeSa. Since if W(x) has a zero rM 4, 
then d = c = b and hence ©?(2) =0, qi(x) =M. Consequently from (2. 8), 
4q2(x) =0 and Q(x) =4q:(4) =M. The rest of the theorem is now obvious. 


THEOREM 5.2. If W(x) is a@ solution of (2.1), W(0) =0, and tf 
S0 im and changes sign at finally tf 
Maxqi(t) =M>0 in aSesb, then W(x) m 
a+ 247M). 


Proof. Y (zx) is a solution of the differential system 
(5.4) + (q(e) —#%(2))¥—0,  ¥(0) =0. 
Define y(z) = Cz, C>0, in OS2Sa, and = Acos(Mir+ B) in 


where Ca= A cos(Mta+ B), C—=—AVMsin(Mia+ B). It is 
easy to see that y(«) satisfies the following differential system, except at  —a, 


(5. 5) y’ +f(t)y=0, y(0) 


where f(z) =0 in 0S f(t) Following a line 
of reasoning similar to that in the proof of Sturm’s comparison theorem, we 
find that the smallest positive zero of Y(x) is greater than the smallest 
positive zero of y(x). If the latter is denoted by c, then (Mic + B) 
— (Mta+ B) > 7/2, hence > a+ 4. 

Similar zero-free intervals to the left of the origin can be determined 
by using Theorems 5.1 and 5.2 after obvious modifications. 


THrorEM 5.3. If W(x) is a solution of (2.1), W(0)W’(0) —0, and 
if keeps one signina andin0 S24 Sb, then W(x) W’(x) K0 


Proof. This theorem follows immediately from Theorem 4. 2. 


6. Along analytic curves, linear segments. If p is a point on an 


321 


322 CHOY-TAK TAAM. 


analytic curve * C,x«=—f(t), y=g(t), a StS b, then p can be represented 
by z=2+tw=f(t) +%9(t). Along C the differential equation (1.1) has 
the form 

(6.1) d?W/dt? + A(t)dW/dt + B(t)W =0. 


Let H(t) = W(t)exp(27*fA(t)dt). Then equation (6.1) reduces to 


(6. 2) @H/dt? + J(t)H =0. 


Hence our results obtained on the real axis can be extended immediately to 
the zeros along any analytic curve. 

Along the ray 06=6, any point p can be represented by z= ret, 
0=6 <2. Along this ray, (1.1) becomes 


(6. 3) /dr? + Q(ret%) 0, 


The real and imaginary parts of Q(r exp(14) )exp(120,) are, respectively, 
A = 90) cos 26) — sin 260, B= Oo) 269 + go(1, 0) Cos 
where Q(rexp(16o) ) = qi (1, 90) + 90), and are real. 

Let W(z) vanish at the origin. The theorems of section 5 provide us 
methods to determine linear segments on the ray 6 =) in which W(z) does 
not vanish again. Let ry be the positive root of the equation 


(6. 4) A(r, where OS rS 71. 


Then by Theorem 5.1, W(z) 0 on the ray 6—@ for 0O<r<ry or 
0<r=7 according as )exp(120,) is a positive constant or not. 
Denote this linear segment by Zi(@)). If A(r,%) S0 for all r=0, let 
be the ray r<o, If A(r,6) for OSrsr, and 
A(r, 6.) changes sign at r—vr,, and if r. is the root of the equation 


(6. 5) 2-44 {Max A(r, 0.) where ry SrS rz, 


then by Theorem 5.2, W(z) ~0 on the ray 0=@ for0<rSr,. Denote 
this linear segment by L2(@)). Again if A(r, 6.) S0 for all r= 0, let L2(6) 
be the ray 0< r<w,6=—6. If B(r,@) keeps one sign for 0 <r< on 
the ray 6 = 4 and changes sign at r —1,, then by Theorem 5.3 W(z) W’(z) 
does not vanish along the segment 0 < Denote this linear 
segment by L;(@). If B(r, 6.) =0, we agree that LZ3(6)) contains no points. 


7. Zero-free regions. The results of section 6 enable us to construct 
regions of the z-plane in which W(z) does not vanish. 


* See W. F. Osgoods’ Lehrbuch der Funktionentheorie I, p. 702. 
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As 6 varies from 0 to 2z, each linear segment L; (6), i= 1, 2, 3, generates 
a region which we denote by Rj. In view of the discussion in section 6 and 
the construction of R;, the following theorem is now obvious. 


THEOREM 7.1. If W(z) ts a@ solution of (1.1), W(0) —0, then 
W(z) 40 m + Rh,+ W(z)W’'(z) in 


THEOREM 7.2. If W(z) is a solution of (1.1), W(0) —0, and tf 
Max | Q(z)| = M > 0 in | Sa, then W(z) £0 in 0 < | 2| S Min(a, 
if Q(z) #const., W(z) 40 ind < | < and it has exactly two zeros 
on the circle | z| aM and Q(z) =C, | C| =U, if it has a zero on this 
circle and =a. 


Proof. The differential equation (1.1) along a fixed ray reduces to 

equation (6.3). Since 

Max | Q(re*%)e%% | > Max A(r, 00), 

|z|Sa 
where is the real part of Q(r exp(16,) )exp(126,). hence by Theorem 
5.1, we have W(z)=40 on the ray for 0<rSMin(a,7M-+) provided 
Q(z) constant and Max A(r, for 0 =r Sais positive. If A(r, 
in 0 =r Sa, the assertion above holds in view of Theorem 5.2. Letting 4% 
vary from 0 to 2z, we have the first part of the theorem. 

Let 7M-4 <a and let W(z) have a zero on the circle | z | — M+, say 
exp(16,), 6, constant. Applying Theorem 5.1 to equation (6.3) 
gives Q(r exp(16:) )exp(120,) = M. Hence Q(z) is a constant on the ray 
6—06,. But Q(z) is analytic, so Q(z) = M exp(— 210,) =C, |C|—=M. 
The second part of the theorem is now obvious. 

Along a straight line parallel to the imaginary axis, z = X) + ty, equation 
(1.1) reduces to 


(6.6) /dy? — Q(2o + iy) W =0. 


Tf + y) (2,9) + ty) =u(a,y) + y) and 
Y(a,y) = + (u?(x,y) + v°(2,y))4, where q2(2,y), u(z,y) and 
v(z,y) are real, then Y (2, y) satisfies 


/dy* — (91 (20, y) + (Xo, y) )¥ = 0. 
The following lemma is used to prove the next theorem. 


Lemma. If W(z) is a solution of (1.1) and is real on the real avis, 
and tf gi(%,y) 20 for OSySa and qi(%,y) changes sign at y=a, 
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finally if Max {— q:(%,y)} =M forasSySb, then W(a,+ ty) €0 for 
0<yS Min(b,a+ 


Proof. Using the Cauchy-Riemann conditions and condition (2), it is 
easy to show Y(%,0)0Y (2%,0)/dy—0. Hence either Y(a,0) or 
OY 0) /dy = 0, but not both. 


Case I. Y (2,0) =0, (x, 0)/dy40. The Jemma follows from a 
proof similar to that of Theorem 5. 2. 


Case II. Y(ax,0) #0, 0¥ (2%, 0)/dy=0. Define S(y) to be Y (2x, 0) 
in 0 Sy Sa, and Y(2p, 0) cos (M4y + D) ina < where cos (M4a + D) 
= 1, sin(M4a-+ D) =0. Then S(y) satisfies the following equation, except 
at y=a, 


(6. 8) dS /dy’ + f(y)S =0, 


where f(y) =0 for 0 Sy Sa, f(y) =M fora<yXb. On the other hand 
Y (2, ¥) is a solution of equation (6.7). Along a line of reasoning similar 
to that of the proof of Sturm’s comparison theorem, it is seen that the smallest 
positive zero of S(y) is less than the smallest positive zero of Y (a, y). The 
smallest positive zero of S(y) is a-++ 2-4xM-4. Hence the lemma is established. 


After obvious modifications, the lemma applies also to the other half of 
the line z= 2 + w. 

Let 9: (%, y) 20 for y Sa and suppose it changes sign at y =a. 
Let b be a root of — qi(x, y)}4*=—b—a, where axySb, and 
denote by P(x.) the point z—=2,+ ib. Using a similar method, determine 
a point Q(z») on the line z = x, + iy below the real axis. The lemma shows 
that W(z) has no complex zero along the linear segment P(z))Q(a). Letting 
& vary from a to B, the segment P(x,)Q(2.) generates a region which is 
denoted by Rag. 


THEOREM 7.3. If W(z) ts a solution of (1.1) which is real on the real 
axis, then W(z) has no complex zero in Rag, where Rag is any of the regions 
constructed above. 


This theorem, which follows from the construction of Rag, holds also if 
W(z) is imaginary, instead of real, on the real axis, because 1W(z) is then real. 

If W(z) is real or imaginary on the imaginary axis, a similar zero-free 
region may be constructed. 
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ON THE EQUATION a*— 6b’ =1.* 


By Wm. J. LEVEQUE. 


1. Introduction. Kquations similar to that of the title were apparently 
first considered by S. S. Pillai [1]* in 1931. He showed then that for any 
fixed set of integers a, b, c, the equation a” — bY —c has only finitely many 
solutions, and that for fixed a, 6 the number of solutions of the inequality 
0<a?—W=n is asymptotic to 

log? n 
2 log a log b 
as n—>oo. A. Herschefeld [2] showed that the equation 2” — 3¥=—c has at 
most one solution for large c, and Pillai [3] extended this to a? — bY —c for 
¢ > Co=C (a,b). We show here that the equation 


(1) a? — by —1 


has at most one solution unless a = 3, b = 2, when there are just two. The 
complete statement is contained in Theorem 6. 

Since there is evidently no solution of (1) if (a,b) >1, we assume 
throughout that a and 6 are relatively prime and larger than unity. Then 
exactly one of a,b is even; the case with a even is discussed in § 2, the case 
with a odd in §3. Lemma 2 of §3 was proved by A. Bindoni [4], but the 
proof given here is somewhat shorter and is included for completeness. 

As application of the principal result, it is shown in § 4 that the relation 


Te == ( > k)? is the only one of its kind, i.e., that it is the only instance 
k=1 ~ 


of the equation 


( 


with r > 1. 

All letters stand for rational integers. If « belongs to f(mod f) (i.e., 
if z= f is the smallest positive solution of the congruence ==1(mod £)), 
we write a—>f(8). The symbol [#,,- - -,¢-] means the l.c. m. of -, ¢,. 
If p is prime and p*| B while p** f 8, we write p* || B. 


* Received May 8, 1950. 
1 Numbers in brackets refer to the bibliography at the end of this article. 
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2. The case a even, b odd. 


THEOREM 1. The equation (1) has at most one solution if a is even 
and b is odd. If 2*||a and 28||6-+-1, the only possible solution is with 
B/a, if «>1, and with x or B if «—1. 


First assume that (1) holds and that at least one of a, a is larger than 
unity; i.e., that = 2. Then 
1—(b—1)¥ + y(b—1)4 +--+ yb—1) +2. 
Put a = 2%-a,: 


b—1 b—1 


1 D) 9 ? 


it follows that y is odd. Putting b = 2° - b, —1, we have a* = (24b, —1)¥+-1, 
so that 2° || a7, B—=azr, B/a. 

The proof will be complete when we show that if a—1 and (1) hasa 
solution with z—1, it has no solution with  >1. Assume that there is a 
yo such that a — 6% —1, and that (1) holds for some x7 >1. Then y>y 
and we have 


(bv +-1)7— b¥—1, Huot 1. 4. - + — by =—0, 


whence b|z. Put z—bz’. By the earlier part of the proof,, the only 
possible solution of (a”)*’— is with 2’ where a’ = ab —b. 
But B < for b >1, so that £. 


3. The case a odd, b even. 
THEOREM 2. If a—1(b) and b—>2(a), thna=b+1. 


We have +1, b? =ha-+1, so that — jhb—(h+1)=0. The 
discriminant of this quadratic must be a square, so that j*h? 4+ 4h +4—7". 
Since r > jh we can put r= jh +a with «>0. This gives 4h+ 4 = 2ajh+ 2’, 
so that a is even, and « = 2 orh is negative. Since h is positive, a = 2, j =1, 
a=b6-+1. 

Now assume that there is a solution of (1), where now a is odd and 3 is 
even. Then clearly 6 belongs to an even exponent (moda), and we define 
So, to by the conditions a—s (b), b 2t,(a), and define s,, ¢, recursively 


by the conditions 


THEOREM 3. If (1) ts solvable, then there is a g for which Xo = 8° °° 8g, 
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Yo= to: +t, is a solution, and for every solution (x,y) of (1), 
and Yo | y. 

Let (x,y) be a solution of (1). Then clearly so | to | y; put = 
=Y/to. If —1, then by Theorem 2, a—b —1, and the theorem 
holds with g = 0. If sot) > 1, then x,y, < xy and we have (a*)™ — (bf) = 1. 
As before, s; | | If s,; —1 the theorem holds with g —0; other- 
wise, putting 21/8;, = 91/t1, we have (a**:)%— (b'4)¥2—1, where 
LY2<%1y1. Continuing in this fashion we must encounter a k for which 
$, = t, =1, for otherwise we would have an infinite decreasing sequence of 
positive integers Then g =k —1. 

Two problems now confront us: to investigate the g of Theorem 3 and 
to show that unless a is 3 and 5 is 2, (2, yo) is the only possible solution of (I). 
We need some preliminary lemmas. 


Lemma 1. If p is an odd prime and pj ab, each of the congruences 
a=b(mod p*) and a?* = b?*(mod p***) implies the other. 


That the first congruence implies the second is easily proved by induction 
on s. The reverse implication is proved for s = 1 by using Fermat’s theorem 
and induction on &, and this result is used to prove the general statement 
by induction on s. 


LemMA 2. Jf a—>t(p), p an odd prime, and if p* || a—1, then 
a— tp™-2)(p"), where m(x) denotes x forz >0 and 0 forxzS0. 


Assume the hypotheses of the theorem are satisfied. If nz, then 
p"|at—1. If p"| at’ —1, then p | a” —1, so that This proves the 
theorem for n Xz. 

If n > z, Lemma 1 shows that a?”*==1(mod p”). We must show that 
a? =£1(mod p”) if d is a proper divisor of tp"*. Let d= with n—z, 
t,|¢, and assume that a%?"==1(mod p"). By Lemma 1, aft==1(mod p”). 
Since n — r = z, this contradicts the definitions of ¢ and z, unless r= n —z, 


Lemma 3. If fort1—1,---,r and if the Bi are pairwise 


coprime, then 


4=1 


This is obvious. 


| 
t=. 
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We have shown that any solution (z,y) of (1) is such that 2p | 2, yo | y. 
Putting a» bu = 2’, this means that if y) 
is a solution of (1), then (2’,y’) is a solution of (6; +1)” —},Y” =1, 
Theorem 4 shows that (z , yo) is the only solution of (1) unless a = 3, b = 2, 


THEOREM 4. The only solutions of 3*—2¥—1 are (1,1) and (2,3). 
The only solution of +1)? —aY with a even, a > 2 is (1,1). 


Let p be an odd prime dividing «+1, and put e+1—mp’, y=1, 
ptm. If (a+1)*—av—1, then p’*). Since 
@—>2(p) and |! a®7—1, Lemma 2 shows that a—2p7’@)(p77). Hence 
y = (mod 2pv@), and so y= This gives 


(a +. 1) 1. 


But > 3*—1 for > 2, and for any «> 2, > (2 +1)?—1 for 


We must now investigate the g of Theorem 3. 


THEOREM 5. g=0Oorl. In etther case, yo = to, Lo = S51. 


Let a = II pp%; here and hereafter p ranges from 1 to r in all products, 
and [fp] will mean the l.c. m. of - -,f,. We are assuming that yo) 
actually is a solution of (1), so that b%==—1(mod pp) and the exponent 
to which } belongs (mod pp) must be even, say 2tp. Let pp’ || 677» —1; then 
|| +1. By Lemma 2, 


b —> Arppp™ (mod pp%), 


so that, by Lemma 3, ty) = [tppp™%~)]. Now let b— 2ap (pp%), for 
p=1,:--,7r. From the way it was defined, it is clear that y, is the smallest 
exponent such that 6% == — 1(mod a*), so that y= [op]. From Lemma 2, 


op = 


so that 
Yo= [ = t, II 


and 


(2) a 


htoll pp —m(ap-zp) 
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Since | +1, both pp% and pp% divide b% +1. Let |] be +1; 
then 
(3) fp = Max (ap, Zp) 


and for some «x noto divisible by any pp, 
(4) bto == x IT ppso — 1. 


Thus (2) gives 


(5) a% («II pps II pp™ 41: 


By Lemma 1, for each p, 


(x II pp 1) pp™ (ap-zp) (mo d Dp Sp+m(apzo-2p) 


so that (5) gives 


= (0) (mod ppse +m ) 


whence api = fp + m(%p%— Zp) —m(a%—Zp). But by (8) and the 
definition of m(u), 
fp + — %p) — — = 
Hence 
(6) fp = Max(@p, Zp) and Zp S apap. 


For brevity, put a2 = II pp™(%p%-2p)-m(ap-29) and put 


Tp, = II 


p=1 
pr 


We will show that unless a= 3, b= 2 the only solution of (5) is with 
Lp = 8981, by showing that otherwise the right side of (5) is larger than the 
left when « = 1, and a fortiori when x >1. We have 


(II —1)* + 1 > I (ppSo—1)* 
and wish to investigate the circumstances under which 


pp = (pple —1)*. 


(7) 
5 
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Case I. For some p, %—2Z. By (6), fp —=a@=—1. If we choose 
Pp = 3, —1, — 2, mp — 1, then 


Clearly any increase in pp, &p, % Or wp would make 


and of these four quantities only x) can be decreased, so that the only solution of 
(7) with x) > 1 is that given above, which leads to the exception 3? — 2° = 1. 
But if —1 then s)- -sy=1, so that s) s, 1, from which it follows 
that —1, so that g = 0. 


Case II. For all p, zp >a. Then fp = %p S az by (6). The only 
circumstances under which the inequality 


ApLo-Zp Tp 


< (pp? — 
is false are that pp = 3 or —0, —1. If the only prime factor 
of a is 3, it is easy to see that again apr) — = 0. From (2), — 1, 
Since #;—1, s,—=1, so that g=0 or 1. This completes the proof of 
Theorem 5. 

Combining Theorems 1-5, we summarize: 


THEOREM 6. The equation (1) has just the two solutions (1,1) and 
(2,3) if a—=3, 6b=2. Inall other cases it has at most one solution. If a 
is even and b is odd, the only possible solution is with c= B/a if 2% a, 
28 ||b-+1 and and with or B if a=1. The only possible 
solution if a ts odd and b is even is (8081, to), where a—> 8o(b), b > 2to(a), 
a% —> s,(b%). 


4, An application. As an immediate consequence of Theorem 6, we have 


THEOREM 7. The equation 
(8) b+ 
has no solution with r>1 if b >2; it has the sole solution r= 2, s =3, 
if b 


For putting a—bt+1, (8) gives aw —b*+1. But the equation 
a* — bY — 1 has the solution (1, ¢), and therefore has no other solution unless 
b= 2, a= 3. 
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Tunorem 8. The only solution of the identity Sik*—( Sk)" with 
=1 


t—1. 
For by taking n = 2 the identity reduces to equation (8) with b= 2. 
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SUM FUNCTIONS IN ELEMENTARY p-ADIC ANALYSIS.* 


By Gorpon OVERHOLTZER. 


Introduction. I. Schur in [5] introduced as the derivate of the sequence 
{a,} with respect to the number p the sequence {Ada}, the individual term of 
which is given by 
(0,1) = (Aner — /p™, 


in order to generalize Fermat’s theorem of elementary number theory. 
Fermat’s theorem states that if p is a rational prime, a a rational integer, 
the rational numbers Aa are integers. Schur proved that the terms of the 
first p—1 Schur derivates of {a"} are integral if (a, p) =1, where (a, p) 
is the greatest common divisor of a and p. 

The author in [4] used the Schur derivates to generalize the number 
theoretical result that the sum of the k-th powers (k an integer) of the integers 
less than and prime to p", p a rational prime, n a positive integer, is divisible 
by p"* or p” according as p — 1 does or does not divide k. Thus the sequence 


(0, 2) {[(p) =1,1 S15 2 */p"}; 


has denominators at most p. (Summation conditions will frequently be 
written before the summation sign. If the summation conditions are not given, 
they remain those previously indicated for that summation index.) It was 
shown that the Schur derivates of all orders of the sequence (0,2) are p- 
adically bounded. This result followed from a general formula for the Schur 


derivates of the sequence 
(0, 3) {[(i, p) =1,1 S15 p"] 


where g is a function defined on the p-adic integers satisfying certain 
analyticity conditions. It was noted that the function g(x) might be defined 
by different power series in different residue classes. 

In the present paper, sums of functions defined by power series where 


* Received March 17, 1950. This paper forms a part of the author’s doctoral 
dissertation written at Indiana University. The author wishes to take this opportunity 
to thank Professor M. A. Zorn for his aid and encouragement in the preparation of this 


paper. 
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the argument is restricted to a single residue class module p® are studied. 
It is found that the Schur derivates of the sequence 


formed by summation in a single residue class up to p” and division by p”, 
are given by formulae analogous to those for the derivates of (0,3). The 
sum over several residue classes may be defined additively. 

A part of the theory is extended to generalized representatives assigned to 
the non-negative integers by a recursion using the development of the integers 
in the number base p, given an initial set of representatives assigned to 0,- - -, 
p—1, and an element with the same valuation as p. The generalization of 
arguments over which sums are to be taken is desirable for discussion of the 
p-adic analogs of the p-adic theorems given here. The p-adic case is not 
discussed in this paper. 

A general expression in terms of Bernoullian numbers is found for the 
p-adic limit of the sequence (0,4), and evaluated for certain special functions 
g(x). The limit for g(a) = exp x, 1 = 0 (mod p) is evaluated by two methods. 
Equality of the two results yields the same equation as that given by a power 
series identity on substituting z= p, for which both members are defined 
p-adically. 

The limit for g(~) = log 7,1 =1 (mod p) suggests the asymptotic Stirling 
series for log (a2), where T'(z) is the classical gamma-function. If I, is 


defined for positive rational integers by Tp(7) ey (1+ 1p), the limit of 
i=0 


the divided sums (0,4) for g(x) —logz is given by p™ lim log T'p)(p") /p", 
where n—>co. The function T,(n) is shewn to be uniformly continuous and 
hence capable of a uniformly continuous extension to the p-adic integers. 
The proof depends upon a generalization of Wilson’s theorem. 

The examples studied suggest consideration of the difference equation 


(0, 5) f(x +1) —f(z) =9(z), 
with a given initial condition. If g is continuous, the difference equation 
(0,5) has exactly one continuous solution in p-adic analysis, given by the 


n-1 
continuous extension of S(n,g) => g(t), which is the function formed by 
i=0 


summing g(x) over the integers up to n. If f(x) is given by a power series 
with somewhat restricted coefficients, the sum function S(z,f) is analytic, 
that is, given by a power series. For generalized representatives for which 
the initial representative set is complete, the sum function of a continuous 
function is continuous. 
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Some limit results permit the interpretation that lim S(p", g)/p", where 


nm—>oo, is the derivative of S(z,g) at zero. 


1. Representatives, sums, and Schur derivates. In this section, the 
manner of assignment of representatives to the non-negative integers is 
described. Notation for the sums of functions g(x) with the argument 
restricted to the representatives of a single residue class modulo p?® is 
introduced. The Schur derivates of all orders of the sequence formed by 
summation in a single residue class up to p” of the values of a power series, 
are given as infinite series in sums of values of the derivatives of the power 
series. 

Throughout the paper p will denote a rational prime, and the analysis 
will be understood to be p-adic. In particular, | a@| will be understood to be 
the p-adic valuation of a. Let 7,---+,7p1 be an arbitrary set of p-adic 
integers. Express the positive rational integer 7 in the number base p. If 


€ 
t= > ip", OS S p—1, and i= p, define 7, = > 1,9", where | q | =| p|. 
k=0 k=0 


A set of p-adic integers 7; assigned to the integers according to this definitioa 
is called a set of generalized representatives. If the set of initial represen- 


tatives forms a complete residue set, the representatives are said 


to be initially complete. 
If, in particular, = 1, i =0,-- -,p—1, and q=—p, then for 
all integers i. These representatives will be called standard. 


(1,1) THeoreM. If a set of generalized representatives is initially com- 
plete, then ry =r; (mod p*) tf and only if =v” (mod p?). 


e e” 
Write = OS S p—l. 
k=0 k=0 


Then if ry =r; (mod p°), 


e-1 e” 
k=0 k=e k=e 


Since | g | |p|, and the same congruence holds to the modulus 9, riy = 1%" 


(mod p), and riy = ri OF tp’ = tp”, Since To,° * *, Tp-1 form a complete residue 


set. Similarly i’ k—=1,---,e—1. Then  =v7” (mod p’). 
If =i” (mod p*), k =—0,---,e—1. Then 


e” 
rye — re = — =O (mod p*). 
k=e k=e 


If the assignment of representatives to the non-negative rational integers is 
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regarded as a mapping from the non-negative rational integers to the p-adic 
integers, (1,1) states that r is an isometry, that is, | i’ —7i” | =| ry — ry |. 

Let g(x) be a function defined for p-adic integers. Let us introduce an 
abbreviation for the sum of function values when the argument is restricted 
to representatives assigned to the integers in a single residue class modulo p* 
and less than a given integer n. Define 


(1, 3) 8[to(p°), =a[to(p°), n, g]/n. 


Greek letters will indicate summation over generalized representatives; 5 is a 


divided sum. 
For summation over standard representatives, capital Roman letters will 


be used; thus we write 


(1,4) S[io(p*),n, — (mod p*), 0 SiS n—1] 


(1, 5) D{t0(P 9] = S[to(p*), m, g]/n. 


The definitions (1,2) through (1,5) are for a single residue class, the 
neighborhood of i, with radius | p*|. For a finite set of neighborhoods, these 
restricted sums may be defined by summation of the appropriate formulae. 

According to (0,1), the individual terms of the Schur derivates of 
p", with respect to q are given by 


A™8[t(p°), p", J] = p", 9]) 
= (A™8[to(p*), g] —A™*8[t0(p°), p", 


If g(x) is given by a power series, and the divided sums 8[%i)(p°), p", g] 
are bounded uniformly, the terms of the Schur derivates can be expressed 
as an infinite series in 8[%(p°), p", g™], where g™ is the k-th derivative of g. 


(1,6) THrorem. If g(x) is a function defined for r=r;,, (mod p*) 
and can be expressed in a power series 


= (Ti) (t@— 
convergent if |x—ri,| S| p*|, 8[to(p*), g™] is bounded uniformly with 
respect to k, and the Schur derwates are taken with respect to q, then there 
exist coefficients L(™ (y) independent of n and g such that for n= e, 


p*, g] L™ (y) 8 [10 (p*), 9M], 
y=m 


a 
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(1, 8) L(y) = 


(1,9) LOY (y) = m,v21) L’(v) 


+ L(y) 
(1, 10) L™(y)| S| |. 


The proof is similar to the proof of Theorem (1, 8) of [4]. To construct 
the proof from the one given in [4] write y[%(p*), p",g] for T[n, g(z)], 
8[t0(p°), p", g| for S[m, g(x) ], ry for y as an argument of g, and q for p in the 
power series development and the formation of the Schur derivate. The 
divided sums are still formed with p, which plays here the role of the number 
of residue classes modulo p. 

The exponent of p in L™(y)q"-™8[t0(p?), p", gM], y 2 m, is at least 
n(y—m) —2m—y/(p—1)+N, if |p| is the uniform bound of 
S[io(p?), p", gM]. This exponent is an increasing function of y. Therefore 
all terms of the m-th Schur derivate after the first contain a power of p with 
exponent at least n — 2m — (m + 1)/(p—1) +N, the value of the exponent 
for y=m-+1. The exponent n(y—m) —2m—y/(p—1)+WN is an 
increasing function of n. Hence{A™3[1)(p*), p”, g]} is bounded for all m, 
{A™"8[1.(p°), p", g]} is convergent for all m. Now 


lim p", 9] 
= lim {L™ (m)8[io(p?), p", g@™] (mt) 
ne 


where |J| <1. Hence 
(1, 11) lim A™8[%o(p*), p", g] = L™ (m) lim 8[to(p*), 


If the set of initial representatives 7o,- - -,1p+. is the set consisting of 
p-1 
zero and the p — 1-st roots of unity, L’(y) = (pq)* } (ri)7/y! =0, if p—1 
i=0 
does not divide y. From the recursion (1,9) it follows that for all m, 
L™ (7) =0, if p—1 does not divide y. 
If the generalized representatives are initially complete, the requirement 


of uniform boundedness of 8[%)(p?), p", g] can be omitted from the hypo- 
thesis of Theorem (1,6). The number-theoretical result 


pra 
(1, 12) > * =0 (mod p"*), k a positive integer, 
i=0 


C 
0 
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will be required. Since 
n-1 
= p*[(v, p) =1,15 ¥=9"7] 
i=0 j=0 v 
(1,12) follows from the fact mentioned in the introduction that 
For a recent proof of this theorem, see [1]. Define ¢, & a positive integer, 
by =2*. Then 
alio(p*), te] = [i= io(mod p*), p*—1] (n)* 


k-1 
v 
by (1,1), since the representatives are initially complete. An application of 
(1,12) yields oft (p*), p", =0 (mod p™**), and hence 8[%(p*), p", tx] 
<=|p**|. Now if g is given by the power series > a,x", convergent for all 


k=0 
p-adic integers, then limla,|—=0. Let | p”|—max|a,|. Then 
ko 


Since the derivative of g is given by taking the derivative of the power series 
term by term, the same bound holds for the divided sums of g®, for all k. 


2. Evaluation of lim D[i,(p*), p’, g]. 


If g(x) is given by a power series, the Bernoullian numbers may be 
introduced to evaluate lim D[t)(p*), p", g] as an infinite series, the terms of 
no 


which are products of a constant power of p, a sign factor, a Bernoullian 
number, and a coefficient of the power series of g(x). D[%(p*), p",g] is a 
divided sum for the standard representatives in a residue class modulo p*. 


2,1) THrorem. If g(x) is a function defined for |x—i)| S| p*| by 


the power series g(io + p°y) = > axy", convergent for all p-adic integers y, 
k=0 

then 


337 
k 
k-1 
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(2, 2) 9] = + dou (— 1)**By], 


where B, is the p-th Bernoullian number. 


The power series development of g(x) is used to transform D[%)(p°), p", 7] 
to a sum over all non-negative integers up to a given limit of positive powers. 
IfnZe, 


p", 9] = [4% (mod p*),0 StS p"—1] x g(i)/p" 


[0 Sv —1] Eglin + = 


In order to justify taking a term by term limit of the right member of this 
equation, it is sufficient to show that 


(2, 3) lim a, > “*/p" exists for each k, 


v 
(2, 4) > a, (> “*/p") converges uniformly in n. 
k=0 
For k =0, lim v°/p" = p**/p"=p*. For k=1, 


lim > v/p" = lim — 1)p"-¢/2p" = (p-?/2) lim (p"* — 1) = — 


yp 


For k = 2, by elementary number theory, 


(2, 5) 
[oSvS — 1]2 + 1) — (p™*)¥/2 + [p= 1(mod 2), 


1S pSk—1)> (—1) 20 (k, + 1), 
p 
where the C(k, p) are binomial coefficients. Hence if & is even, 


(2, 6) 
lim [0 Sv S p™*— 


v 


= lim (— 1) — 1) — 1 +1) 


= lim (— 1)*?*By skp” = (— 


and if & is odd, 
(2, 7) lim [0 p**— /p* = 0. 
nro v 


@ 
= ~ ax ( Xv*/p"). 

| 
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The limits for s —0,1 taken with (2,6) and (2,7), establish (2,3). By 
(1,12), | */p")| S| ay | | |, and (2,4) follows. Since it is pos- 


sible to take a term by term limit, 
@ 
lim D[to (p°), g] = ay lim (> 
k=0 
@ 
= — a,/2 + (— 1)*"*B,]. 
b= 


This proof might have been assembled from material in [4]. (2,6) and 
(2, 7) can be obtained from reexamination of (2,8) and (2,10) of that paper. 
A term-by-term limit was taken to establish (4,2) of that paper. Combination 
of (4,2), (2,8), and (2,10) yields 


= [(4,p) =1,0 StS 


a 
The formula (2, 2) can be applied to exp(pr) = > 2*(p*/k!), convergent 
k=0 


for all p-adic integers if ps€2, convergent if r==-0(mod2) for p=—2. 
(2,2) gives 


(2,8) THeoremM. If then 
lim D[0(p), exp] — — p/2 + 
lim D[0(4), 2, exp] — 2*[—1 + (— 1]. 
The first limit can also be evaluated by elementary means, since 
D[0(p), p*, exp] = [0 S45 p** — exp(tp)/p* — — — 1p", 
by the formula for the sum of a geometric progression. Hence 
(2,9): lime D[O(p), p*, (@ lim 1)/p =e — 1)", 
since lim —1)/p" = (de*/dr))—1. Also 
(2, 10) lim D[0(4), 2*, exp] = (e*—1)7. 


The formal power series identity 


(2, 11) a/(e® —1) =1—2/2+ > (— ! 
p=1 
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is sometimes given (see [6], p. 127) as a definition of the Bernoullian numbers. 
Both members of (2,11) are defined p-adically for «=p, p an odd prime, 
and for z= 4 when p—2. Their equality follows from the two evaluations 


of lim D[0(p), p”, exp]. 

Se all p-adic integers a, the function tg = (1-+ pz)* is defined and 
given by the binomial theorem (1 + pr)* = x0 (a, k)(px)*. An application 
of (2,2) yields 


(2,12) THeorzem. If @ ts a p-adic integer, then 
lim D[1(p), ta] = p*[1 — ap/2 + & (a, 2n)]. 
w= 


3. <A p-adic y function, F,. 

The function log x, defined in residue class one modulo p, p odd, and in 
residue class one modulo 4, p—2, by log(1 + py) = }(—1)**(p*/k)y* 
affords another application of Theorem (2,1). 


(3,1) THEorEM. If p ts an odd rational prime, then 
lim D[1(p), p*, log] p*[— p/2 + & ; 
noe B= 


Lim D[1(4), 2%, log] 2"[—2 + 


The series of (3,1) suggest the asymptotic Stirling series for the derivative 
of log I'(z), where I'(x) is the classical gamma function. 
If an attempt is made to evaluate lim D[1(p), p", log], p odd, by elemen- 


tary means, a product analogous to the classical T-function for p-adic analysis 
arises. By definition, 


D[1(p), p", log] = [t+ =1(mod p),0 S15 p*— log 1/p” 
log(1 + vp)/p" = log (1 + vp)/p" 
= log 


where I',(7) is defined for positive rational integers by 
n-1 
(3, 2) + ip). 


Then 
(3,3) lim D[1(p), log] = lim log (p"*) /p" p™ lim log Tp(p")/p". 


i 
( 
Cc 
0 
d 
| 
( 
g 
( 
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For positive rational integers, T',(”) satisfies the difference equation 


(3, 4) 1) = (np + 1)Tp(n) 

with the initial condition that T,(1) 1. This difference equation is satis- 
fied by 

(3, 5) = (1 + 1/p) (n + 1/p). 


If the asymptotic series logx—1/2¢-+ > (—1)4B,/2ya™ for the 
derivative of log I(x) (see [3:101]) is used, the formula (3,1) for p odd 
can be formally derived if lim log T,(p")/p” is interpreted as the derivative 
ne 
of log I'p() at zero. 


For p = 2, the appropriate equations are 
n-1 

(1+ 4), lim D[1(4), 2”, log] = 2-? lim log T,(2") /2*. 
4=0 


The difference equation T,(n +1) = (4n+1)I.(n) with the initial con- 
dition T,(1) —1, is satisfied by T.(n) = (1 + 1/4) + 1/4). 
The function T,(n) has been defined only for rational integers. It will 
be shown that the definition of T',(”) can be extended to all p-adic integers. 
Suppose that n, and nz are positive integers with n, =n, (mod p*), 
m=. Write nm Then 


— { [2 S 6S tea + hep? — (1 + pt) —1} 


[ne (p+ 1d + pr) —1}. 


Since the p® numbers 1+ ip, t= + (p+1)p*—1 are 
incongruent modulo p** and are all congruent to one modulo p, they are 
congruent in some order to the first p* numbers in residue class one. Therefore 


+ pp? SiS m+ (0+ Ip? + tp) 
=[0SiS + ip) 


(mod p**'). The elements in residue class one form a subgroup of a cyclic 
group. Let a be a generating element. Then 


(3,6) 


= [0 S15 p*—1] a‘ (mod Sar"? = 1 


4 
4 
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(mod p***). Multiplication of the resulting congruences 


p=0,:--,4—1, gives the result that if = n.(mod p*), ny = me, then 


—To(me) (1 + ip) —1] == 0 (mod 


and T',(m,) (mod p**). Hence Ty(n), p odd, satisfies a Lipschitz 
condition. 
The discussion of the case p = 2 is similar. It suffices to show that 


[0 SiS 2¢— (1+ 4%) =1 (mod 2). 
i 


The residue classes of 2°? congruent to one modulo four form a cyclic group 
if e=1 (see [2], p. 49). The number five is a generating element. Hence 


(0 (1 4 41) = [0 SiS 2¢—1] = 
4 t 


(mod 2°). Therefore [.(n) satisfies the same Lipschitz condition as p(n), 
podd. Only the weaker 


(3,6) THEorEM. I,(n) is uniformly continuous 


will be required in the sequel. The considerations used in establishing (3, 6) 
are similar to the group theoretic proof of the generalized Wilson’s theorem. 

By a well-known topological theorem (see [7], p. 28), since T,(m) is 
defined and uniformly continuous on the rational integers, which are dense 
in the p-adic integers, Ty, has a unique uniformly continuous extension to the 
p-adic integers, which will also be written as T,, but with z as an argument. 
It will be established in the next section that log T,(2z) is analytic. 


4. Continuity and analyticity of sum functions. 


Let g(x) be a function defined for all p-adic integers. Let us introduce 
as the sum function of g for generalized representatives the sum of the 
function values over the representatives of the integers up to n, 


(4, 1) a(n, 9) —S4(n). 


For standard representatives write 


(4,2) 9) = S9(i)- 


Then o(n, g) satisfies the difference equation 


(4, 3) 1,9) —o(n, 9) = 9(Tn), 
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with initial condition o(1,9) —g(r.); and S(n,g) is a solution of the 
difference equation 


with initial condition S(1, 9) = 4g(0). 

Given a particular solution of (4,3) or (4,4), the sum of this solution 
and a function of period one is again a solution. In the calculus of finite 
differences, a solution of (4,4) is singled out by certain fairly complicated 
limit conditions (see [3], pp. 40-42). In the present discussion particular 
solutions are singled out by the requirement of uniform continuity. It will 
be shown that if g(x) is uniformly continuous, the sum function o(n, 9g) is 
uniformly continuous. 

Define the characteristic function of the neighborhood of 1 with radius 
| | by 
(4, 5) Ch[a, to(p?)] =1 if (mod p?) 

=0 if (mod p*). 


Let the generalized representatives be initially complete, and let n, and nz 
be positive integers with n, =n, (mod p”), or nm, = N+ kp™, where k is a 
positive integer. If m =e, then 


a(n, Ch[z, to(p*) ]) —o(m, Ch[z, to(p*)]) 
= [m SiS n+ kp™— ] = kp™-* =0 (mod p™*), 
i 
since rj, =7;, (mod p”) if and only if 1,==% (mod p”). This proves the 


(4,6) Lemma. If the generalized representatives are initially complete, 
then o(n, Ch[to(p*)]) ts uniformly continuous. 


The uniform continuity of the characteristic functions of neighborhoods 
will be used to prove 


(4,7) THeoremM. If g is uniformly continous, and the generalized 
representatives are initially complete, then o(n,g) is umformly continuous. 


Since g is uniformly continuous, for every positive integer « there exists 
an N, such that if 1,==%, (mod p™:), so that ri,==7;, (mod p™:), then 
9(7i,) = 9(7,) (mod pf). Define by ge(x) =g(ri) if r=7; (mod p™), 
t=0,---,p%1—1. It follows that for all 3, 

(4, 8) = (mod p*). 


By definition, g, is a linear combination of p%: characteristic functions; and 
hence, by (4,6), o(m, ge) is uniformly continuous. There exists an N. such 


(4, 4) S(n+ 1,9) —S(n, 9) = 9(n), 
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that if mn, =n, (mod p™2), m =m, then o(m, Je) (mod p*). 
But 
m-1 m-1 
Je) Je) —= gelrs) = g(r) (mod p*) by (4, 8), 
= o(m, g) (mod p*). 
Hence if n, =n, (mod p¥2), then o(m, g) =o(ne, g) (mod p*). Thus the sum 
function o«(n,g) is uniformly continuous, and consequently is capable of a 
unique uniformly continuous extension o(2z,g) to the p-adic integers. This 
extended function is the p-adic solution of (4,3) singled out by the require- 
ment of uniform continuity. 
If f(x) is analytic, and the coefficients of the power series satisfy certain 
additional restrictions, the sum function over standard representatives is 
analytic. Suppose that f(x) is given by the power series 


convergent for all p-adic integers. The necessary and sufficient condition for 
convergence is that lim|a;|—0. Now 


i=0 i=0 
and hence 


(4, 10) 
f) — + + 1) — 


[4/2] 
+ (—1)?*BpC(i, 2p — 
p=1 


where [1] is the greatest integer Sr. 
It must be shown that (4,10) can be rearranged to express S(n,f) as 


a power series in n. The double series | >} by, can be summed in any order 
ik 


if the general term goes to zero, that is, if for every positive integer « there 
exists an WN such that if i+ WN, then | || pt |. Let bi, be the term 
of (4,10) containing a; and n” as factors. Then the (m + 1)-st row of the 
double array of 0; has at most the first m+ 1 elements not zero, since the 
elements of the (m+ 1)-st row are the terms of the summation 


[m/2] 
Am{n™*/(m + 1) — n™/2 + (—1)?*BpC(m, 2p — 
p=1 


Now | C(m,2p—1)| 1, and | Bp| =| p*| by the von Staudt-Clausen 
theorem of elementary number theory. Hence for all k, 


4=0 

f 
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(4,11) bmx | S| pt | max{| an/(m + 1)|, max | dm/2p|}. 


15pS[m/2] 
If for every positive integer e there exists an N such that for all m= N, 
SpSlm/2 
then if i +h >2N +1, | dix | S| pt| by (4,11) and (4,12). If (4,12) is 
satisfied by the coefficients of the power series of f, then (4,10) can be 


summed in any order. 
Rearrangement of (4,10) gives 


(4, 13) 
S(n, f) = 2 — Ap/2 


+ p —1, 2k —1)/2k]. 
k=1 


Write S(x,f) for the uniformly continuous extension of S(n,f) as given by 
the rearranged series (4,13). Then S(z,f) is given by the same power series 
with z as argument. The results of this discussion are summarized in 


(4,14) TuHerorem. If f ts defined for all p-adic integers by the power 


series f(x) = Sax‘, and for every positive integer « there exists an N such 
i=0 


that for alli= N, 
(4, 15) max{| + 1)|, max | ai/2p |} S| pel, 
] 


1SpS[i/2 


then S(ax,f) is an analytic function given by 


(4,16) 8(2, f) 


4.3 (2k + p—1, 2k —1)/2]. 
k=1 


Note that lim S(p", f)/p” is given by the first coefficient of the power series 


of S(z,f). This remark can be translated into a weakened statement of 
Theorem (2,1). It also permits the interpretation that lim S(p", f)/p", the 


nO 


limit of divided sums, is the derivative of the sum function S(z,f) at zero. 
The analyticity of log I, is an easy consequence of Theorem (4, 14). 


(4,17) If 2, logT,(x) is given by the power series 
log —= & (— —1) 
p= 


43 (2k + p—1, 2k —1)/(2k + p— 12k}. 
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Also 
log = ~ (— 1) —1) + 4°/2p 


4.3 + p—1, 2k — 1)/(2k + p—1)2h}. 
k=1 


For p ¥ 2, log T(x) = S[z, log(1 + py)] by definition, and log(1 + py) is 

given by the power series log(1 +- py) = } (—1)**(py)*/i. It only remains 
in 


to show that the coefficients a; = (— 1)*“*p*/1 satisfy the restriction (4,15) on 
the coefficients of the power series. Since |1/i| S| p-*/”|, it follows that 


max(|a/(i-+1)|, max | a/2p|}—max{| max | p*/2ip |} 


1=p= 


<= max {| pt-(24+1)/p , pt(t+0)/p |} | . 
Sp= 


Hence (4,15) is satisfied for a; = (—1)*%p*/i, if +— (21+1)/p Ze, or 


(pe+1)/(p—2). 
For p = 2, log T,(x) = S[a, log(1 + 4y)] and a; = (—1)**4*/i. Then 


< max{| Q24-(4+1)/2 |, max | Q24-1+(t+p)/2 |} | | | Qe |, 
1SpS[i/2] 


if (21-+1)/2 2.6 or i=e4+1/2. 


INDIANA UNIVERSITY. 


REFERENCES. 


[1] Hansraj Gupta, “ An important congruence,” Proceedings of the Indian Academy of 
Sciences, Section A, vol. 13 (1941), pp. 85-86. 


[2] Erich Hecke, Vorlesungen iiber der Theorie der algebraischen Zahlen, Leipzig (1923). 
[3] N. E. Nérlund, Differenzenrechnung, Berlin (1924). 


[4] Gordon Overholtzer, “A new application of the Schur derivate,” Bulletin of the 
American Mathematical Society, vol. 51 (1945), pp. 313-324. 


[5] Issai Schur, “Ein Beitrag zur elementaren Zahlentheorie,’ Sitzungberichte der 
Preussischen Akademie der Wissenschaften (1933), pp. 145-151. 


[6] E. T. Whittaker and G. N. Watson, A course of modern analysis, Cambridge (1940). 
[7] G. T. Whyburn, Analytic topology, New York (1942). 


A 
or 
it 
of 
(I 
su 
be 
Tl 
by 
ar 
ch 
be 
we 
is 
Ky 
au 
ab 
sul 
of 
Ma 
per 
wit 
Iti 


A CLASS OF PARTIALLY ORDERED ABELIAN GROUPS RELATED 
TO KY FAN’S CHARACTERIZING SUBGROUPS.’ 


By A. H. Cuirrorp. 


In a recent paper,? Ky Fan gives three simple conditions (I, II, III) 
on a partially ordered abelian group which are necessary and sufficient that 
it be (order and group) isomorphic with a subgroup G of the group C(Q) 
of all continuous real-valued functions defined on a compact ® space 2 with 
two properties P, and P, (stated in 1 below). This is Ky Fan’s Theorem 1 
(KF, p. 418). A subgroup G@ of C(Q) is called by Ky Fan a “ characterizing 
subgroup of C(Q)” if, in addition to P; and P2, it also satisfies P; (see 1 
below; these are respectively properties (5.1), (5.3), (5.2) in KF, p. 419). 
The reason for the term, and the importance of the concept, is brought out 
by Ky Fan’s Theorem 3 (KF, p. 422): if two characterizing subgroups G, 
G* of C(Q), C(Q*), resp., are isomorphic, then the compact spaces 2 and 0* 
are homeomorphic. 

In his Theorem 4 (KF, p. 424), Ky Fan shows that a fourth condition 
IV is sufficient, along with I, II, and III, that G be isomorphic with a 
characterizing subgroup of some C'(Q) with compact 2. But Example 1 of 3 
below shows that IV is not a necessary condition. In 2 below we state a 
weaker condition IV’ which is necessary,* but Example 2 of 3 shows that IV’ 
is not sufficient. Incidentally, these examples are all real linear spaces; 
Ky Fan’s paper applies almost verbatim to partially ordered spaces. The 
author has been unable to find a natural condition on a partially ordered 
abelian group G, supplementary to I, II, III, which is both necessary and 
sufficient that G be isomorphic with a characterizing subgroup (or subspace) 
of some C(Q) with compact 0. 


In his Theorem 1, Ky Fan takes for 2 the set A of maximal convex 


1 Received February 12, 1951. 

*Ky Fan, “ Partially ordered additive groups of continuous functions,” Annals of 
Mathematics, vol. 51 (1950), pp. 409-427. This paper will be cited as “KF.” The 
pertinent definitions and the conditions I-IV are repeated in 1 below. 

*In accordance with KF (p. 409), a compact space shall mean a Hausdorff space 
with the property that every covering by open sets contains a finite subcovering. 

* The necessity of IV’ is an easy consequence of Ky Fan’s Lemma 5.3 (KF, p. 420). 
{t is also stated explicitly in Lemma 7.2 (KF, p. 423), and proved assuming IV. 
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subgroups of G, defining the topology on A by the now classical method 
(stated in 1) of Kakutani, Stone, and Gelfand. In his Theorem 4, he takes 
for © the set = of maximal singular subgroups of G, showing that & is a 
closed subset of A. Condition IV’ is simply that = be a subset of A. & is 
not in general closed, but, being a subspace of the compact space A, is com- 
pletely regular. This fact is shown in 2 below (Theorem 2) without making 
use of the compactness of A. Regarded as an additive group of continuous 
real-valued functions on &, G satisfies six conditions, P, — P; and Q, stated 
in 1. If = is compact, then (as Ky Fan shows) P,, P;, and Q are con- 
sequences of P,, P2, P;, but otherwise they are completely independent thereof 
(examples in 3). Groups satisfying these six conditions are characterizing 
of the underlying space = in the sense of Ky Fan’s Theorem 3. 


1. For the convenience of the reader, we repeat here some of Ky Fan’s 
fundamental definitions (KF, pp. 410-411). 

A partially ordered abelian group G is an abelian group, written addi- 
tively, some of whose elements f are non-negative (written f=0) and in 
which (i) 0220; (ii) f20 and —f=0 imply f—0; f20 and g20 
imply f+g=20. f=g (org=f) means f—g=0. We shall denote by 
G* the set of non-negative elements of G. 

An element f of G is called an Archimedean element of G if f= 0 and 
if, for every ge G, there exists a natural number n such that nf=g. An 
element f = 0 of G without this property is called a non-Archimedean element 
of G. A subgroup H of G is called a singular subgroup of G if (i) H con- 
tains no Archimedean element of (, and (ii) for any two elements f, g of H 
there is an fh in H such thath=f,h=g. A subgroup H of G is a convex 
subgroup of G if HAG and if H, haeH, hi, imply fe H. 

Ky Fan’s conditions I, II, III, and IV are as follows. 


I. G contains a subgroup R which is isomorphic to the simply ordered 

additive group of all real numbers (KF, p. 413). 

II. At least one element of R is an Archimedean element of G (KF, 
p. 413). 

Ill. Jf nf +g for all natural numbers n, then f = 0 (KF, p. 417). 

IV. Jf a maximal conver subgroup N of G ts not a maximal singular 
subgroup of G, then there is a finite set of elements f,, fo, - -,fn of G such 
that fif N (1 St Sn) and such that every maximal singular subgroup of G 
contains at least one of them (KF, p. 423). 
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Let S be an abstract set, and let G be a set of real-valued functions 
defined on S. The Kakutani-Stone-Gelfand method of using G to define a 
topology in S is essentially the following. (It introduces just enough open 
sets in § to render the functions in G continuous.) The neighborhoods of a 
point 9 of S are subsets of S determined by x, any fimte subset fi, --, fn 
of G, and any positive real number « as follows: U (203 fn3€) consists 
of all x in S satisfying max | fi(x) —fi(to)| <«. We shall refer to this as 


the topology induced in 8 by G. 
It will be convenient to list here a number of conditions applicable to 
any set G of real functions on a set S. We denote by G* the set of non- 


negative functions in G. 


P,. G contains all constant functions. (The unit function will be 
denoted by e: e(x) —1 for all z in S.) 

P,. If S and ~ there exists f e G such that (x2). 

P;. If =9 (fe G, there extsts ge G* such that 9 =f and 
g(%o) = 0. 

P, If f is a non-Archimedean element of G then f(a) =O for 
some 8. 


P;. If a set ® of functions in G* has the property that any fimte subset 
of ® has a common zero in S then the whole set ® has a common zero. 


We record also the following condition, applicable if S is a topological 


space. 


Q. If A is a closed subset of S, and x # A, there exists a function f e Gt 
such that f(x.) =0 and inf f(y) > 0. 
yeA 


THEOREM 1. Let G be an additive group of real functions on § satisfying 
Pa, 


(1) Relative to the topology of S induced by G, condition Q holds. 
(2) For each fe G and each positive real number «, the set V(f;e) 


of all xe S such that | f(x)| <e is an open subset of S. The set of all 
V(f;«) with fe G and e>0 1s a basis for the open sets of S. 


(3) If S ts a topological space to begin with, the topology of S induced 
by G will coincide with its original topology if and only if, relative to the 
latter, the functions in G are continuous and condition Q holds. 


A. H. CLIFFORD. 


(4) S is completely regular.® 


Proof. (1). Let A be a closed set in the topology of S induced by G, 
and let 4) ¢A. Then there exists a neighborhood U(2;f1,- - -,fn3€) of 2, 
having void intersection with A. Let fi(zo) =a. By P,, G contains ae. 
Since G is an additive group, it contains the functions f; — ae, which vanish 
at z. By P;, G* contains functions g; vanishing at 2 such that gi = fi — aie. 
Then the functions hi = gi — fi + ae also belong to G*. Let f—g,+-::-: 
+ 9nt+hit::-++hy. Then fe G and f(z) =—0. For any point y in A 
we have y# U, and hence | fi(y) — a; | De for some i. 


f(y) 2gily) +hi(y) = | gi(y) —hily)| =! f(y) | Be. 


Hence inf f(y) 2e_>0. 
yea 


(2). That V(f;«) is open will follow when we show that to each 2 ¢ V 
there exists a neighborhood U of x, contained in V. Let f(x.) «a. Then 
n=e—|a|>0. Asin (1), 9g —f—ae belongs to G. Let U = 937). 
If re U then | g(x)| < and 


whence ze V. To show that the sets V(f;«) with fe G* and «>0 con- 
stitute a basis, we must show that if 


toe W = V(fi34)N V (fo; €2) (fi, fee >0) 


then there exist f,;e G* and «; > 0 such that ze V(fs;«,) C W. Let A be 

the complement of W in S. Since A is closed and x # A, there exist by (1) 

fse G* and e, > 0 such that inf f,;(y) = «3, while f(%)) =0. If re V(fs; 
yeA 


then whence A and C W. 

(3). Assume that the functions in G are continuous and that Q holds 
in the original topology of S. Let N be an open subset of S in the original 
topology, and let ze N. Since Q holds, there exists f © G* such that f(z.) = 0, 
f(x) 2e> 0 for all x in the complement of N. Then V(f;«) CN, and 
N is open in the topology of 8 induced by G. 


Conversely, we are to show that every subset of S open in the latter 


5 Part (4) is a consequence of two theorems in N. Bourbaki, Jopologie Générale 
(Actualitées Scientifiques et Industrielles, nos. 858 and 1045). As a special case of a 
result on p. 117 of Chapter II, the space S is “ uniformisable,” while Theorem 2 on p. 9 
of Chapter IX states that a space is uniformisable if and only if it is completely regular. 
The author is indebted to Professor Fan both for pointing out this reference and for 
supplying the quick proof of (4) which we give. 
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topology is also open in the original. By (2) it suffices to show this for 
every V(f;e) with feG@,e«>0. Let meV(f;e), ie. | f(to)|<e«. Let 
»=e—|f(xo)|. Since f is continuous, by hypothesis, there exists a neighbor- 
hood N of such that | f(x) —f(x%o)|<y if ce N. Hence re WN implies 


| S| f(wo)| +] f(x) < (e—2) 
i.e. ce V(f;«€), and hence N C V(f;e). 


(4). Let U(x; f1,: > +, fn3«€) be a neighborhood of a point 2 of S. We 
are to show the existence of a real continuous function g on S such, that 
g(a) = 0, g(x) =1 for U, and 0S g(x) =1 for every re S. Such a 
function is the following: 


g(x) —min{1, 1/emax | fa(2) — 


P, implies that every single-element subset of S is closed. 


2. We now apply Theorem 1 to a partially ordered abelian group G 
satisfying Ky Fan’s conditions I, II, III, and also: 


IV’. Every maximal singular subgroup of G is maximal conver. 


As in the proof of Ky Fan’s Theorem 4 (KF, p. 424), G can be 
isomorphically represented as an additive group of real-valued functions on 
the set } of maximal singular subgroups of G. The function corresponding 
to fe G is denoted by f. For Me3, f (M) is the real number corresponding 
to the coset f + M in the isomorphism between G/M and R. 

Properties P, and P, are immediate for S =, and P; is clear since 
each Myce is singular, and f(M,) —0 is equivalent to fe M,. We may 
now topologize & as in Theorem 1.. & becomes thereby a completely regular 
space; the functions f are bounded and continuous; and property Q holds. 


THEOREM 2. Any partially ordered abelian group G satisfying I, II, 
III, IV’ ts isomorphic with an additive group of bounded continuous, real- 
valued functions on a completely regular space S (namely the space & of 
maximal singular subgroups of G) satisfying P, — P; and Q. 


Conversely, let G be an additive group of bounded functions on a set 8, 
and let G satisfy Py, —P;. Then G@ satisfies 1, II, III, IV’. There is a 
one-to-one correspondence between S and & whereby the maximal singular 
subgroup M,, corresponding to the point x of S consists of all fe G with 
(to) =0. If S is a topological space, if the functions in G are continuous, 
and tf Q holds, then this correspondence is a homeomorphism. 
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Proof. All of the first part has been shown except the validity of P, 
and P;. P, is clear from the fact (KF, Lemma 2.2, p. 411) that every 
non-Archimedean element is contained in some maximal singular subgroup 
of G. 


To show P;, let @ have the stated property, and let W be the additive 
semigroup generated by ® If few then f—c,f,+---+ ¢nfn where each 
fie ® and each c; is a positive integer. By the hypothesis on ®, the functions 
fi have a common zero Mo, i.e. fie My. Then fe M, also. Thus every 
element of ¥ is non-Archimedean, and the same holds for the set ¥* of all 
f*eG* satisfying f* =f for some fev. The difference group H of ¥* is 
therefore singular, and every such is contained in a maximal singular subgroup 
M, of G (KF, Lemma 2. 2, p. 411). Since CM, we have f(M,) = 0 for 
every fe, i.e. M, is a common zero of ®. 

Passing to the converse, let G be an additive group of bounded real 
functions on a set S, and let G satisfy P, —P;. Conditions I, II, III are 
obvious. Before proving IV’, we shall establish the one-to-one correspondence 
Ly) <> M,, between § and &. . M,, is a singular subgroup of G by Ps, and the 
obvious fact that it contains no Archimedean element. It is evidently convex. 
In fact it is maximal convex. For if f¢M.,, say f(x) =a=0, then 
f—oeeM,,. Any convex subgroup H of G containing M,, and f will 
therefore contain the Archimedean element |@|-e, and so will coincide 
with G. M,, is maximal singular. For any maximal singular subgroup of 
G containing M,, will be convex (KF, Lemma 2. 4, p. 412), and hence will 
coincide with M,,. From P, it is clear that 2, 2, implies Mz, ~ Mz,. 

On the other hand, let M be any maximal singular subgroup of G, and 
let MNG*. Let fi,---,freM*. Then f,+---+f,—feM*. Since 
M contains no Archimedean elements, it follows from P, that f(y.) =0 for 
some ye S. From fi(yo) + fa(yo) =0 and fi(y.) 20 —1,- -,n) 
we conclude fj(y.) —0. Thus any finite subset f,,---,f, of M* has a 
common zero in 8S. Applying P; we conclude the existence of 2) ¢ § such that 
f(t) =0 for every fe M*. Since, by definition of singular subgroup, every 
element of M is the difference of two elements of M+, we conclude that 
MCM,,. Then M=M,, from the maximality of M and the singularity 
of M,,. 

IV’ is now immediate since every maximal singular subgroup of @ is 
some M,,, and the latter has been shown to be maximal convex. The last 
assertion of the theorem is immediate from conclusion (3) of Theorem 1. 

We remark that if S is compact, then Ky Fan has shown that P,, Ps, 


A CLASS OF PARTIALLY ORDERED ABELIAN GROUPS. 353 


and Q are consequences of P;, P2, P; and the continuity of the functions in 
G, G being then a characterizing subgroup of C(8). PP, follows from his 
Lemma 2.2 and 5.2. P; is evident from the compactness of 8 and the fact 
that the set of common zeros of a set of continuous functions is a closed set. 
Q is just Lemma 5. 5, together with the observation that f can be chosen to be 
positive. We conclude with a corollary which reduces to Ky Fan’s Theorem 3 


when § is compact. 


Corotuary. Let G, and Gz be additive groups of bounded continuous 
real-valued functions defined on topological spaces S, and S, resp., both groups 
satisfying P, —P; and Q. If G, and G, are isomorphic then 8S, and 8, are 
homeomorphic. In particular, if one is compact, so is the other. 


Proof. By Theorem 2, 8; is homemorophic with the space 3; of maximal 
singular subgroups of G; (1 =1,2). But the topology in each 3; is defined 
by purely algebraic means, so that the one-to-one correspondence between 3; 
and 3%, induced in the obvious way by an isomorphism between G, and G, is 
a homeomorphism. We thus have 8S; ~~ 3; ~ 32~ 


3. In all of the following examples, S denotes the discrete space of the 
natural numbers 1,2,---, and S* the space S with the limit point 
adjoined. S is completely regular and S* .3 compact. The additive group 
BC(8) of bounded continuous real functions on 8 is just that of all bounded 
real sequences, and BC(S*) = C(S*) is that of all convergent real sequences 

Example 1 is a characterizing subgroup of C(S*) not satisfying Ky 
Fan’s Condition IV (KF, p. 423). In fact it does not possess any finite 
subset such that every maximal singular subgroup contains at least one of 
them. 

Example 2 is a subgroup G of BC(S) satisfying P;—P; and Q. By 
Theorem 2 it must satisfy IV’. But from the Corollary thereto, since § is not 
compact, G cannot be isomorphic with a characterizing subgroup of C(Q) 
for any compact ©. 

The remaining three examples show the independence of conditions P, 
and P; and @ under the assumption of P;, P., P; and the continuity of the 
functions in G. To see the complete independence we may argue as follows. 

Suppose the space S decomposes into two open-and-closed subsets S$, and 
8,. Then BC(S) is the (cardinal) direct sum of BC(S,) and BC(S.). Let 
G; be a subgroup of BC(S;), i =1, 2, and let G be their direct sum; G is of 
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course a subgroup of BC(S). If P is any one of the properties P, — P; or Q, 
then one readily sees that G has the property P if and only if both G, and G, 
have it. For example, the direct sum of Examples 3 and 4 gives an example 
in which P, and P; are false while Q is true. A simpler example for this 
case is the group of all convergent sequences (applied to § and not S*), 
Likewise, for the case P, true, P; and Q both false, we may cite the group 
of all periodic sequences. But the author did not find any such easy examples 
for the two remaining cases. 

Example 1. Let a, = (1, 1/2, 1/3, 1/4, -), a2 = (1,1, 1/2, 1/3, 
1/4,- ++), @g== (1,1, 1,1/2,1/3,---),--- and as usual e= (1,1,1,1, 
1,---). Let G be the group of all sequences expressible as a finite linear 
combination 


(1) f = Ae + pidi + pote +° * + pndn 


with real coefficients A, pi, f is convergent with limit A. We 
agree that f(o) —limf(k) for all fe G and @ becomes thereby a subgroup 


of C(S*). We are to show that P, — P; hold, but IV does not. P, and P, 
are obvious. 

To show P3, let us first consider the point tz) == of S*. If f, as given 
by (1), vanishes at o we must haveA—0. But then 


dn 


also vanishes at oo and has the properties g2=0,g=f. Now letxr,—keS, 
and let b, = 2e — 2a, by = 3e + 2a. — 4a, if k >1. It is easily seen that 
b,(k) while b,(7) 21 for all (including If feG and 
f(k&) = 0, it is clear that some positive multiple of b, will serve for g in P. 

Hence P; hold, and G is a characterizing subgroup of C(S*). By Ky 
Fan’s Lemma 5. 3, the maximal singular subgroups of G@ are simply the sets 
M,, of elements of G vanishing at & e S*. Consequently the functions f,,---, fs 
in Condition IV are to be sequences such that for each ke S* there is at 
least one of the f; such that f;(k) —0. The existence of such a set will be 
seen to be impossible when we show that no element f 0 of G has more than 
a finite number of zeros in S. 

Let f be given by (1), and suppose, by way of contradiction, that f(k) = 9 
for infinitely many points k of S. Then surely f(k;) —0 for n+ 1 points k; 
satisfying n< ky ky. Now fork 


=A + pi/k + p2/(kK—1) +: + + 1). 


Then f(ki) =0 (t=0,1,---,n) is a system of n+ 1 linear homogeneous 
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equations for A, pi, p2," * *, pn With a determinant the value of which is readily 
calculated to be the ratio of 


II (n—%) ITI (ks — hy) to Tl — +1), 
=1 4=0 


and therefore distinct from 0. Hence A = pi = pp = pn = 0. that is, 
f= 0. 

It might be objected that Condition IV could hold vacuously, in the 
sense that every maximal convex subgroup of G is also maximal singular. 
We show that this can not happen for any characterizing subgroup G of C(Q) 
with a compact © consisting of more than one point. Let 2,2, be distinct 
points of ©, and define for each feG, r(f) + 7 is a 
homomorphism of ¢ into the simply ordered additive group of real numbers, 
and, by KF, Lemma 3.4, the set M of all feG satisfying r(f) —0 is a 
maximal convex subgroup of G. Were M singular, every element f of M 
would be the difference f = g — h of two positive elements g, h of M. But 
g = 0 and r(g) 0 imply g(z,) = =0, and similarly for h. Hence 
f(t.) = f(x.) =0. Thus M would be contained in the two distinct maximal 
convex subgroups M,, and M,, of G, contrary to its maximality. 


Example 2. Let H be the group of all essentially finite sequences 
(@1, +, -) witha, +a,+---+a,—0. Evidently H con- 
tains no properly positive sequence. Let G consists of all sequences Ae + h 
with AX any real number and he H. We proceed to show P,—P; and Q, 
regarding G as a subgroup of BC(S). P, and Pz are evident. 

Both P; and Q are evident when we exhibit, for each ke S, an element 
b, of G such that b,(k) =0, by(7) 2 1 for all 7 ~k. But such an element 
is e+ hy, where hy(j) = —1 if j =k, hy(j) = 1 if j =k +1, and h,(j) = 0 
for all other 7. 

To show P,, suppose that f + (a1, 0,0,°- -), >» a, = 0, 


is a non-Archimedean element of G. Were f(t) = 0 for every ke S we would 

have A > 0 andA-+ > 0 for every 2,--+-,n. This would contradict 

the condition inf f(k) —0 that f be non-Archimedean (KF, Lemma 5.1, 
keS 


p. 419). 

To show P;, let ® be a set of positive functions of G with the stated 
property. Now a positive element Ae + hk of G must have A > 0, and con- 
sequently can have only a finite number of zeros in S. Let fye®, and let 
ki,- + +,k, be its zeros in S. If the conclusion to P; were false there would 
exist in ® for each 1,---,7r an element f; of G for which fi(k;) 40. 
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But then the finite set fo, f:,- - -,f, would have no common zero, contrary 
to hypothesis. 

It is instructive to note that G can be regarded as a subgroup of C(S*), 
but fails to be a characterizing subgroup thereof since M,. = H is not singular. 


Example 3 (independence of P,). Consider the group of Example 1 
as a subgroup of BC(S). Properties P,; — P; are unaffected thereby. P, is 
false since a, is non-Archimedean but vanishes nowhere in S. P,; follows from 
the fact that each element ~ 0 of G has only a finite number of zeros in 8. 
Q follows from the existence of the sequences D,. 


Example 4 (independence of P;). Let G be the group of all eventually 
constant sequences, regarded as a subgroup of BC(S). P,—P, and Q are 
all evident. To show the falsity of P; one may take for ® the following set of 
sequencies: f, (1, 0,0,0,---), (1,1, 0.0,---), fg == (1,1,1,: - -),- °°. 


Example 5 (independence of Q). Let T denote the set S* endowed with 
discrete topology. Let G—C(S*), but regarded as a subgroup of BC(T). 
The properties P,P; are unaffected thereby, but Q is false since there 
exists no fe G with f(o) —0 and inf f(k) > 0; 

<@ 
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A NOTE ON LIE ALGEBRAS OF CHARACTERISTIC p.* 


By N. JAcoBson. 


Let % be a finite dimensional Lie algebra over a field of characteristic p, 
let 9 be the universal associative algebra of 2 ({1] and [4]) and let © be 
the center of %. In this note we prove that if a is a linear element of 
then there exists a non-zero polynomial ¢ such that ¢(a) ce. We use this 
result to obtain the following: (1) a simple direct proof of Iwasawa’s theorem 
({2], p. 420) that every finite dimensional Lie algebra of characteristic p 
has a faithful finite dimensional representation, (2) a proof of a conjecture 
of Chevalley that every finite dimensional Lie algebra of characteristic p has 
a representation which is not completely reducible, (3) a proof that % can be 
imbedded in a division algebra. 


1. A polynomial of the form ad?" is called 
a p-polynomial. 
Lemma. Any polynomial + 0 is a factor of a suitable p-polynomial ¢ 0. 


Proof. Let »(A) For each 10,1, 2,-- - write = p(A)qi(A) 
+ r(A) where deg 7;(A) < degy(A). Only a finite number of the 7;(A) are 
linearly independent. Hence we can find #; not all 0 such that SAjri(A) = 0. 
Then = (A) )- 

Proposition 1. Let a be a linear element of the universal associative 
algebra MX of a finite dimensional Lie algebra & of characteristic p. Then 
there exists a non-zero polynomial (A) such that $(a) ts in the center © 
of 

Proof. Let A denote the adjoint mapping c—> [za] in 2. Since & is 
finite dimensional there exists a non-zero polynomial u(A) such that »(A) = 0. 
Let $(A) = be a p-polynomial divisible by »(A). Then also ¢(A) =0. 
For any xe & (regarded as the linear part of 2)? 


[z, $(a)] — — - -[2,a]- - -a] — —0. 


Hence ¢$(a) ©. 


* Received April 28, 1951. 
1 We have used here the identity = [. - [ea]. Cf. [3], p. 16. 
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oe 


Choose a basis én) for 2 and for each e let $;(A) be a non- 


zero polynomial. such that ¢i(e;) ©. Let d;—deg¢i(A). Let B be 
the ideal in generated by the elements y;, i -,n. 


Proposition 2. The cosets of the elements < d, 


(Ai, An) form a basis for U/B. 


Proof. It is known that the elements e,"1e,%2- - - ent, ky == 0,1,2,---, 
+, kn) form a basis for Any polynomial in e; can be expressed 
as a linear combination of elements y;‘e;‘, 0 = < d; Hence any element 
of is a linear combination of terms of the form - 
én”, d; It follows that every element is congruent mod to a 
linear combination of the elements e,“- - -e,". It remains to show that 
these elements are linearly independent mod%. Any element be is 
a linear combination of the terms - where 
(m,, Mn) 0. If we write 


and express 4; in terms of e& we obtain 


yy™ oi Se = rat mode \ntmndn * 


where the * is of degree < 3(A,-+ mid;). It follows that if b 0, then in 
the expression for b in terms of the basis e,%e,%- - - e,*» at least one of the 4 
has multiplicity 2d; Hence no non-zero linear combination of the terms 
- en", < d belongs to B. 


2. As a first application of Propositions 1 and 2 we prove 


THEOREM 1. (Iwasawa) Any finite dimensional Lie algebra of charac- 
teristic p£0 has a faithful finite dimensional representation ([2], p. 420). 


Proof. Choose y¥; = ¢i(e) of degree d; > 1 in Proposition 2. Then the 
cosets é; =e; -+ are linearly independent. Hence the natural imbedding 
of 2 in is 1-1. On the other hand has the finite basis 
Hence and, a fortiori, has a faithful finite dimen- 
sional representation. 


THEOREM 2. (Conjecture of Chevalley) Any finite dimensional Lie 
algebra of characteristic p has a finite dimensional representation which ts 
not completely reducible. 


Proof. We now take y; = ¢i(e:) where = [yi(A) ]™, deg Wi(A) > 1, 
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wi(e:) © for all 1, >1 for some 1. Then 7;—yi(e) +B is a non-zero 
element in the center of &/%. On the other hand, 2;"* = 0 so that the center 
of &/B has nilpotent elements. Hence the finite dimensional algebra &/B is 
not semi-simple and therefore it has a finite dimensional representation which 
is not completely reducible. The same holds for &. 


THEOREM 3. The universal associative algebra of any finite dimensional 
Lie algebra of characteristic p can be imbedded in a division algebra. 


Proof. We can construct in the usual way the ring A of quotients ac", 
ae%,c0 in ©. A is an integral domain and contains the quotient field Ir 
of © in its center. If (@,, ¢:,- --,én) is a basis for 2 and ¢;(e&) ¢ © where 
deg ¢; = d; > 0 then we have seen that every element of 2 is a linear com- 
bination with coefficients in © (polynomials in y¥; = ¢i(e)) of the elements 
ee: - < It follows that A is finite dimensional over I. 
Hence A is a division algebra. 
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ON THE LOGARITHMS OF BOUNDED MATRICES.* 


By AUREL WINTNER. 


Let capital letters denote (infinite) bounded matrices of complex numbers. 
Such a matrix, say A, is called non-singular if it has a unique (right- and 
left-sided) bounded reciprocal matrix. If the spectrum, sp A, of a bounded 
A is defined to be the set of those complex numbers A for which the matrix 
AI — A fails to be non-singular, then, as proved by me some time ago,} 


(1) sp A is not vacuous 


(loc. cit., p. 243) and 
(2) sp A is closed and bounded 


(loc. cit., p. 242), finally 
(3) sp A is in {A} 


(loc. cit., p. 245). Here {A} denotes the closure of the values attained by the 
bounded bilinear form, A(z, y), of A under the following pair of restrictions: 
y = Zand | «| =1, where  =(H, and =(| |? + | |?+---)4, 
if = (21,%2,: - +). Corresponding to the Toeplitz-Hausdorff theorem on 
finite matrices, 

(4) {A} is convex. 


As pointed out loc. cit. (pp. 246-249 and p. 244, respectively), neither (1) 
nor (3) can be concluded, by a limit process, from the corresponding facts 
on finite matrices, whereas (4) readily follows by such a process. 

If A is any set of points in the complex plane, let A* denote its com- 
plement. Then (2) and (1) show that (sp A)* is an open set containing 
a domain a << |A| <oo (if a is large enough) but not containing every point 
of the plane. Let A°, A’,- - - be the (finite or infinite) sequence representing 
the components of the open set (sp A)*, so that 


(5) sp A = (3 A")*, 


* Received June 28, 1951. 
1A, Wintner, “ Zur Theorie der beschrinkten Bilinearformen,” Mathematische Zeit- 


schrift, vol. 30 (1929), pp. 228-282. 
360 


q 
ay 
| n 
| 
| 


ON THE LOGARITHMS OF BOUNDED MATRICES. 361 


where every A” is a connected open set which, if m=4n, contains no point 
of A”. Let the notation be so chosen that A° is the (unique) unbounded 
component of (sp A)*; so that 


(6) = A” is bounded 
n0 


(possibly vacuous) and, according to (3), 
(7) {A}* is in A®. 


The following considerations will contribute to the question of the exis- 
tence of a bounded matrix function f(A) of a given A. While the method 
will be presented in the important case f(z) = log z only, its applicability to 
more general functions f(z) will be obvious. Incidentally, since it will consist 
of a process of analytic continuation, it will also apply to certain linear spaces 


more general than Hilbert’s space. 


(i) Corresponding to every component A” of the complement = A" of 
the spectrum of a bounded matrix A, there exists a bounded, non-singular 
matrix C, which is commutable with A and has the following property: There 
belongs to every point A of A” a bounded matrix A, which is commutable 


with A and satisfies the relation 
(8) AI—A=C, exp 


In addition, A, can be chosen so as to be continuous (and, for that matter, 
analytic and regular) on the A-domain A”. 


The latter notions refer to that metrization of the space of all bounded 
matrices A in which the norm | A | is defined as the least upper bound of 
the vector length | Ax | when @ varies over all vectors of unit length. 

Since e2e° = e3+C when B, C are bounded and commutable, it is clear 
that (i) contains the following corollary: 


(ii) With reference to every fixed component A” of (sp A)*, the matrix 
AI — A has a bounded logarithm either for every or for no A contained in A". 


It is understood that a bounded matrix C is called a logarithm of a 
bounded matrix if the latter is e©. Since = only a non- 
singular matrix can have a bounded logarithm. If not every non-singular 
matrix can be represented as the square of a bounded matrix, then not every 
non-singular matrix has a bounded logarithm. 


AUREL WINTNER. 


If |Z| <1, then J+Z has a bounded logarithm. In fact, one such 
logarithm is supplied by the series 


(9) log(I + Z) m+*(—Z)™ if |Z| <1. 


This implies that if A is bounded and if the absolute value of X is large 
enough, then AJ — A has a bounded logarithm (in fact, (9) is applicable to 
Z=—d"'A if |A| >|A|). Since the matrix (9) is commutable with Z, 
it follows that (ii) contains the following corollary: 


(iii) If is in A®, i.e., in the unbounded component of the complement 
of spA (e.g., in the complement of {A}), then AT —A has a bounded 
logarithm. 


The parenthetical assertion of (iii) follows, by (3), from the main 
assertion of (iii). 

If A is completely continuous, then sp A consists of the point 4\=—0 
and of a finite (possibly vacuous) or infinite sequence of points which can 
cluster only at A=0 (Hilbert). Since this implies that (sp A)* must be a 
connected set, and therefore identical with A®, the first part of the following 
assertion is a consequence of (iii) : 


(iv) If A is completely continuous, then AJ—A has a_ bounded 
logarithm for every A not contained in spA. In addition, this logarithm 
can always be chosen so as to be completely continuous. 


The second part of (iv) will be clear from the proof of (i) ; cf. (II) below. 
The proof of (i) centers about the following fact: 


(I) If A and B are two bounded, commutable matrices the first of 
which is non-singular while the second is such as to satisfy 


(10) [Bi 


then there exists a bounded matrix C which is commutable with A and with B 
and which satisfies the relation 


(11) A+B=Aee 


In fact, since A+ B is the product of A and J+ A7B=I]I+BA* 
(in either order), a C satisfying all the requirements of (I) results by chosing 


(12) Z = A“B 
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in (9). For, since (10) and (12) imply that |Z|<=|A+||B| <1, the 
proviso | Z| <1 of (9) is satisfied. 

Since the product of a bounded and of a completely continuous matrix 
is completely continuous, it is clear from this proof of (I), and from (12), 


that 
(II) C in (1) can be chosen to be completely continuous if B is com- 


pletely continuous. 

It is easy to conclude from (I) the following lemma: 

(III) Let A be a non-singular matrix corresponding to which there 
exists a family of non-singular matrices A(t), 0 =¢31, satisfying the pair 


of conditions 
(13) A(0) A(1) =A 


and the commutability condition 

(14) A(u)A(v) =A(v)A(u). 

Suppose further that 

(15) g.1.b. | > 0 


and that A(¢) depends on ¢ continuously. Then there exists a bounded matrix 
satisfying A = e°. 


By the continuity of A(t) is meant that, if « is positive, and if § = 6 > 0 
is small enough, then | A(u) — A(v)| <« whenever |w—v| <8. Hence, 
if a is any positive constant, and if 7 =, is large enough, then there exist 
j+1 values t;=1 satisfying 


(16) | —A(tea)| <a fork—=1,- 


Choose a to be the greatest lower bound (15). Then it is seen from (14) 
and (13), where A(0) exp (0), that (III) follows by 7 consecutive applica- 
tions of (I), namely, by identifying the matrices B and A in (I) with the 
matrices A(t,) —A(ty+s) and A(t,+), respectively. 

It is readily seen that (i), the first of the assertions (i)-(iv) made above, 
isa corollary of (III). In fact, AJ —A and pI — A are always commutable, 
as are the reciprocals of A,J —A and A,J —A if A, and A, are not in sp A. 
On the other hand, since every component A”, to which (i) refers, is an open 
connected set in the A-plane, the existence of an appropriate continuous family 
A(t), 0=¢1, having the properties specified in (III), is obvious. 
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Remark. Suppose that A is a finite matrix. Then it has a logarithm, 
i.e., A = e© holds for some C, if (and only if) det A=40. In other words, 
AI —A has a logarithm whenever ¢(A) #0, where $(A) = det (AJ — A). 
The standard proof of this theorem depends either on the existence of the 
Weierstrass-Jordan normal form of A, supplied by the theory of elementary 
divisors, or? (somewhat more directly, though in the main equivalently) on 
the Cayley-Hamilton theorem, ¢(4) —0. The above considerations contain 
a proof which does not involve any such machinery. In fact, since sp A now 
consists of a finite number of points, the complement of sp A is A°, hence the 
proof of (iii) or (iv) is applicable. 


THE JOHNS HOPKINS UNIVERSITY. 


*L. Schlesinger, “ tber den Logarithmus einer Matrix,” Journal fiir die reine und 
angewandte Mathematik, vol. 161 (1929), pp. 199-200. Cf. G. Pélya, “ Der Picardsche 
Satz fiir Matrizen,” Jahresbericht der Deutschen Mathematiker Vereiningung, vol. 40 
(1931), second part, p. 80. 
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ON PARALLEL SURFACES.* 


By AvuREL WINTNER. 


1. Let S:1 =X (u,v), where X¥ = (2, y,z), be a surface of class C?. 
Then, if S is sufficiently small, it can be assumed to be given in the form 
z—=2(x,y), where z has continuous partial derivatives of first and second 
order, p = ¢ = %yy, and the total and mean curvatures, K = K(z, y) 
and H = H(z, y), of S are given by 


(1) Kd* = rt — s?, where d= (1+ p? + q’)4, 
and 
(2) Hd* = 3(1 + p*)t — pgs + 3(1 + 


The sign of the first, but not of the second, of the continuous functions K, H 
has a geometrical meaning (H contains an odd power of the square root of 
the two-valued function + d). 

Suppose that S is such as to make K(z,y) a positive constant, say 1. 
Then (2) reduces to 


(3) — = (1 + + 


a partial differential equation of second order which, according to S. Bern- 
stein’s general theorem on analytic differential equations of elliptic type, has 
the property of possessing no C*-solution z= 2z(z,y) which is not analytic 
as well. Accordingly, every surface of class C* having a constant positive 
curvature K is an analytic (for a more inclusive geometrical application of 
Bernstein’s general theorem, cf. [1] and the comments in [6], Section 3). 
This result contains, however, an unsatisfactory element which, along 
the lines of the preceding argument, would disappear only if it were known 
that Bernstein’s general theorem (on arbitrary analytic differential equations 
of elliptic type in a plane) remains true for all solutions of class C?. In fact 
those statements in differential geometry which require more than the mere 
existence of continuous derivatives of second order can hardly be justified 
for geometrical reasons. The restriction to the class C* (or, for that matter, 
(?(X), where A is a Holder index; ef. [6], Section 5) often proves to be of an 


* Received February 27, 1951. 


365 


366 AUREL WINTNER. 


artificial or preliminary nature, that is to say, such as to be necessitated by 
the lack of appropriate analytical tools only. Suffice it to observe that every 
surface of class C? has continuous first and second fundamental forms, and 
therefore, in particular, continuous curvatures. It is therefore of more than 
just formal interest that the above-mentioned consequence of Bernstein’s 
general theorem can be freed of all of its non-geometrical restrictions, as 


follows: 


(i) If the total curvature of a surface of class C? is a positive constant, 
then the surface must be analytic. 


The point in this theorem is that, in contrast to the lemma of Section 3 
(below) on which part of the proof of the theorem will depend, no data 
involving the second derivatives are subject to a Holder restriction. 

Needless to say, the analogue of the theorem is false if K = const. S 0. 
This is obvious in the case const. = 0, since a torse can clearly be of class C® 
without being analytic. Similarly, if const. ——1< 0, then, since (1) 
becomes an analytic differential equation of hyperbolic type, it will surely 
possess non-analytic solutions z= z(x,y) of class C®. 


2. If z(x,y) is a function possessing continuous second derivatives 
which are not subject to any restriction, then nothing but mere continuity 
can be claimed for the functions (1), (2). Similarly, if the second derivatives 
of z(x,y) satisfy a Holder condition (of some index A), then the same is true 
(with the same A) of both functions (1), (2). This makes clear the nature 
of the content of the following lemma: 


(ii) If a function z—=2z(z,y) is of class C*, and if its derivatives 
Pp =22(2,Y),° t = 2yy(x,y), besides being continuous, have the property 
that their combination H = H (2, y), defined by (2), possesses continuous first 
derivatives H,, H, and that the latter satisfy, for some pair of positive con- 
stants y, 4, a Holder condition 


(4) | —H.”|SyR, | H,’—H,” |S 


where H,’ = H,(2’, y’),- and R? = (2 — 2”)? + (y — y’”)*, then z = 2(z, 9) 
must be of class C*. 


In particular, the function K — K(z,y), being defined by (1), must 
then be of class C?. 


(iibis) The assertion of (ii) becomes false if H(x, y) in the assumption 
(4) ts replaced by K(a, y). 
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In order to see truth of this negation, (ii bis), let z(z,y) —=f(r«+y), 
where f(t) is a function of a single variable and has a continuous second 
derivative. Then S:z—2(z,y) is of class C? and the function K K (a, y), 
being defined by (1), vanishes identically. Hence, (ii bis) follows from the 
circumstance that a function f(t) possessing a continuous second derivative 
need not have a third derivative. (Nothing like this can, however, occur if 
the partial differential equation (1) for z(z,y) is of elliptic type, that is, 
if K(z,y) > 0.) 


3. The proof of (ii) proceeds as follows: 


Let EH; denote the three-dimensional Euclidean (2, p,q)-space, F2 a 
(connected, open) domain in the (2, y)-plane, and LZ a function defined on 
the product space of #; and F, so as to satisfy the following conditions: If 
(r,y) is any fixed point of F., then Z is fairly smooth (say, analytic) on FE; 
and has a Hessian Lpplgq— Lpq” which is positive throughout; while, as a 
function of all five variables together, LZ is of class C1(A), for some Holder 
index A <1 (by virtue of the first of these conditions, the C1(A)-condition 
means that (4) is satisfied by D—JZ and by a y which can be chosen 
independent of (2, p,q) on every bounded portion of H;). Under these 
assumptions, if [Z] denotes the Lagrangian derivative of LZ, every function 
%==2(2, y) which is of class C? and satisfies the differential equation [LZ] — 0, 
on F,, must be of class C*. This follows from the proof, even though not 
from the wording, of a theorem of Lichtenstein [4]. In fact, although he 
assumes the analyticity of Z in all five variables together, a glance at the 
proof shows what is actually needed is contained in the above conditions. 

Let H(x, y) denote a given function of class C1(A) on an (2, y)-domain 
F,. Then the conditions just required of ZL are satisfied by either of the 
functions 


L(2, p,q30,y) =d—H(a,y)2, where d= (1+ p?+ 


But the Lagrangian equation [ZL] —0 for a z=2z(z,y) then becomes pre- 
cisely the condition (2), where p= -,¢==Zy,. Hence every function 
4==2(2,y) of class C? which satisfies the relation (2), belonging to any given 
H = H(z, y) of class C1(A), must be a function of class C*. This proves (ii). 


4, For a given n=1, and for a sufficiently small piece, 9, of a surface 
of class C”, let 
(5) S: X—X(u', 
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where XY = (x,y,z), be a C"-parametrization of 8S. By this is meant that, 
in the small (u', u*)-domain under consideration, the (vector) function (5), 
besides being of class (", is such that the vector product [X,, X2] of the 
partial derivatives 1; 01/du‘ does not vanish. Thus there exists on S a 


normal vector of unit length, 


(6) N = [X,, Xo]; 


which is a function N(u',u?) of class C™™. Hence, if ¢ is a given number 
distinct from 0, then the (u', u*)-parametrization of the X-set S* == S*(c\ 
which, in the sense of Steiner [5], is “ the parallel surface of S at the distance 
c” (on one or on the other side of S, according as c > 0 or ¢ < 0), that is, 


the parametrization 
(7) S*: X X*(u1, u?) u?) + cN (u', u?) 


of the “ parallel set ” S* — S*(c), is based on a function, X¥*(u', u*), which 
is of class C""". In fact, if the function (5) is of class C, then, in view of 
the differentiations contained in (6), the given function (7) will not in 
general be of class C". The following fact is therefore quite unexpected : 


(iii) Jf a surface S ts of class C? and is sufficiently small with reference 
to a given real number c, then the corresponding parallel surface, S* = S8*(c), 
of S is again of class C*, provided that (with reference to the numerical values, 
Ky and Ho, of the curvatures at that point of S the immediate vicinity of 
which is considered) two numerical values of c are excepted; cf. (19) below. 


This does not mean, of course, that, barring the excepted c-values, (7) 
is a local C?-parametrization whenever (5) is, but that (7) must then possess 


some local C?-parametrizations, 
(7 bis) S*; X X*(v'; v?), 


in terms of certain parameters v', v? (which, in general, must be distinct 
from the given wu’, u?). On the other hand, both z(x,y) and 2*(a,y) in 


(8) S: and S*: z==2*(z, y) 


must be functions of class C? in some circle 2? + y? <b =b(a;c) if the 
local C?-parametrization (5) of S is replaced by the Cartesian representation 
z—=2(z2,y) in a circle x* + y? <a the plane of which is the plane tangent 
to S at (x,y) = (0,0). In fact, the normal of S at (0,0) then becomes the 
z-axis, and the same is true of the normal of S* at (0,0). It follows there- 
fore from (iii), and from a standard application of the C?-form of the 


i 

4 


ON PARALLEL SURFACES. 369 


classical theorem on implicit functions, that both functions (8) must be of 
class C? in a vicinity of (a, y) = (0,0). 


5. The actual content of (iii) is revealed by the second part (n —1) 
of the following assertion: 


(iii*) The C? in (iii) can be replaced by C” if n= 2 but not if n—1. 


While the first assertion of (iii*) will be clear from the proof (iii) below, 
failure for n= 1 can be concluded from the following example: For small 
|x|, let f(a) be a function possessing a continuous derivative, f’(2), and 
let {(0) = 0 and f’(0) 0. Then, if z(2,y) is defined to be f(x) for all y, 
the surface S: z= 2(2,y) is of class C* and, since f’(0) = 0, the plane z = 0 
is tangent to S along the y-axis. Hence, if a parallel surface S* = S*(c) of 
S:z=f(a) is of class C’, then it must be representable, for small | 2 |, in 
the form z* = f*(a), where f*(z) has a continuous first derivative which 
vanishes at «0. But it turns out that such is not the case if f(r) is 
suitably chosen. 

First, since S and S* are represented by z= f(x) and z2* = f*(z), it is 
seen from (6) and (7), where Y = (2, y, z) = (u', u’, f) and X* = (u’, u?, f*), 
that the function z* = /f*(x) is the result of the elimination of x between 
the two equations 


fp (u) + (1+ 


if, without loss of generality, c—=1 in S* = S*(c). Here f’(w) is any con- 
tinuous function vanishing at w= 0, and f(w) is its primitive vanishing at 
u=0. Accordingly, if f// —g, then for small | w |, 


(9) 


where g(w) is any continuous function satisfying g(0) =0, and 


The assertion is that, if g(u) is suitably chosen, and if z* = f*(z) denotes, 
for small | x |, the (continuous) function defined by the parametric equations 
(9)-(10), then f*(z) can fail to have a continuous derivative which vanishes 
at r= 0. 

The square root, ( )-4, in (9)-(10) must be chosen positive if, corre- 
sponding to the choice c = 1, the value of the ordinate z* = f*(z) at r =0 
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is normalized to be +1. Then, since (1+ 9?) 4—1—4g?+ 0(g’) as 
uw—>+0, it follows that, in view of (10), the function z* —f*(z) must 


satisfy the relation 


(11) f*(x) —f*(0) ——4g"(u) + 0(9*(u)) + f do 


by virtue of the relation (9), and that the latter is of the form 
(12) z—u—g(u) +0(|9(u)|*). 


Here g(u) can be chosen to be any continuous function which vanishes 
atu—=0. But it is not hard to construct a (sufficiently “ wobbly ”) continuous 
function g(w) = 0(1) which has the property that the ratio of (11) to (12) 
fails to tend to a limit as u—>0 (even if u-values at which the denominator, 
(12), vanishes, are disregarded; these u-values can be confined to a sequence 
which clusters only at wu—0). For such a g(u), the ratio of f*(z) — f*(0) 
to x fails to tend to a limit as z—>0. Since this means that f*(xz) is non- 
differentiable at z= 0, the truth of the negative assertion of (iii*) follows. 


6. In order to prove (iii), suppose that § is of class C? (and that (5) 
is a C?-parametrization of 8S). Then 9, besides having a first fundamental 
form gagdu*du® in which the coefficients 


(13) Gin = Xi Xe = (det gix > 0) 


are functions of class C* in (u*,w?), possesses a second fundamental form 
hapdu*du* in which the coefficients 


(14) hin = — Ny = = N - 


are continuous (possibly non-differentiable) functions of (u', u?), the vector 
function (6) being of class C+. The first derivatives of (6) are connected 
with those of (5) by Weingarten’s identities 


(15) Ni = — hiag®X g, 


where, in matrix notations, (g*) = (giz). In terms of (13) and (14), 
the representations of the total and mean curvatures, K and H, are 


(16) K = (det hix)/ (det gix), H = 49hap. 


With reference to any real number c, define the function X*(u', u*) by 
(7). This vector function is of class C*, since (6) is. It is readily verified 
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from (13)-(16) and (6) that the vector product of the partial derivatives 
X*;(u', wu?) satisfies the identity 
(17) [X*,, X*2] = £2], 
where Q = Q° = Q°(u’, u”) is the (continuous, scalar) function 
(18) Q=1—2cH + eK. 

Let Ko, H, denote the values of K, H at any given point, (u*o, u*o), 
of the (u*, u?)-domain and let, with reference to this point, the value of the 


arbitrary parameter c be chosen so as to be distinct from the roots of the 


quadratic equation 


(which becomes a linear equation or no equation at all according as (w*o, uo) 
is a non-umbilical or umbilical parabolic point of S, i.e., according as 
K,=0+~H, or Kj) =0—dH,). Then the function (18), being distinct 
from 0 at the point (wo, uo) of S, will be distinct from 0 in a vincinity of 
this point. 

Let (u', u?) be confined to such a vicinity. Then (17), where [X1, X,]46 
by assumption, implies that [X,*,X.*]~0. This means that (7) defines a 


surface S* S*(c) of class C’. But (17), where 0, also shows that the 
unit normal vector at a point (u1,u?) of S* is identical with the unit normal 
vector, (6), of the § at the corresponding point (u', u?) of S (with the under- 
standing that, since (6) contains the ambiguity of s. square root, N and — N 
are not considered as distinct). Since (6) is a function of class C+, it 
follows that S* has a unit normal which is a function of class C* in the 
(u?, u?)-parametrization of S*. It follows therefore by an application of the 
implicit function theorem that, if the plane tangent to S* at (u%o, wu.) is 
chosen to be the (z, y)-plane of the space X = (2, y,z), then a (sufficiently 
small) vicinity of the point (wo, u2,)} of S* can be represented in the form 
2—=2(z,y), where z(z,y) is a function of class C? (for details, cf. the 
corresponding argument in [3], p. 163). This proves (iii). 


7. Denote by g*x, h*ix, K*, H* the functions which result if X (u*, u?) 
is replaced by X*(u1, wu?) in the definitions (13), (14), (16), and refer by 
(j*), where } —6,13,---, to the formula which, on this replacement, 
results from formula (j). These definitions of the starred functions are valid 
even though X*(u*,u?) need not be of class C? in the (u*, u?)-parameters. 
However, it is clear from the tensor character of the matrices of the first 


(19) 1— 2cH, + c?K, =0 
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and second fundamental forms that K* and H* are actually the total and 
mean curvatures, respectively, of S*, and that (g*ix) and (h*x,) are the 
matrices which result by a calculation of the first and second fundamental 
forms in a C?-parametrization and then applying the standard transformation 


rule.* 

It is readily verified from (15) and (13) that Ni: N;,=g*hiaghzg. In 
terms of matrix multiplications, this can be written in the form 
(20) Nx) = (hix) (9™) (hie) 


(incidentally, if a = (g*) and B = (hx), and if a prime denotes transposition, 
then the matrix product (20) can be written as aBa’, since a’ =a). Since 
N* = N, it follows from (20) that 


(21) ix) = (hie) (9) 


The connection between the respective factors in (21) can be obtained as 
follows : 

Since (7) implies that X*; — XY; + cNj, it is seen from (13) and (13*) 
that is the sum of three terms, giz, Ni, + cX,-N; and c?N;- N,. 
In view of (14) and (15), this means that 
(22) = (gue) + 2e(hix) + (g*) (hex) 
and it is similarly verified, from (14) and (14*), that 
(23) (h* ix) == (hix) c(hix) (gi*) (hix). 

Needless to say, the identity (21) could be verified from the relations 
(22) and (23). If the latter are combined with (16), (16*) and (18), 


there result the relations 


(24) K=QK*, H=@(H*+cK*). 


While (24) is classical for a “smooth” pair 8, S* (in fact, for an § of class 
C%, the corresponding S* being of class C? for trivial reasons), the point in 
the following proof of (i) will be that (24) holds under the mere C?-assump- 
tion of (iii). 


8. Let S be a surface of C? and of constant positive curavture KX. 


1 Needless to say, the matrix of the second fundamental form behaves under (u’, u’)- 
transformations (of class C?) as a tensor only if the Jacobian of the transformation is 
positive, acquiring the factor —1 if the Jacobian is negative. This is precisely the 
reason why, in contrast to the case of the total curvature K, only the magnitude, and not 
the sign, of the mean curvature H has geometrical significance. 
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Then, with reference to any point (wo, u*)) of S, the quadratic equation (19) 
reduces to Qo = 0, where Qo = Q(u'o, uo; ¢) and, according to (18), 


+c, H=H(w',u’), 


if the value of the positive constant K is chosen to be 1. Since the product 
of the two roots of Q, = 0 is 1, either c—1 or c=—1 is not a root (one 
of these c-values is a root if and only if the square of H, is 1, which, since 
K, = K =1, means that (uy), u*)) is an umbilical point of 8S). It can be 
assumed that c—1 is not a root, since, in view of the remark made after 
formula (2) above, H can be replaced by —H. Then c=1 is not excepted 
in (ili), and so S* = §8*(1) is of class C. 

The assumptions, K = 1 and c—1, reduce (18) to }Q—1—H (and 
H =H (u',u’) is distinct from 1 on S if § is a sufficiently small vicinity of 
its point (w*, wo), since 40). Thus (24) reduces to the identities 


= 2(1— H) K*, H =2(1— H) (A* + K*). 
But substitution of the second of these identities into the first gives 


H =2(1—H)H* +1, ie, (1—H)(2H* +1) =0 


and (since H =£1 by the preceding parenthetical remark) the last equation 


implies that the function H* of (u*,u?) must be the constant —}. This is 
the extension to the present case (of an S which is just of class C*) of a 
classical result of Bonnet (cf., e. g., [2], p. 447). 


9. The truth of (i) can now be concluded from (ii). 

First, if S and H in (ii) are replaced by S* and H%*, then, since S* is 
of class C? and since H*, being a constant, surely is of class C1(A), it follows 
that S* is of class C?. Consequently, if S* is written in the form z = z*(z, y) 
(locally), then z*(z,y) is a function of class C*. Since z*(z,y) satisfies 
the differential equation which results if H = H(z,y) in (2) is replaced by 
the constant H* — 4, it now follows from the general theorem of S. Bernstein 
(concerning elliptic differential equations; cf. Section 1) that the surface 
S*: z* = 2*(x,y) is analytic. But the given S is a parallel surface of this S*. 
Hence, the analyticity of S follows from that of S*. This completes the 
proof of (i). 


10. A corollary is the possibility of reducing to a geometrically signifi- 
cant minimum the smoothness assumptions in Liebmann’s theorem concerning 


spheres, as follows: 
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If a closed, orientable surface is of (genus 0 and of) class C?, then K=1 
cannot hold on tt unless it is a sphere (where, according to Hadamard [or 
just Gauss-Bonnet], the parenthetical restriction is superfluous). 


Because of the use lines of curvatures in his partial differential equations, 
Hilbert’s proof, as it stands, applies only under a C"-restriction of fairly large 
nm (something like n= 5); in this regard, cf. [3], pp. 163-172. But (i) 
reduces this n to n= 2 (S. Bernstein’s reduction reaches to n = 3). 


Appendix. 


On tangential representations. 


Let the surface (5) or S: z= 2(z,y) be of class C*, sufficiently small 
and free of parabolic points (i.e., let either K >0 or K <0 on 8). 
Then WN, being defined by (6), is a vector function of class C*, and the 
(local) theorem on implicit functions shows that the correspondance between 
S: X = (z,y,z) and its normal image N: (é,y,£) is one-to-one and such 
that 
(25) X=X(N) 


is a vector function of class C* (on the corresponding portion of the unit 
sphere | NV |=1). Hence the same is true of the scalar function p= NV -X 
(Weingarten; cf. [2], pp. 135-137) and therefore of its homogenized form ’ 


H = pp(&/p, n/p, £/p), where p= + 7°+ &)4 > 0, 
N = (€/p, €/p). 


Thus, if S: X(ut,u?) is of class C*, sufficiently small and of non- 
vanishing K —K(u,u*), then H—AH(é,y,¢) is a function of class 
(within that infinite cone of the (€,7,{)-space which corresponds to S in 
the spherical mapping of Gauss). But it turns out that, under the assumptions 
just stated, the function H = H(é,n,¢), instead of being only of class C’, 
is of class C? by necessity. 


(26) 


above, is unexpected, since it implies that, if parabolic points are excluded, 


® This H, which is Minkowski’s notation for the supporting function (26) (if K <0 
is excluded and S is closed and orientable), will not be confused with the preceding H, 
which is the mean curvature. 


This lemma, which in a certain sense is an analogue of (iii) in Section 4 
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then Minkowski’s applications of his general theory to differential geometry 
hold under the true assumption of the differential geometry of surfaces, 
which is the assumption of surfaces of class C*. In contrast, the literature 
consulted says or implies that Minkowski’s theory is applicable only under 
the artificial assumption that the surfaces considered are confined to the 
class C*. Suffice it to say that the mean curvature and the Gaussian curvature 
are expressible in terms of the second derivatives of H provided that H is of 
class C*, while the argument applied after (25) assures the C?-character of 
H (i.e., of the representation of S in plane coordinates) only if (5) (i.e., the 
representation of § in terms of point coordinates) is of class C*. 

Incidentally, it will be clear from the proof below that the last italicized 
assertion can be generalized, to every n= 2, in the same way as (iii*) in 
Section 5 generalizes (iii) in Section 4. In the excluded case, n 1, the 
assertion is now not only false but meaningless as well, since the curvature 
K = K(u’*,u*) of a surface of class C” cannot in general be defined if n = 1. 
On the other hand, it is clear (even in the case of an analytic S) that the 
assumption K = 0 cannot be omitted. 

The proof (for n = 2) of the last italicized assertion proceeds as follows: 


Since the piece of surface (5) is supposed to be sufficiently small and of 
class C?, it can be assumed that S is given in the form S: z= 2(z, y), where 
(z,y) varies on a small domain, say the circle x? + y? < e?, on which the 
function z(x,y) is of class C?. It can also be assumed that the oriented unit 
normal N = (é,y,¢) of S at (z,y) = (0,0) is in the positive half of the 
z-axis, hence £ > 0 on 2? + y? < (if is small enough). Then, if 
(27) q=—é/f, r=n/f, 
it is seen from (26), where p= X- N and X = (z, y,z), that 
(28) +ry=H+L, 
where 
(29) H = H(q,7r,1) and =L y) 
are functions of class C* and C?, respectively. But (28) and (29) imply that 
(30) «= Hg, y = H,, 


which, together with (28), defines a Legendre transformation. 
In fact, in view of the involutory character of a Legendre transformation, 
(30) and (28) together are equivalent to 


(31) q= Lz, r=L, 
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and (28) together, provided that L = L(z,y) is a function of class C? and 
of non-vanishing Hessian (i.e., provided that the transformation (31) of 
(z,y) into (qg,7r) is of class C* and of non-vanishing Jacobian). But the 
definition (29) of Z shows that this proviso is satisfied, since the function 
z(x,y) is of class C? and has a Hessian which, being a positive multiple of 
the curvature K = K(z,y), does not vanish by assumption. 

It now follows from a known fact on Legendre transformations (cf. [7], 
p. 6) that the transformation (30) of (g,7r) into (x,y) is of class C1? (and 
of non-vanishing Jacobian). But this means that H = H(q,r,1) in (30) 
is a function of class C? in (q,7r). It follows therefore from (27) and (26) 
that H(é,,£) is a function of class C? in (é,,€) ~ (0, 0,0). 

From the formal point of view, the supporting function of a parallel 
surface results by adding a constant to the supporting function of the given 
surface. It is clear that, because of this formal circumstance, the fact just 
verified could be applied in the direction of (iii). 
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THE SPECTRA OF QUANTUM-MECHANICAL OPERATORS.* 


By C. R. Putnam. 


1. Let A and B denote “ Hermitian ” operators (in a sense to be defined), 


satisfying the commutator 
(1) 


where, here, and throughout this paper, 7 is the imaginary unit, J denotes the 
identity operator, and all operators are to be regarded with respect to an 
underlying Hilbert space §. The justification for the appearance of the 
quotation marks above is that the unqualified relation (1) can never hold as 
an actual equation. Specifically, the identity operator appearing on the right 
side of (1) is defined for all elements f in §; thus, if (1) were a true equation, 
then clearly both A and B would be defined for all f in § and hence would 
be bounded operators,’ in contradiction to known results; cf. [12], [8], [10]. 
What is needed, then, is the specification of a domain, say Q, of elements in § 
for which (1) does hold, that is for which 


(2) 


for all f in Q. The statement that “(1) holds on 2” will then be taken to 
mean that (2) holds for all f in Q. It should be noted that Q belongs both 
to the domain of definition of the operator AB and to that of BA. 

This paper will be devoted to the problem of determining the nature of 
A and B and their spectra in relation to the domain ©. Certain results in 
this direction have recently been obtained by Rellich [8] under assumptions 
quite different to those of the present paper. In fact, the conditions imposed 
in [8] are such as to imply that the operators A and B are of the Heisenberg- 
Schroedinger type, and are therefore both unbounded; whereas in the case at 
hand, the fact that the boundedness of one of the operators is not precluded 
is essentially connected with the nature of the theorems to be presented below. 
For other results bearing on problems somewhat related to those considered 


“equation ” 


AB— BA =il, 


(AB— BA)f =if, 


in the present paper, see [7]. 


* Received March 3, 1951. 
*If A is any symmetric operator for which 9, = 9 (cf. section 2) then necessarily 
A is self-adjoint and is bounded ([9], pp. 51, 59). 


377 


if 
e 
fF 
: 
1 
t 
0 
| 8 


378 C. R. PUTNAM. 


The significance of the role of © in determining the spectral properties 
of A and B can perhaps be most readily demonstrated if A and B are 
defined by 
(3) A =id/dz, B =z. 


If f denotes any differentiable function, then clearly (2) holds, so that in a 
sense, (1) can be regarded as a “formal” identity. First, suppose that § 
consists of all (complex-valued) functions f of class L?(—0, 0). Then (1) 
holds on a certain subset 2 of §, and furthermore it is known ([5], pp. 66 ff.) 
that A and B can be regarded as self-adjoint operators (as defined in the next 
section), and that each posssesses the whole line —o < A < oo as its spectrum; 
in addition, neither A nor B possesses an eigenvalue. 

Next, let § consist of all functions of class L?[a, b], where [a, b] denotes 
a finite interval. If the boundary condition | f(a)/f(b)| 1 (among other 
conditions) is required for the functions in the domain of A, it is known that 
again both A and B can be regarded as self-adjoint operators. In this case, 
however, the spectrum of A consists of a discrete sequence of eigenvalues 
Ai, A2,* Which satisfy A, as while the spectrum of B is the 
entire interval a= 

It was thought by Dirac ([1], p. 94) that the situation in which the 
spectra of A and B consist of every real number was a consequence of the 
“equation” (1). However, as shown by the last example (which has been 
cited in a quantum-mechanical connection in the physical literature; [2], 
p. 299) such is, in general, not the case. Moreover, as is shown in Appendix 
II below, it is quite possible that A and B be formally Hermitian matrices 
(so that aj, = dj; and by, = b,j) which satisfy (1), and are such that one of 
the pair is bounded (and hence possesses a spectrum contained in a finite 
interval). In fact, the matrix consideration referred to here reflects the 
situation for the operators (3) on the finite interval. 

As previously remarked, the present paper will deal with the problem of 
characterizing the operators A and B (both of which, except in Theorem I 
and the Lemma below, are self-adjoint) satisfying (1), in regard to QO. A 
different type of problem, concerning the nature of the spectrum of a certain 
self-adjoint differential equation and the concomitant boundary value, problem, 
has been considered by Wintner [13]. 

The discussion of the cases bearing on (3) considered above, will be 
considered further in section 6. 


2. Terminology. The underlying Hilbert space will be denoted by 9; 
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it is understood that § is not the trivial space consisting of the zero element 
alone. The definitions and terminology will be that of Nagy [3]. Thus, an 
operator A will be called symmetric if A is linear and densely defined, and if 
(Af, 9) = (f, Ag) for all elements f, g in Da, the domain of A; hence A € A*. 
An operator A will be called normal if A is linear, densely defined, closed, and 
satisfies AA* = A*A; in particular, A will be called self-adjoint if A is normal 
and A= A*. It is to be emphasized that the unqualified equation A — B 
entails both relations A C B and A D B. 

By %4 will be meant the range of the operator A, so that 9t4 consists 
of all elements g in § such that g= Af, f in Da. Finally, if O denotes any 
set contained in Da, then A(Q) denotes the image of , that is, the set of 
all elements g in § such that g = Af, f in Q. 

All operators considered in this paper are linear. 


3. The theorems and some of the proofs will be given in this section 
and in section 5; the remaining proofs (those of Theorems I, IJ and III) 
will be given in sections 7-10. 


THEOREM I. Let A be symmetric and let B be an arbitrary linear 
operator in § satisfying the commutator equation (1) on a set Q of §. 
Then A cannot possess a real eigenvalue X with an eigenfunction belonging 
to. Moreover, the above statement remains true if A and B are interchanged. 


It is to be noticed that the above theorem does not preclude the existence 
of eigenfunctions for the operators A or B; in fact, it is quite possible that 
both A and B are self-adjoint, satisfy (1) on a set , and that the entire 
spectrum of A consists of (real) eigenvalues (with corresponding eigen- 
functions which, by Theorem I, cannot belong to 2). Suck an example is 
furnished by (3) with reference to the finite interval [a,b]; cf. the remarks 
in section 1. The situation is readily explained in the present instance by 
the fact that if a function f(z) is in Da, it satisfies the boundary condition 
| #(a)/f(b)| 1. Since, however, © C Daz, all functions of © necessarily 
satisfy this same condition ; in particular if f is an eigenfunction of A belonging 
to 2, then both f(x) and af(x) would have to satisfy the boundary condition. 
This is impossible since | f(a)| =| f(b)| 0 for such f’s. 

Theorem [ is similar to a portion of Theorem III of [7]. 

The next theorem is 


TuerorEM II.? Let A and B denote self-adjoint operators in © satisfying 


? The author wishes to thank Professor Kodaira for several valuable comments and 
suggestions in connection with the formulation and proof of this theorem. 
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(1) on a set Q, and suppose that the set AB(Q) is dense in §. In addition, 
let A-* be bounded. Then (i) Da C Rez and (ii) A ts unbounded. More- 
over, the theorem remains true if A and B are everywhere interchanged. 

The next theorem is similar to the above but with a slightly altered 
hypothesis. 

THEOREM III. The assertions of Theorem II above remain valid tf the 
assumption that AB(Q) be dense in § is replaced by the assumption that 
® = BA(Q) Raz be dense in §. 


In the next section, a lemma will be proved which will be useful in 


deriving certain consequences of the above theorems. 


4. For an arbitrary pair of complex numbers A, » and an arbitrary pair 
of operators A, B, define A, and B, by 


(4) A, == A—AI, B, = B—pl. 
It is readily seen that if A denotes a real number, then the operator A) is self- 


adjoint (symmetric) if and only if A is self-adjoint (symmetric). First, the 
following Lemma will be derived: 


Lemma. If A and B denote arbitrary operators (not necessarily self- 
adjoint or even symmetric) in a Hilbert space §, and if (1) holds on Q, then 


(5) — = (A and arbitrary complex numbers), 


also holds on Q. 


Proof. Since 9 C Daz C Dz, and OQ C Daa C Da, it is clear from (1) 


that 
(6) AB— pA—dAB+ dApI — BA + pA+AB—dpl 


holds on Q. Since AB+ AC C A(B+ C), and (A+ B)C = AC + BC hold 
for arbitrary operators A, B, C (cf. [3], p. 28), relation (6) implies first that 
A(B—pl) —A(B— pl) — (B—plI)A +A(B—pl) =i 
holds on Q, and then that 
(A — Al) (B—pl) — (B—pl) (A—AI) = 


holds on ©. As this last relation is simply (5), the proof of the Lemma is 


complete. 
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5. It is clear that if the role of (1) in Theorems I-III is played by (5), 
and if the role of the set 2 is played by some set Q),, then theorems similar 
to I-III, but pertaining to A, and B,, where A and yp are real, may readily 
be obtained. According to the Lemma, the set 2),, on which (5) holds, 
contains the set on which (1) holds, that is, Q C Q),. Since another appli- 
cation of the Lemma shows that C (= Q), it follows, however, 
that even OQ = Q), (A, complex, arbitrary) is valid. 

In addition it can be remarked that in order to prove, for instance, that 
A is unbounded, it is sufficient to prove that A, is unbounded for some (real 
or complex) value A. 

For the sake of application to the problem of locating spectra, the 
following theorem, which involves A, and B,, and which is a corollary of 
Theorem II, will be stated. 


THEOREM IV. Let A and B denote self-adjoint operators in § satisfying 
(1) on a set Q, and let Ay and B, be defined by (4). 


(i) Consider the set, S, of real values X for which there is a real value 
p=p(A) such that the set A,B,(Q) is dense in § and Day is not contained 
in ftz,. Then the set § 1s contained in the spectrum of the operator A. 


(ii) The above statement (i) remains true if the symbols A and B are 
tnterchanged throughout. 


Remark. It should be noted that if a self-adjoint operator A possesses 


the spectral resolution A adh, then Ay (*—2A)dH,. Further- 


more, if A is not an eigenvalue of A, then the inverse of Ay, that is Ay’, 


exists and is given by Ay? = f (%—A.A)-1dE,, the resolvent of A. Since 


A is a self-adjoint (and therefore normal) operator, it can possess at most 
a denumerable set of eigenvalues A (for which values A)~*, of course, fails 
to exist). A point A is not in the spectrum of A if and only if A) exists 
and is bounded. In addition, it should be noted that if A is not an eigenvalue, 
then the inverse operator A)? (as well as Ay) as defined above is self-adjoint 
whenever X is real. 


In connection with the above remark see [3], p. 54. 


Proof of Theorem IV. Since an interchange of A and B in (1) is equi- 
valent to the substitution of — A for A in this relation, it is clearly sufficient 
to prove only part (i) of Theorem IV. By virtue of the Lemma, relation 
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(5) holds on Q. Let A be in S, and suppose A is not in the spectrum of A. 
Then A, exists, is self-adjoint, and is bounded. An application of (i) of 
Theorem II then implies D4, C Rz,, in contradiction to the hypothesis ; hence 
all points of S are in the spectrum of A. This completes the proof of 
Theorem IV. 


6. Examples. Consider the real axis —o < 4 <<, and on it the self- 
adjoint operators A and B defined by (3) (cf. section 1). It is known) ([5], 
pp. 66 ff.) that both A and B possess the set —o<A<o as their spectra. 
A proof of this fact, as far as A is concerned, will be given as an application 
of Theorem IV. Since A is self-adjoint, the spectrum of A is contained on 
the real line —o<A<o. It will be shown that for any real A, the function 
p =p (A) =0 suffices in part (i) of Theorem IV. Thus, it will first be shown 
that the set A,B(Q) is dense for all real A. (It is to be noted that By = B.) 
This set consists of all functions g such that 


(7) g = if —df, 
where f = zl, and F is in Q. Multiplication of (7) by e** yields 
(8) ges — i( fede)’ 


Let k = k(x) be in L?(—o, o) and satisfy 
(9) f kg dx = 0 for all functions g of (7). 


Consider only functions / with continuous first derivatives on —o< 4<o 
and which, in addition, are such that f = 0 outside of a finite interval [a, }]. 
Clearly the functions F’, as well as the functions f = zF, belong to the class 2 


b b 
and are dense in §. From rf kg dx = 0, one obtains 1 f ke-2(fetx)’dz =0. 
a a 


b 
Put K(x) = itke-*; then the last relation implies f fe®*dK (x) = 0 for 


all functions f of the type considered above. ‘This clearly implies that 
K =const. on [a,b]. Since a and are arbitrary, K —const.on —o << 
Since K belongs to class L?(—, 0), K (and hence &) is identically zero. 
Thus the set A,B(Q) is dense for every 4. The assertions regarding A will 
follow if it is shown that D4, is not contained in ¥g for any real A. However, 
if a function f is in Ms, then f—2g, where g CDz, and consequently 
f/x C L?(—o, 0). But the existence of functions f in D4, for which f/z 
is not in L?(—oo, o) is clear; in fact, one need only arrange that f(0) 0, 
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@ 
so that (f being continuous), f | f/x |?dxa co holds. Consequently, the 


spectrum of A contains the entire line —o<A<o, and is therefore just 
this line. 

The situation for the line —o<2<o is to be contrasted with that 
for the finite interval [a,b]. In the latter case, as remarked in section 1, 
the boundary condition | f(a)/f(b)| 1; (among other requirements) must 
be imposed on the functions of D4. Since, among other things, all functions 
of 2 must satisfy the boundary condition f(a) —f(b) —0, one can readily 
see, by direct verification, that the set T = A,B,(Q) is, in the present case, 
never dense (A, real, arbitrary), and that the set 6 = B,A,(Q) is surely 
not dense if B,-* is bounded. In fact, the function &k = e* is orthogonal to 
all elements of T'; while if B,-* is bounded, so that » does not belong to [a, b], 
then the function = is orthogonal to all elements of ©. 


7. Proof of Theorem I. It is sufficient to prove the theorem in the case 
that A is symmetric and B is arbitrary; cf. the above remark at the beginning 
of the proof of Theorem IV. According to the Lemma, (5) holds on 
(A and » arbitrary). Hence, if A possesses a real eigenvalue with an eigen- 
function f in Q, then A,f = 0 for some real A, and if » 0, then (5) implies 
A, Bf — BA)f so that, since B is linear, A\Bf —if CQ. In particular, 
since © CDgay C Day, the element A,BfCDay. Since A is real, Ay is sym- 
metric, and hence (g, A,h) = (Ang, h) whenever g,h belong to Da). Clearly 
BfCDay. Let g = and h = Bf; then (A,Bf, A,Bf) = Bf) 
= 0, since A,A,Bf = A)(if) =0. Thus A,Bf —0 and hence f = 0, in con- 
tradiction to the requirement that f be an eigenfunction. This completes the 
proof of Theorem I. 


8. Proof of (i) of Theorem II. As above, it is sufficient to prove the 
theorem as stated in terms of A and B (cf. the beginning of the proof of 
Theorem IV above). It follows from (1) that 23(ABf,f) = (f,f) so that 


(10) | ABFI = f in Q. 


In order to prove (i), it is sufficient to show that for any element g in §, 
there exists an element f of Dz for which A-'g = Bf. Since AB(Q) is dense 
in §, there exists a sequence f;,f2,---°, where f, are in 9, such that 
ABf, as By virtue of (10), fr as But A 
is bounded, so that Bf, > A-tg; since B is closed, f is in Dg, and Bf = Ay. 
This proves (i). 


), 
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9. Proof of (ii) of Theorem II. It will be shown that the assumption 
that A is bounded leads to a contradiction. Suppose, if possible, that A 
(as well as A~*) is bounded. Since D4 — § and, by (i), Da C Kz, it follows 
that B-* exists and is self-adjoint (cf. [3], p. 35, (c)). In addition, B is 
also bounded ([9], p. 59. See also the above footnote 1). Let f belong to 
AB(Q), so that f = ABg, where gC Q. An application of (1) to g = BAF 
yields f— BAB“*A“*f =iB“A“f. Let a and B denote the bounded operators 
AB" and B-1A- respectively. Then an application of the operator @ to the 
last equation gives 


(11) af — Bf = iaBf, 


which is valid for all f in AB(Q) (and hence for all f in §). Clearly « = p*; 
therefore if U is defined by 

(12) U—p+il, 

relation (11) implies 

(13) U*U =I. 


For any bounded operator C, let || C || be defined by || C || =1.u. b. || Cf | 
when || f || 1; since (Uf, Uf) = (f, U*Uf) = || f ||? for all f C§, it follows 
that || U || 1 (and hence || U* || 1). Moreover, the spectrum of any 
bounded operator C is contained in the circle | z | < || C || of the complex plane 
(cf. [11], p. 143). Hence, by (12), the spectra of B and f* lie in circles of 
radii 1 with centers at z = —1 and at z =1, respectively. 

Since A“*B-? = A-1(B“A-')A, it follows from the fact that A and A* 
are bounded that 8 and B* (=a) have identical spectra (cf. [12]). Conse- 
quently, the origin z = 0 is the only possible point in the spectra of B and £*. 
(Incidentally, that z —0 actually is in the spectrum of B is clear from the 
fact that the spectrum of a bounded operator is never empty; cf. [11], pp. 
143-144.) Hence by (12), A= 0 certainly is not in the spectrum of U, so 
that U is non-singular (possesses a unique, two-sided, bounded inverse) ; 
since, as was seen above, U*U — J, it follows that UU* —J must also hold. 
Thus U is unitary and £ is normal, so that 8 = B-'A- is the (bounded) zero 
operator. (It should be noted that the fact that z= 0 is the only point in 
spectrum of a non-normal bounded operator C is not sufficient to guarantee 
that C is the zero operator.) It follows that B possesses A 0 as an eigen- 
value with any f+ 0 in § as a corresponding eigenfunction. One thereby 
obtains a contradiction to the fact that 8 is the inverse of AB (cf. [3], p. 28). 
In fact, 0 = BABf =f for all f in Daz; the existence of some f ~0 in Daz, 
however, follows from the assumption that AB(Q) is dense in the (non-trivial) 
space §. This contradiction completes the proof of Theorem IT. 


( 
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10. Proof of Theorem III. Since Rg is dense, B-? exists and is self- 
adjoint ; [3], p. 35, (c). Let fC®; then f—BAg,gCaQ. An application of 
(1) to g=A“*B"f yields ABA*B*f—f—iA*B"f. As in section 9, let 
a=AB4 and 8 = A*B+ (with the understanding that « and B need not 
be bounded in the present case). Since f is in ®, both elements f and 
ABA*B"f belong to Dg, so that A~Bf must also belong to Dg. An appli- 
cation of B to the above equation gives 


af — Bf = iBaf, f in ©. 


Since @ is dense, both a and B are densely defined and, consequently, the 
adjoints #* and 8* exist. Since A-? is bounded, a* = B ([3], top of p. 29). 
Hence 8, being an adjoint, is closed. In addition, « C 8*; [3], top of p. 29. 
The last formula line now implies B*f — Bf = 1B88*f, for all f in ®. If, as in 
section 9, U is defined by (12), it is clear that U is linear, closed, and densely 
defined, that U* exists, and that (cf. [3], top of p. 29) U*—,p*—il. It 
follows that 

(14) UU*f =f, f in ©. 


Furthermore U** =U ([3], middle of p. 29). Since (14) holds for all f 


in C C Doe. Let h be an arbitrary element in §; since is 
dense, there exists a sequence of elements f, in ® such that f,->h as n>. 
Clearly 


(U*(fn — fm), U*(fn — fm)) = ((fn fm), U**U*(fn — fm)), 


so that by (14) and the equation U** = U, U*(fn—fm)—>0. Thus U*f, — k, 
where & is some element of § But U*, being an adjoint, is closed; hence, 
U*h =k, that is, U*h is defined for all h in §. Furthermore, it is readily 
seen that (U*f, U* f) = (f, U**U*f) = (f, f) for f in ®. Thus | U*f | =| f'| 
whenever f is in ®, and hence (by the above results) whenever f is in §. 
Consequently, U* is bounded; this implies that U(— U**) is bounded. It 
now follows from (12) that B is bounded, and therefore 94+ C Dpg-, that is, 
4 C Rs. This proves the first part of Theorem II. The proof of the second 
part, namely that A is unbounded, is similar to that given in the latter part 
of section 9. Thus, the assumption that A is bounded readily implies that 
U*U =I as well as UU* =I (the last relation having been obtained above), 
so that U is unitary. The existence of an f><0 in Daz follows from the fact 
that C 4s, and one obtains a contradiction as before. This completes the 
proof of Theorem III. 
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Appendix. 


I. Certain formulations of the statement “(1) holds on Q” can even 
specify explicitly the set ©. For instance, if the assumption that (1) holds 
on © is replaced by AB C BA + iJ, then Q=QD,z. Furthermore, if it is 
assumed that AB = BA + 1J, then Q = Daz —Dzga. Thus under such revised 
assumptions, the formulations of the various theorems of this paper can be 
stated more simply; these revised forms are clear, however, and will not be 
stated explicitly. 

Also, slight variations of the above theorems and even sharpened state- 
ments can be obtained in certain instances. Such a case in point is offered 
by part (ii) of Theorem II. In fact, according to Theorem III of [7], ii A 
is arbitrary and B is normal (not necessarily self-adjoint), then the relation 
AB C BA-+ il implies, without further assumptions, that A is unbounded. 


II. The existence of a pair of matrices A = (dmn),B = (bmn) satisfying 
relation (1), the Hermitian requirements 


(15) (Ginn) = (dam),  (Bmn) = (bam), 
and 
(16) | |? <0, D | Been |? <0, man, 2,- °°, 


and such that one of the pair is bounded, will be shown. According to (16), 
the rows (hence, by (15), the columns) of A and B belong to Hilbert space; 
as a consequence, the products AB and BA occurring in (1) (the latter relation 
being now regarded as an ordinary matrix equation) surely exist. Specifically 
it will be shown that the pair A, B defined by 


4imn/a(m* —n?), m odd (even) and n even (odd) 


0, otherwise 


(17) 


M=N 
bmn = + — 8mn/x(m? — n*)*, m odd (even) and n even (odd) 
0, otherwise 


satisfies (1), (15) and (16), and. that B is bounded. In principle, the 
verification of these claims can be made directly; however, the proof, which 
will be given below, will depend on a correspondence between matrices and 
operators. 

Consider the operators A = id/dz and B = z, which satisfy the “ formal ” 
identity 
(18) AB— BA =i, 
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as operating on the class, 3, of functions f(x), which are absolutely continuous 
on the finite interval a= av b and satisfy 


(9) =0, Par ("= d/dz). 


It is clear that the set % is dense in the Hilbert space § of all functions f on 
b 
[a,b] for which f | f |?da <oo, and that, as is seen from (18) and (19), 


b 
f f(Cg)dc — (Cf) gdz, where C= A or B and f,g are in 
a a 


(cf. [5], pp. 66, 68, and [8], p. 111). If desired, the domain of definition 
of the (unbounded) operator A can be extended so that A becomes a closed 
operator (cf. [5], pp. 76, 79) ; it should be noted that B is a bounded operator 
(and is defined for all f in If “denotes any ortho- 
normai complete sequence of functions of class %, and if the matrices A = (dmn) 
and B = (bmn) are defined by 


b b 
a a 


then A and B satisfy (15) and (16), and B is bounded (cf. [11], pp. 184 ff., 
and [4], pp. 122 ff.). In addition, as a consequence of (18) and (19), it is 
seen by direct verification, that (1) also holds. By choosing [a,b] to be 
[0,7] and n(x) = (2/m)4sin na, one obtains the matrices A and B of (17). 
Incidentally, it can be remarked that the spectrum of the matrix B defined 
by (17) is exactly the interval [0,7] ([11], pp. 184 ff.). 

By choosing different sequences on [a,b], one can obtain 
various pairs A, B satisfying (1), (15) and (16), and such that B is bounded. 
All of the bounded matrices B obtained in this manner, are unitarily equi- 
valent to each other ([11], pp. 184 ff. and [4], pp. 122 ff.) and none, of 
course, is unitarily equivalent to either of the linear oscillator matrices 
occurring in physics (cf., e. g., [2], p. 370). It will remain undecided whether 
all bounded matrices B, which have identical spectra and which can occur in 
pairs A, B satisfying (1), (15) and (16), are unitarily equivalent to each 
other, or what amounts to the same thing, to a fixed such matrix, say the 
one defined by the second relation of (17), in case the spectrum is the 
interval [0, 7]. 
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ON NON-OSCILLATORY LINEAR DIFFERENTIAL EQUATIONS 
OF SECOND ORDER.* 


By Puitip HartTMAn.** 


1. Necessary conditions. In the differential equation 


(1) + 4a(t)y =0, 


let g = q(t) be real-valued and continuous on 0 <¢ <oo. Only real solutions 
y=y(t) #0 will be considered below. The equation (1) will be called non- 
oscillatory if every solution has only a finite number of zeros on OS t <<. 


(1) If q(t) satisfies 


(2) 0, as 
or, more generally, if 
= (3) l. u. b. a(tyat as u>0, 
0<v< 
then a necessary condition that (1) be non-oscillatory is that either 
T 
0 
or 
(5) f q(t)dt = lim f q(t)dt exists 
0 0 


(as a finite limit). 
In the simple case where the assumption (2) or (3) is replaced by 


q=.0, it is known that (5) is a necessary condition (Wintner [9], p. 97). 
In fact, without any restriction on q(t), it is known that 


t 


limint T™ q(s)ds)dt 
0 0 


* Received May 21, 1951. 
** John Simon Guggenheim Memorial Foundation Fellow, on leave of absence from 
The Johns Hopkins University. 
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is a necessary condition (Wintner [10]). The following theorem contains 
this result (but not that of (I)): 


(II) A necessary condition that (1) be non-oscillatory is that either 


T t 
(6) lim inf T= {J q(s)ds) dt = —co 


or 
t 


(7) lim 9(8)ds)dt M exists 
T3932 
0 0 


(as a finite limit). 


The proof of (II) will show that, in the case (7), the mean value M 
exists “ absolutely ” and, in fact, 


if 
(8) 


where 
t 
(9) Q(t) —M— a(s)as. 
0 
Using the methods of [3], where however it is assumed that (5) holds and 
(9) reduces to Q(t) = f q(s)ds, it can be shown that in the case (7) the 
t 


function (9) must satisfy 


(10) f f 


0 


for 0< A<4; but, according to Wintner ([11], § 7), not necessarily for 
A>4. (That (10) must hold for 4 2 when (5) is assumed was first 
proved by Wintner [11], § 7.) 
(II bis) The case (6) of (II) is compatible with each of the possibilities: 
(11) lim sup f f q(s)ds)dt is —oo, finite or +o. 
0 0 


Of course, (I) rules out the last two possibilities when (2) or (3) holds. 
These possibilities are also ruled out by somewhat milder assumptions. 


0 0 
| 
| 0 
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(III) Jf q(t) ts half-bounded on 0 St <.«, or more generally, if there 
exists a positive constant e such that 


utv 


(12) f q(t)dt is half-bounded for 0<u<0,0<0<e, 


then a necessary condition that (1) be non-oscillatory is that either (4) or 
(7) hold. 


2. Ausiliary theorems. The proof of (II) will depend on the following: 


(A) If (1) ts non-oscillatory, then a necessary and sufficient condition 
that 


(13) << 
hold for one (and/or every) solution y= y(t) of (1) 1s that (7) hold. 


This implies the result of Wintner ([11], § 6) that a sufficient condition 
that (13) hold for every solution of (1) is that (5) be valid. In view of (II), 


it is seen that even 
T 


(14) lim inf f q(s)ds)dt > —o 


0 


is sufficient (since (14) implies (7), when (1) is non-oscillatory). 
The proof of (I) will depend on the following: 


(B) Jf (1) is non-oscillatory, then (3) is necessary and sufficient in 
order that 
(15) y(t) /y(t) as t-00, 


hold for one (and/or every) solution y= y(t) of (1). 


This implies the result of Wintner ([{11], § 6) that a sufficient condition 
that (15) hold for every solution of (1) is that (5) be valid. 

The theorem (B) is an analogue of a theorem in [2], § 11, where q(t) 
in (1) is replaced by g(t) —1, and (15) by y’/y—> +1, as t->00 (but where 
it is asserted, not assumed, in one half of the theorem that (1) is non- 
oscillatory. ) 

Theorem (B) implies the result of Perron [6] that (15) holds for every 
solution of (1) if (2) holds and g(t) <0. Actually, Perron treats the more 
general equation 


= 
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(16) p(t)y’ + a(t)y = 0, (p,q real) 
and his assumptions are that (2) holds, g(t) =0, 
(17) p(t) > 0, as t> 0, 


and p(t) =0. Since there is no loss of generality in assuming that p(t) 
is locally smooth, it follows from (B) and the variation of constants 


t 
y—zexp(—4 p(s)ds), 
0 


which gives the differential equation 2” + (q— p?/4— p’/2)z=0 and the 
relation y’/y = 2’/z — p/2, that if (17) is assumed, then (B) remains true 
if “(16)” is read in place of “(1)”. 

Since (16) is non-oscillatory when g=0, it follows that Perron’s 
assumption p< 0 is superfluous. This fact has already been noted by Hamel 
[1] who, under the assumptions (2) and (17), gave necessary and sufficient 
conditions that (16) be non-oscillatory and that its solutions satisfy (15). 
But it is clear from the extension of (B) to the differential equation (16) 
that Hamel’s conditions must then be merely necessary and sufficient con- 
ditions that (16) be non-oscillatory. From this point of view, Hamel’s 
criterion, based on a variational principle, that (16) be non-oscillatory has 
nothing to do with his assumptions (2) and (17). This is clear from a glance 
at the first part of his proof. His criterion has been generalized by Putnam 


[7]. 


3. Proof of (B). If y=y/(t) is any solution of (1), then y(t) does 
not vanish for large ¢ and its logarithmic derivative 
(18) c= y/y 
satisfies the Riccati differential equation 
(19) +07 +9(t) =0 


(for those ¢ for which (18) is defined). Hence, (B) is a consequence of the 
case r(x) — — 2” of the following lemma, which is an analogue of the theorem 
(II*) in [2], § 9. 

LemMaA 1. Let r(x) be defined and continuous for a4 <0 and 
have the properties that 
(20) r(0) =0, 
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and that there exists, on 04% <@, a monotone (non-decreasing) function 
R(x) satisfying 
(21) | r(z)| = R(|z|) > 0 for 0< |r] <a 


and 

(22) f dz/R(x)<0. 

Let x = 2x(t) be defined for large t and be a solution of 
(23) =r(x) —q(t). 

Then (3) ts necessary and sufficient in order that 

(24) x(t) +0, as t->00. 


Proof. The necessity of (3) follows from the inequality 


where (20), (21) and (24) imply that r(r(t)) +0, as to. 

In order to prove the sufficiency of (3), it will first be shown that (3) 
implies 
(25) lim inf [0 Slim sup z(t). 

Suppose, if possible, that the second inequality does not hold; so that 
(26) a(t) S—c<0 
for large ¢, say fora = ¢t<o. Then, by (21) and (23), forasSu<+vu<o, 


Clearly, (3) implies that, if wu is sufficiently large and fixed, then the right 
side of (27) tends to 0, as v-»>e. Hence (26) shows that x(t) >~—o, 


ast—>oo. From (23), 
t 


o(t) =f r(a(s))ds— 4(s)ds + 2(a). 


a 


Since (21) and (22) imply that | r(x(t))|—>00, as t->00, the condition (3) 
and the last formula line imply r(z(t)) >~—o, as t—>0. Hence (3) gives 


9 


utv u+v 
a u 
u 
t 
a 
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t 
f R(—<2(s))ds for large 


Since RF is monotone, it follows that 
t 
28’ = R(S), where S(t) =4 R(—2x(s))ds 
a 


tend to as A quadrature gives 


S(t) 
(28) 2 f as/R(s) > + const. 


If t->oo, this relation contradicts (22). This proves the second inequality 
in (25); the first is proved similarly. 

Suppose, if possible, that the limit superior, as t-—>o, of x(t) is 
positive, say has the value 3c > 0. Then, by (25), there exist large values 
of wu and u+v(>u) such that cS 2(t) S2c for and that 
z(u+v)—z(u) =+c, where + is —sgnr(c). Then an analogue of 
(27) gives 


| f q(t)dt| 2), 


where ¢) = min(c,R(c)) >0. But this contradicts (3). Hence, the limit 
superior of x(t) is 0; similarly, it is proved that the limit inferior is 0. This 
completes the proof of (24) and of Lemma 1. 


4. Proof of (A). Ify—~y(t) is any solution of (1), then its logarithmic 
derivative (18) satisfies the Riccati equation (19) for large ¢, say for 
asSt<o. An integration of (19) gives 


(29) x(t) +f (s)ds = x(a) —f q(s)ds 


for ¢= a. 
Suppose that (13) holds, it will be shown that (7) holds. The assumption 
(13) implies that (29) can be writen in the form 


t 


(30) — f x? (s)ds = M — f q(s) ds, 


t 


a 
T 
| 
t t 
a a 
| 0 
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where 
@ 


(31) M—=2(a)— f x*(s)de+ q(s)ds. 


a 
Since (13) implies 
t 


T+ 22(t)dt 0, as T'->2, 


a 


ff x*(s)ds)*dt—>0, as 
a t 


the relation (8) follows from (9) and (30). In particular, (7) holds (Holder), 
as was to be proved. 
In order to prove the converse, note that (29) and a quadrature give 


t 


(32) J 2(s)as +f fi x? (uw) du) ds 


a 
t 


= t*z(a)(t—a) —t* f ( q(u) du) ds. 
a a 
The assumption (7), or even (14), means that the right side is bounded from 
above, as t->co. If (13) fails to hold, then 


t 8 


t 
—t f a(s)as = ike) x*(u)du)ds for large 
Then Schwarz’s inequality 
t t 


shows that 


t t 8 
4t f x*(u)du = ( fof x*(u)du)ds)* for large 


This is equivalent to 


8 


t 
4tS’ = where S(t) = z*(u)du)ds 


a 
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tends to 0, as t-»0o. A quadrature of this inequality gives 


S(t) 
4 f ds/S? = log t + const. 


Since this is impossible for large ¢, it follows that (7), or even (14), implies 
(13) for every solution y(t) of (1). This completes the proof of (A). 


5. Proof of (II). Suppose that (1) is non-oscillatory and that (6) 
does not hold (that is, that (14) holds). It must be shown that the alterna- 
tive, (7), holds. By the proof just completed, (14) implies (13) for every 
solution y(¢) of (1). But (13), for one solution, implies (7), by (A). This 
proves (II). 


6. Proof of (III). If (4) fails to hold, then the integral in (4) exceeds 
some fixed constant. when ¢=f,, where t, << t, is some unbounded 
sequence of ¢-values. The half-boundedness of g, or the more general condition 
(12), implies the existence of constants C and « > 0 such that 


(33) 


for typ <Ct<t,z+e or typ—e<t< tn, where n—1,2,---, and C, are 
independent of n. The assertion (III) is contained, therefore, in the following: 


LemMA 2. If (1) is non-oscillatory and tf there exists a constant C such 
that (33) holds for all t on a set E of infinite measure, then (7) 1s valid. 


Proof. By virtue of (A), it is sufficient to show that (13) holds for a 
solution y= y(t) of (1). The Ricatti equation (19) and its integrated 
form (29) are satisfied for c= y’/y for large t, say a= t <0. By (383), 
the right side of (29) is bounded from above if ¢ is on the set H. Hence, 
if (13) fails to hold, a modification of the arguments between (27) and (28) 
leads to the contradiction 


2 dS (t)/S*(t) = measure of H(T), 
E(T) 
where T is large, H(T’) denotes the portion of # on Tt <o and 


S(t) —4 f a, as t 


This proves Lemma 2. 


( 
t 
T 
t 
t 
Ww! 
€X 
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7. Proof of (1). If (1) is non-oscillatory and (2), or more generally 
(3), hold then, either (4) or (7) holds, by (III). It remains to show that 
when (7) holds, (5) is valid. 


Suppose that (7) holds, then (13) is true for every solution of (1), by 
(A). In addition, (15) is true, by (B). The equation (30), which is valid 
for large t, then implies (5). This proves (I). 


8. Other necessary conditions. Changes of the variables in (1), followed 
by applications of the above theorems lead to different necessary conditions 
that (1) be non-oscillatory. For example, if the new independent variable, 
s= 17, where y > 0, and the new dependent variable z = fy are intro- 
duced, then (1) becomes 


d?z/ds* +- y*[ q(t) — (1 — t°7/4]z = 0, where t = 8/7, 
An application of (II) shows that if 
T 
lim inf f q(t)t-Vdt > —o, 


then a necessary condition that (1) be non-oscillatory is that the mean value 


t 
(34) lim T-7 f f q(u)ut-vdu) dt M exist 


(absolutely). In particular, if g= 0, then 


f a(tyenat <oo for all y>0. 


This result can be deduced from Wintner [9], p. 97; [10]; [11]; Hille [4], 
p. 243; and Leighton [5]. If y > 0 is fixed and as to, 


T 
then (I) show that lim f q(t)tdt, as T 00, exists either as a finite 


number or as Finally, if y= 1 and q(t)t*~ is half-bounded, as t 


T 
then it can be shown, by (III), that either (34) holds or f q(t)t“dt > —o, 


when (1) is non-oscillatory. 


9. Proof of (IIbis). The first possibility in (11) is realized, for 
example, by g(¢) =—1. 
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In order to obtain examples illustrating the other two possibilities of (11), 
suitable continuously differentiable functions x = x(t) will be constructed on 
0=t<o. The function q(¢) will then be defined, in terms of x(t), by 
the Riccati equation (19). It then follows that the corresponding differential 


t 
equation (1) is non-oscillatory; in fact, y(t) —exp f x(s)ds is a non- 
0 
vanishing solution of (1) forO = t<o. This type of construction of counter- 
examples in the theory of the differential equation (1) has been given in 
[8], p. 394 and [2], § 21. 

The function x= -z(t) to be defined now will be smooth except for a 
sequence of discontinuities, which tend to «. It will be clear from the proof 
that these discontinuities can easily be avoided. 

Since (32) follows from (19), where a is arbitrary, it must be shown 
that if X(t) denotes the left side of (32), then for suitable choices of 
z(t), 


(35) lim sup X(t) =o 


and 
(36) lim inf X(t) is finite or —o. 


The relation (35) is equivalent to (6) ; while the first and second alternatives 
of (36) are equivalent to the second and third, respectively, of (11). 


Let «:,€2,: * - be a sequence of positive numbers satisfying 
(37) as (a= 1/e). 


Define z(t), on (a = )1—a St <~, by placing x(t) = 1/(n — t) log(n — t) 
or x(t) —0 according as n—aSt<cn—e or 
for n=1,2,---. Then 
T 
° n 
(38) 2(t)dt = — ¥ log log for <T<n+1—a 
e 


The identity 


f (T —s)a?(s)ds 
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and a simple calculation show that, for n—e, [= TSn+1—a, 


t 


a 
where 


(40) f dt/t? log? t ~ 1/e log? as «—>0. 


If T=n+1—za4, then 1 —k/T = (1—a)/T for k =1,---,n. Also, 
the second term on the right of (39) is positive, by (37). Hence, X(T), 
which is the sum of (38) and (39), exceeds 


(1—a)L (ex) —log log 
k=1 
for T=—=n-+1—za. In view of (40), this implies 


lu.b. X(t) as 
(n-a,n+1-a) 


and so, (35) holds. 

Let T =n, then the contribution of the interval StS n—e to 
X(T) is n*(1 + log e, — log log e,*). This expression tends to 0 or to 
—o according as «, tends to 0 sufficiently slowly or sufficiently rapidly, as 
n—>o. The contribution of aSt<n—a to X(T), where n—aSt 
<n+1— a, depends only on «,- - -,€. (and not on e,) and exceeds 


n-1 
T* > [(1—«)I (ea) — log log 0, as n—->00. 


Consequently, if c:, ¢2,* - - is any given sequence of numbers, which is bounded 
from above, then there exists a suitable sequence «;, €2,- - - satisfying (37) and 


g. lb. X(t) as 


(n—a,n+1—a) 
in particular, 


lim inf X(¢) = lim inf 


no 


On choosing c, independent of n or c,—=—n, the alternatives of (36) are 
realized. This completes the proof of (II bis). 


Paris, FRANCE. 
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ON THE DIRICHLET SERIES ASSOCIATED WITH RAMANUJAN’S 
t-FUNCTION.* 


By Grorce SHAPIRO.” 


I. Introduction. The Ramanujan function r(n) is defined by the 
identity 
a 
(1—2")* = Sr(n)2"; 
n=1 n=1 
i(n), by the relation 
t(n) = 


It is known [7], that 
(1. 1) t(n) = O(n'), 


while Ramanujan has conjectured that 

(1. 2) t(n) = O(n‘) for every « > 0. 
The function ¢(m) is multiplicative; i. e., 

(1. 3) t(mn) =t(m)t(n) if (m,n) —1. 
Also, 

(1. 4) t(p*) =t(p)t(p**) —t(p**), 

Put 


(1. 5) Z(s) 


This series is known to converge for o > 2/5 and to have as abscissa of 
absolute convergence o=1. Therefore, it follows from (1.3), (1.4) and 
(1.5) that the Euler representation of Z(s) takes the special form 


(1.6) Z(s) + for o > 1, 
and that the product is absolutely convergent there. 
Wilton [9] has shown that 
(1. 7) + 11/2)Z(s) = (27) (13/2 —s)Z(1—s), 


* Received June 5, 1950; revised January 9, 1952. 
1 The author was a Predoctoral Fellow of the Atomic Energy Commission during the 
research leading to this paper. 
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and that Z(s) has infinitely many zeros on the line o—1/2. From (1.6) 
it follows that Z(s) has no zeros in the half plane o >1; the functional 
equation, (1.7), then shows that Z(s) has “trivial” zeros at s = — 11/2, 
— 13/2,- - - and no other zero with negative real part. Moreover, Rankin 
[6] has shown that there are no zeros on the lines o—0 ando=—1. The 
“ Riemann ” hypothesis for Z(s) is that all non-trivial zeros of Z(s) lie on 
the line o = 1/2. 

Let G be the (simply connected) region obtained from the half plane 
o > 1/2 by deleting all horizontal segments 


where oo + tt, is a zero, if any exist, of Z(s) ino >1/2. By LogZ(s) in 
o >1/2 is meant the analytic continuation into G of LogZ(s) in o >1, 
where Log Z is that branch of the logarithm which is real for real positive Z. 


Put 
Zn(S) — t(px) + for o > 1/2. 


In II it will be shown by a method similar to that used by Bohr in [1], 
that for every fixed o > 13/20, the sequences {Z,(s)} and {Log Z,(s)} 
converge in relative measure to Z(s) and Log Z(s), respectively. In III, the 
asymptotic distribution functions of Z and of LogZ will be investigated. 
(See [5] for definitions of the concepts used in III; much of III is analogous 
to the corresponding investigation of ¢(s) in [5].) It will be shown that 
both asymptotic distribution functions are absolutely continuous with densities 
of class C®, and that for the former, the density vanishes only at = 0 when 
13/20 <<o@< 1. This is an indication towards the Riemann hypothesis. On 
the basis of Ramanujan’s conjecture (1.2), the same results can be obtained 


for o > 1/2. 


II. Convergence in relative measure. In the first part of II, we assume 
the Ramanujan conjecture. Let v(o) =g.1.b. A for which 


+i (T 00). 


Carlson [3] has shown that v(o) is a convex function, and that if 


(2. 1) g=g.l.b. {1—(1— v) 
then 


lim 2 f | Z(o + it) |dt 
-T 
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exists and is finite foro >gq. From (1.7) and the asymptotic formula for 
the T-function, it follows that 


-T -T 


if 
(2. 2) | Z(1—o— it) |*dt = O(T). 
-T 
When o < 0, the Dirichlet series for Z(1—s) is absolutely convergent, so 
that (2.2) holds. Therefore, 
S3—4e foro 


and in particular v(0) = 3, so that g 2/3. Therefore, (2.2) is valid for 


o < 1/3, so that 
v(o) S38 — for = 1/3, 


and v(1/3) = 5/3, which implies that g = 3/5. On repeating this procedure, 
one obtains gS (n+ 1)/(2n+1). Letting no, we have g=1/2. But 
q < 1/2 implies, by a theorem of Carlson [2], that 
(2. 3) > <0, q<o<1/2. 
1 

On the other hand, 

n 

> #(m) ~ an, a0 

= 


(Rankin [7]), so that the series in (2.3) diverges. Hence g = 1/2. 


If (1.2) is not assumed, then in (2.1), the number 1 must be replaced 
by 23/20; the corresponding result is that g= 13/20. Put o* —1/2 or 
13/20 according as (1.2) is or is not true. 

By virtue of the definition of Z,(s), 


|Zn(o + it)|* + | t(pe)| pet + — O(1), 


as |t|—>0o. Therefore, 
T 
i} |Z(s)/Zn(s)|?dt =O(T) as when o > o*. 
-T 
From the inequality (a —1)? S 2a? + 2, it follows that 


2(s)/2n(s) —1 |*dt = O(T), when >o*; 
-T 
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so that by the theorem of Carlson in [3] referred to above, 


T 
lim f | Z(s)/Za(8) —1 |2dt — c%(m)m-% for 
-T m=1 


where > ¢n(m)m-* =Z(s)/Z,(s) —1 for o >1, say. But for o>1, 
m=1 


@ 


Z(s)/Zn(s) (1 — t (pe) + 


k=n+1 
so that 


while | c,(m)| =| ¢(m)| for all m. Thus, for any fixed o > o*, 


T 
lim | Z(s)/Zn(s) —1 |?dt SS P(m)m-* 50 as n> 0. 
-T n+1 


Therefore, if meas 7{| Z(s)/Zn(s) —1| >} denotes the Lebesgue measure 
of the set of ¢- vaules for which —TSt<T and Z(s)/Z,(s) —1|><« 


then 
lim lim sup meas 7{|Z(s)/Zn(s) —1| >«}/2T =0. 


T->0o 
Since | Log Z— Log Z, | =| Log [1 + (Z/Z, —1)]| < |Z/Z,—1]|, when 
| Z/Z,—1) is sufficiently small, it follows that {Log Z,(s)} converges in 
relative measure to LogZ(s) for every fixed o >o*; furthermore, since 
Zn(s) =O(1) as | t|—>00, it follows as before, that 
lim Lf. | Z(s) —Zn(s) S 4t?(m) o>e*; 
-T n+1 


so that for every fixed o > o*, {Z,(s) } converges in relative measure to Z(s). 


III. The distribution functions. We shall prove 
THEOREM 3.1. Put 
Fy(2) Log (1 —t(px)2 + 2°) 5 
for fixed o, let S; denote the curve 
= & (9) + = ( pare), 


and let $x be the distribution function determined by this parametric repre- 
sentation of S,; that is, of E ts a Borel set in the x-plane, then ¢,(L£) ‘1s 
the 6 measure of ES;,. Let A(y, ¢,)denote the Fourier transform of ¢x: 


A(ysde) — |) a0, 
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where y = (| y| cos | y | sin and &(8) cos 2rr + sin 2ar. 
Then, for >o*, 
A(y, dr) = O(|y |) as | y| 0, 


for infinitely many k. 


Proof. For convenience we drop the subscript k. We apply Theorem 12 
of [5]. It is clear that € and y possess continuous second derivatives ; we must 
show that § is convex and that g,”(@) has, for every fixed 7, exactly two 
zeros 6 on 8. 


An application of the Study Rundungsschranke ([8], p. 109) gives the 
result that a sufficient condition that S be convex is that 


(3.1) 13p-" S | t(p)| S p*/2 and p is sufficiently large. 


In fact, the Study theorem states that S is convex if #”(0) £0 and 
R[1 + > 0 for |z| 
Now F’(0) =t(p), while 
| (t(p) — 22)(1 — t(p)z + 2°) + = 
(t(p) + 3t*(p)p** + 8p-** — 

— (#(p) + 6t(p) + + 8t(p)p-** + cos 2x8 

+-(8¢7(p) + cos? 26 — 8t(p)p-** cos® 26, 
where z = p~e?"‘9, Clearly it is sufficient to consider ¢(p) > 0 and cos 276 > 0. 


The last two terms of the preceding expression can be written in the form 
(t?(p) + — t(p) p~? cos 276) cos? 278. 
This is non-negative, since 2 | ¢(p)| p-* S t?(p) + p-**. The last two members, 


8p-?° — 8p-*", of the term independent of @ dominate the last two members 
of the coefficient of cos 27, 


— = 8t(p)p** + if p= 3, 


by virtue of the right hand inequality of (3.1). Similarly, the first member, 
t?(p), of the term independent of 6 dominates the first three members of the 
coefficient of cos 276, for 


t?(p) — + 6t(p)p~ + = 7(p)/2 — 25t(p)p?/4 = 0 


follows from (3.1). Thus (3.1) is sufficient to assure the convexity of 9; 
by a more tedious computation it may be shown that if 0 < | ¢(p)| <p’, 
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and if 2p-*< | t(p)|=4p~ does not hold, then S§ is convex. The right 
hand inequality of (3.1) is superfluous in view of (1.1) and o >o* = 1/2; 
also (3.1) may be replaced by the condition 


(3. 2) | ¢(p)| = p- and p sufficiently large. 


That some such condition is necessary is shown by the fact that if t(p) = 3p" 
and z= then R[1 + 2F’/F’] < 0. 

Infinitely many primes satisfy (3.2), for if not, the series (1.5) would 
converge absolutely for o >1/2. It remains to show that for those primes 
satisfying (3.2), has just two zeros. Put y= if t(p) << —2, 
and v = 1 otherwise. If y = y; is the real or purely imaginary angle satisfying 


2 cos 2ry = vt(p) and OSy< 1/2 or ty <0, 
then 


(3. 3) F(z) =2 v2" cos 2xny/N, |z| 


Furthermore, it is easy to see that F'(p-%e?™) — — Log(1—£,) (1—%), 
where £, = £, ; so that 


gr!" = — — + — Ge) 
If p—>o through the primes satisfying (3.2), then 
£1, £2, + /cos 2ary, — /cos 2ary 
tend to 0 uniformly for all 6, by virtue of (1.1) anda >o*. Therefore, 
gr’ (0) = — 82*vp~ cos cos 2x (9 —7) + 0(1) 


uniformly for all @ and 7, as p—>o through those primes satisfying (3.2). 
Hence, the zeros of cos cluster only at 07+ 1/4, the 
zeros of cos 2r(@—7). (It is understood that p is restricted to those primes 
satisfying (3.2).) In the same fashion it may be shown that the zeros of 
are near 07, 1/2. Since there is a zero of g’” between every two 
zeros of g”’, it follows that if p is a sufficiently large prime satisfying (3. 2), 
there is at most one zero of g” near each of 6=7r+1/4; inasmuch as a 
continuous derivative of a continuous periodic function has at least two zeros, 
it is clear that for all primes satisfying (3.2), g,”(@) has for every fixed + 
precisely two zeros @ on S, which completes the proof of Theorem 3. 1. 
Next we show that for any fixed o > o*, the infinite convolution ¢,*¢2° °° 
is absolutely convergent. Now 2;(@)—>0 uniformly for all 0, as k>~; 
hence, S;, the spectrum of ¢,, is contained in a fixed circle. If c(¢,) and 


= 
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M(¢x) are the first and second moments of ¢,, respectively, then c(¢x) = 0, 
so that the convergence of 


M (¢x) = 4 cos? 
1 


is necessary and sufficient for the convergence and absolute convergence of the 
infinite convolution ¢ = ¢,* ¢2*: - -, by Theorems 5 and 6 of [5]. The con- 
vergence of the double series is obvious if Ramanujan’s hypothesis is true. 
Otherwise, cos? 2rmy, = O(p,3"/>) as m—>o, uniformly in k. Hence 


cos? 2rmy;,/m? = O(1) 
k=1 m=2 


k 


the last series being convergent for o > 11/20; also 


1 


which converges for o > 13/20. Thus, the infinite convolution is absolutely 
convergent for o > o*. 

Since | A(y, ¢x)| for all &, and A(y, dx) = O(| y |-*) for infinitely 
many k, we have A(y,) =A(y, $x) A(y, O(|y|™) as |y | 
for every fixed m. Therefore (cf. [5], §3), @ is absolutely continuous, and 
its density D(x) has continuous partial derivatives of all orders. 

There is an essential difference in the spectrum of ¢ if o >1 and if 
1>o¢> 0%. In the former case, the spectrum is a bounded set. This follows 
from Theorem 3 of [5]. On the other hand, it will now be shown that if 
1>o > o*, the spectrum of ¢ is the entire plane. First >| ¢(p)| p? =o, 
for if this were false it would follow from the product representation (1. 6) 
of Z(s) that > | ¢(n)| n* <oo, which is false. The following calculation 
of the spectrum for 1 > o > * is modelled on the proof of the second part 
of Theorem 14 of [5]. Let 1 >o0 > o* be fixed. If C is a sufficiently large 
constant, then 


| F(z) —t(pe)2 | S C max (4, ¢?(px))| 2 |? for | 2 | = pe. 
This follows from the representation (3.3) of F,(z), since 


| cos 2army | | | 
implies that 
| F;,(2) —t(px)2 | 2| e-2TiVg [?/(1 | |). 


Clearly, max(4, t?(px)) <0, since both and t?(px) pe? 
converge. Let « > 0 be arbitrary, and fix m so large that 


o 
J 
] 
> 
m=2 
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CS max (4, <e. 
m+1 


Let x) be any point of the z-plane, and. let z, be an arbitrary point of the 


form 
(pre? tr) + + Fn , 


Then, if n > is large enough, > | ¢(px)| pe" > | — 2, |, and none of 
m+1 


the numbers | ¢(px)| k= m+ 1, m-+ 2,- -,n is greater than the sum 
of the others. Therefore, we may choose * On So that 


> (px) — which implies that | > Fy —2|<e, 
m+1 1 


so that the spectrum of ¢ is the entire plane. 
It is true, moverover, that for any o satisfying 1 > o > o*, the density 
of ¢ is positive for all x. For a proof of this, cf. [5], p. 60. 


Remark. The same will be true foro—1 if >| t(n)|/n=— oo. If the 
latter series converges, the spectrum of ¢ for o—1 is a bounded set. We 
may sum up the preceding remarks in the following theorem. 


THEOREM 3.2. For any fixed o> o*, the-tnfinite convolution 
is absolutely convergent, = = is absolutely continuous, and 
tts density Do(x) possesses continuous partial derwatives of all orders. If 
1>0> 0%, then Do(x)> 0 for all x. The spectrum is symmetric with respect 
to the real axis; the spectrum of oo is a bounded domain if o > 1, and is the 
whole x-plane if 1 >o>o0*. For any fixed Do(x) = O(e!*") as 
|z|—>0; this appraisal is valid for each partial derivative of Do(zx). 


The syymetry of the spectrum is obvious; a proof of the last assertion 
may be obtained by modifying the proof of Theorem 16 of [5] in the same 
way that the proof of part of Theorem 14 was modified to verify that for 
1 >o>o*, the spectrum of ¢ is the whole plane. 

Still following [5] we define ¢c by ¢c(log ; the following 
may readily be obtained: 


THEOREM 3.3. The distribution $c is symmetric with respect to the 
real avis; if 1>oa>o*, its spectrum is the entire plane; tf o >1, the 
spectrum is a bounded set not containing the origin. This distribution 1s 
absolutely continuous with a density De(x) which possesses continuous partul 
derivatives of all orders, For any X>0, Do(x) = O(e8* I!) as 
| 2 | —>00 or | | —>0; these appraisals are valid also for each partial derivative 
of Do(x). If 1>a0>0*, then Do(x) =0 tf and only if =0. 
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Finally, we have the analogues of Theorems 30 and 31 of [5]: 


THEOREM 3.4. The functions LogZ(o+it) and Z(o+1t) possess 
asymptotic distribution functions in the unrestricted case if o >1, and in 
the restricted case if 1=o>o*. These are, respectively, the distribution 
functions $0 and ¢$o discussed above. The spectrum of ¢o is the closure of 
the range of Log Z(o-+ it), and the spectrum of ¢o is the closure of the 
range of Z(o + it) for —wo<t<o. 


THE JOHNS HOPKINS UNIVERSITY. 
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ANALYTIC FUNCTIONS OF BOUNDED TYPE.* 


By A. FRANCK. 


1. Introduction. An analytic function f(z) is called of bounded type 
in a region if it can be represented as a quotient of two bounded analytic 
functions in that region, i. e. f(z) = hi(z)/ho(z) where | hi(z)| <1, (¢=1, 2). 
The following theorem is fundamental for the characterization of the class of 
functions of bounded type which are analytic in the unit circle. 


OsTROWSKI-NEVANLINNA THEOREM.? (i) A necessary and sufficient con- 
dition that a function F(w), regular im the circle |w| <1, be B.T. in 
| w | <1 is that 


(1. 1) F(re”)| M, 
0 


where M is a constant.2, (ii) If F(w) is B.T. in |w| <1, then F(w) 
may be represented in the form F(w) =B(w)G(w) where B(w) is the 
Blaschke product formed with the zeros w;,Ws,- of F(w) in| w| <1, 
We 

| | Wy 
vergent in every circle |w|=p <1; G(w) is a non-vanishing function B. T. 
in the unit circle and log| G(w)| is representable by a Poisson-Stieltjes 
integral in |w| <1 


(1. 2) log | G(w)| 1 dp(9), 


the product being umformly and absolutely con- 


where w= pe'*and is a function of bounded variation in 2. 
(iii) If the inequality (1.1) ts satisfied for F(w), then it ts also satisfied for 
G(w) [with the same constant M]. (iv) If F(w) is B.T. in | w| <1, tt 


* Received March 8, 1950; revised May 4, 1951; presented to the American Mathe- 
matical Society, November 26, 1949. This paper contains a part of the results of the 
author’s doctoral dissertation [1]. The author wishes to express his indebtedness to 
Professor S. E. Warschawski, under whose direction this work was done. 

1 Hereafter this theorem will be referred to as the O.N. Theorem. Furthermore @ 
function of bounded type will be denoted by B. T. 

logt a = loga for a= 1 and logta = 0 fora <l. 
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possesses boundary values for almost all 6, (w = et’) on the unit circle for 


non-tangential approach. 


These results are due to A. Ostrowski [6]; condition (1.1) and the result 
on the existence of the boundary values were also given in a joint paper by 
F. and R. Nevanlinna [4], p. 26. 

The concept of a function of B. T. can be applied to a function which is 
meromorphic (rather than just regular) in a region. In a subsequent paper 
[5], R. Nevanlinna extended part (i) of the above theorem not only to 
functions meromorphic in the unit circle, but also to functions meromorphic 
in an arbitrary region. In the present paper we shall restrict ourselves to 
analytic functions. 

The criteria obtained by R. Nevanlinna were based on the use of the 
Green’s function for the regions considered. It would seem desirable to obtain 
criteria which are not based. on a knowledge of the Green’s function, which in 
general is difficult to obtain, but rather are expressed in terms of the geometry 
of the region of analyticity of the functions considered. 

The purpose of the present paper is to establish such criteria for a fairly 
general class of regions. Applications of our methods permit us to derive 
several results which hold for special regions (such as the half-plane). In 
particular our criteria contain some of the results of A. Wishard [11] for 
the case of analytic functions.’ 


I. General criteria. 


2. Extensions of the O. N. Theorem for the Half-Plane. The following 
lemma is an analogue of the 0. N. Theorem stated for the half-plane. 


Lemma 1. Suppose that f(z) is analytic in Re(z) > 0,2z=a-+ Let 
C, be a sequence of circles, radii pn, which exhaust * x >.0, (n=1,2,- °°). 
Suppose that for all n 


Other classes of functions which are regular in a half-plane were treated 
by W. Kryloff [3]. He studies the classes of functions for which (2 =a -+ iy) 


(a) | fle) < and (b) 

metric representations ” (in terms of certain Stieltjes integrals) for these functions. 
*A sequence of closed Jordan (i.e. simple) curves C, which are contained in a 

region R is said to exhaust the region R, if for any subregion R’ whose closure R’ is 

contained in R, there exists an integer N such that R’ will be contained in the interior 

of C, for alln > N. A similar definition is to be applied to the concept that a sequence 

of regions exhaust a given region. 


10g* | f(z) |dy=M < and obtains “ para- 
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log* | f(z) | 
2.1 COS ME 
Then f(z) ts B.T. in © >0; f(z) =b(z)g(z) where (i) b(z) ts the 
Blaschke product formed with the zeros 2,%2,- ++ of f(z) in x >0; (ii) 
g(z) #0; (ii) for x >0 there exists a constant » such that 


where p(t) is a function of bounded variation in any fimte interval and the 
integral converges absolutely; (iv) there exists a constant N such that for 


any circle C of radius p contained in x > 0 
log* | g(z)| 
2.3 f So 
Conversely if f(z) is B. T. in x > 0, then it satisfies (2.3) with f replacing g. 
Proof. Our proof makes use of a theorem of R. Gabriel [2] for functions 


U(w) non-negative and subharmonic in the unit circle. Let C, and C2 be 
circles contained in | w| <1 such that C, lies in the interior of Cy. Then 


U(w)| dw | <2f U(w)| dw |. 
Ce C1 
We map z > 0 onto | w | <1 by means of the transformation 


z—1 

2.4 ——- 
carrying the circles C, onto a sequence of circles T, which exhaust | w | <1. 
Points on C, are given by z=2n-+ pne*? where z, is the center of (;. 


Employing the inverse of (2.4) and | dw | = 2p,d0/|1-+ 2 |?, we find that 


log* | f(z) | 
(2. 5) dé | F(w)| | dw | 


where F(w) =f[(1+w)/(1—w)]. Since the left side of (2.5) = 


we have 


(2. 6) log* | F(w)| | dw | S 2M. 


Consider the circle |w|—1r, <1. Keeping ro fixed, choose n so large 
that T,, will contain this circle in its interior. Applying Gabriel’s Theorem 


5 As a matter of convention the letters M, M,,M.,. --,N,N,,No,- - - will always 


designate constants. 
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to log* | F(w)|, we find from (2.6) that f “oe: | | dé S 4M/ro. 
0 
Since J “log* | F'(re*”)| dp is a monotonic increasing function of r, we have 
0 
for any circle | w| =r <1: logt | F (re?) | dé S4M/ry. Keeping r fixed, 
0 


let 1. Thus | dp = 4M for all r, OS r<1. Hence 
70 


by the O.N. Theorem F(w) is B.T. in |w| <1; F(w) = B(w)G(w) 
where G(w) 0. Returning to we find f(z) —b(z)g(z) where 
g(z) = G[(z—1)/(z2+1)]~0. By means of the mapping (2.4) and 
(1.2) of the O. N. Theorem, the representation for log | g(z)| is established. 

To establish (2.3) we map x > 0 onto | w| <1 carrying a circle C in 
z > 0 into a circle [ in | Ww | <1. Let r be the maximal distance of I from 
w=0. Construct any circle Applying Gabriel’s 
Theorem to log* | G@(w)| we have 


logt | G(w)| | dw|S 2 | G(ret?) | r dd. 
r 0 


From the 0. N. Theorem the integral on the right side of (2.7) is bounded 
for all r, O=r<1. Transforming the left side of (2.7) by (2.4), we 
establish (2.3). 

To prove the converse merely repeat for f(z) —=f[(1+w)/(1—w)] 
=F (w) the argument which we applied to g(z) = G(w) in the preceding 
paragraph. 

The following theorem is readily established from Lemma 1. 


THEOREM |. Let f(z) be analytic inz>0. Let Cy be a sequence of 
circles, radii Ry», which exhaust x > 0. Suppose that for all n 


log* | f(z) | 
(2.8) f 


Then f(z) is B.T. in t>0; f(z) =5(z)g(z) and for any circle C 
mz>0 


log* | g(2)| < 
(2.9) (R = radius of C). 


Conversely, if f(z) is B.T. in © >0. then f(z) satisfies (2.9) with f 
replacing g. 

Proof. Consider the annular rings Ap, : (Rn/2 S| z—2n | S Rn) where 
% is the center of C,. Employing polar coordinates about z= nj, we find 
from (2.8) that 


= 
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Applying the mean value theorem to the outer ‘eae of (2.10), we have 
log* | f(z) | ** log* | f(£)| 
2.11 dé r dr dé 


where £ = + and Ry/2 < pn < Ry. 
Since pn < Rn, we have from (2.10) and (2.11) 


(7 

o0 |1+¢/? 

Thus the conditions of Lemma 1 are satisfied for the circles | z— 2, | =p, 
and hence f(z) is B.T. inz>0. From Lemma 1 it follows that for any 


circle C in x >0, we have i ae pd6=N. From this, inequality 
(2.9) follows. The converse also follows from the converse of Lemma 1. 
3. An area theorem for arbitrary regions. In the present section we 


shall extend our results to obtain conditions under which an analytic function 
will be B. T. in a region ® of a more general nature than a circle or a half- 


plane. The following theorem which is an extension of Theorem I gives a 
sufficient condition for an analytic function to be B. T. in a region R. 


THEOREM II. (a) Let f(z) be analytic in a bounded region R. Let R, 
be a sequence of regions which exhaust R. Let w= (z) map R conformally 
onto |w|<1 so that a point z—a on the boundary of R correspond to 
w=—=1, suppose that (b) | ¢’(z)| Sm in R where m is a constant and 


(c) = >N>0 in R, where (d) Let da —=sup dy(2) 


for all zon the boundary of Ry where dy(z) ts the minimal distance of the 
point z on the boundary of R, to the boundary of R. 


* By region we mean a simply-connected region. This usage will be applied through- 
out the remainder of the paper. 

7 Hypotheses (b) and (c) of this theorem will, for example, be satisfied if R is 
bounded by a closed Jordan curve C, with the following properties: (i) one can roll a 
circle on the exterior of C (i.e. to each point ¢ of C, one can associate a circle passing 
through ¢ such that its interior lies in the exterior of C, each circle having the same 
radius) ; (ii) at the point z =a, the curve possesses finite curvature (by this we mean 
that C possesses a tangent at every point of a neighborhood of z =a and that the curva- 
ture exists and is finite at z= a). 

Conditions (i) implies (b), for example, see [9]; condition (ii) implies (c), for 
example, see [10], p. 433 or [8], Theorems 18 and 19. 
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Then f(z) is B.T. in R af 


] M 


Proof. Since w= ¢(z) maps R onto | w | < 1, it also maps the regions 
R, onto regions W, contained in | w| <1 which exhaust the unit circle. If 
n is taken sufficiently large, the regions W, will contain the point w—0. 
Consider such regions which contain w = 0 and let r, be the minimal distance 
of the boundary of W, from w—0. Let us consider a point on the boundary 
of W, for which the minimal distance is assumed. Designate it as w = r,e'™, 
Let zn be the image point in the z-plane as defined by rne**” = $(2,). Consider 


the integral f" ¢’(z)| | dz| along the straight line segment joining z, to 


the nearest point 2) on the boundary of #. Transforming this integral to the 
w-plane by means of the mapping function, we have 


fle — $(20)] 3 


the last integral being taken over the image curve of the line segment from 
%, to %. From hypothesis (b) and the fact that the length of any curve from 
any point w in | w| <1 to the boundary is greater than or equal to 1— | w |, 
we find from (3.2) that md,(2,) = 1—~r, where d,(2n) is the minimal dis- 
tance from the point z, to the boundary of R. Thus, we finally have that 
(3. 3) dyn = (1— 1p) /m. 

Now let F(w) =f[y(w)] where z—y(w) is the inverse of w= ¢(z). 
Qn transforming the integral in (3.1) to the w-plane. we find from (b) and 
(c) that 


log* | f(z) | | F(w)| 
dz dy |a—z/? | |? du dv 


SS au ao 


as | y/(w)| = 1/| $’(z)| 21/m. Taking note of (3.1) and (3.3) we find 
that 


ff log* | F(w) |/| 1—w |? du dv (m®M/N?) 
Wn 


By means of the mapping w = ({—1)/(€+1) to Re(£) = 0, one can show 
that condition (2.8) is satisfied. Hence it follows by Theorem I that 
f(z) = F[¢(z)] is B.T. in R. 

As a converse to this theorem we establish the following corollary. 
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CorotLaRy. Let f(z) be B.T. in a bounded region R. Let w= ¢$(z) 
map the region R onto the unit circle |w| <1 in such a manner that a 
point za on the boundary of R corresponds to w=1. Suppose that 


<N, ink 


| $’(z)| = m, > 0 in R where m, is a constant and that - 


where w= $(z). 
Then there exists a sequence of regions Ry which exhaust R such that 


where dy, has the same meaning as in Theorem II. 


Proof. Consider a sequence of circles T, in | w| < 1 which exhaust the 
unit circle. By employing an argument similar to that of the proof of 
Theorem II, one can show that the images, R,, of the interior of the I, form 
a sequence for which (3. 4) is satisfied. 


Remark. Jf the region R is such that there exists two positive constants 
m, and mz for which m, S | ¢’(z)| S mz,° then condition (3.1) is necessary 
and sufficient for f(z) to be B. T. in R. 


The following theorem can also be deduced from the O. N. Theorem. It 
is merely stated here. For a proof of this results, see [1]. 


TuEorEM III. Let f(z) be analytic in the interior R of a closed Jordan 
curve. Suppose that w—¢(z) maps R conformally onto | w| <1 so that 
0< m= | ¢’(z)| = m,§& for all z in R where m, and mz are constants. Then 


a necessary and sufficient condition for f(z) to be B.T. in R is that there 
exist some sequences of regions R, which exhaust R, for which 


ff [log* | f(z) |/d(z) ]dx dy S M log 1/dp 
Rn 
where d(z) is the distance of the point z to the boundary of R and d, has 


the same meaning as in Theorem II. 


II. Applications. 
4. A criterion for a circular sector. As an application of the general 
area Theorem II, we establish 
THEOREM IV. Let f(z) be analytic in the sector 


® This condition can be characterized in terms of the geometry of the boundary of 
R (see [8], Theorems 18 and 19 and [10], p. 433). 
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Suppose that | f(pe*”)| M, O<p<1. Then f(z) is B.T. in 
the sector S.° 


Proof. Let S, be a sequence of “ truncated ” sectors 


where, for n=1,2,- O< tS tau <1, and limt,—1. 


The sequence S, clearly exhaust 8. We note that d, —1—r, (see Theorem 
II.). Furthermore, conditions (a), (b) and (c) of Theorem II are satisfied 
where the point a1 (see footnote 7). Now 


log* log* | f(pe%*) |p dp dé 


s, |1—2|? | 1— pe® |? 


< a9 | d 


the last inequality following by hypothesis. We now have 


de dy = S M/A = M/dy 
Thus, condition (3.1) of Theorem II is satisfied and hence f(z) is B. T. in S. 


5. Some criteria for the half-plane. In the present section we shall 
give two applications of Theorem I which are concerned with stating necessary 
and sufficient conditions for an analytic function to be B.T. inz>0. Asa 
first example we shall establish the following theorem. 


THEOREM V. Let f(z) be analytic in x>0. Suppose that for all 6, 
—7/2<0< 2/2, 


R 
(5. 1) J, drs Me, (2 = rei), 


° This theorem is somewhat similar to a theorem due to I. Privaloff [7] for func- 
tions subharmonic in a sector, i.e. If v(z) is a subharmonic function in the open sector 


a<argz< 8B, | 2 | <1 and if iy v*(re'?)d@ =0(1), then at almost any point of the 


are (a, B) ra unit circle the limit of v(z) exists along any path not touching the are. 
= v(z2) if v(z) vt (2) = 0 if v(z) <0). 
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Then f(z) 1s B.T. in 2 >0 and f(z) =b(z)g(z). Furthermore for all 0, 
—2/2<0< 72/2, 


R 
(5.2) f log* | g(z)|/|1-+2|?rdrS WR. 

1/R 
Conversely, if f(z) is B. T. in z > 0, then (5.2) holds with g replaced by f. 


Proof. We integrate (5.1) with respect to @ and find 
w/2 R 
f log* | f(z) |/|1 +2 |?rdr do 
1/R 


Consider the circles C, in the semi-circular ring A: (—7/2S0= 7/2, 
1/R S |z] SR) which have their centers on the real axis and pass through 
the points = 1/R and = R. The radii of these circles are = 


We see that R=2R. Thus 
Sf | +2 de dy 


Since the circles C exhaust x > 0, the conditions of Theorem I are fulfilled. 
Hence f(z) is B.T. nz>0. 


To establish the condition on g(z) assuming f(z) is B. T., we proceed as 
follows. From the representation for log | g(z)| given by (2.2) we see that 


(5.3) | | da(t)| + [al 


Multiplying both sides of (5.3) by r/(1 +r?) and integrating with respect 
to r, we find 


log* | 9(z)| 
(5. 4) rar 


Let us consider the integral in the brackets of (5. 4), i.e. 


R zr dr 


To estimate this integral we consider two cases: 
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(a) O0<|t|<2R. We employ contour integration to estimate J. 
It is seen that 


(5.6) 


Let us consider the complex integral S =a tei 


dg 
148’ 


which the integration takes place being specified below. 


the contour over 


(i) For ¢ > 0 we consider a contour in Im(¢£) = 0 defined by the semi- 
circle Cr: (| | =) and the line segment —RS¢£=R. We thus have 


iter Cr Ce? — it 


where § is the residue of the integrand of the complex integral at its only 


R 
pole in Im(f{)=0. Thus if = +t) — f . Letting 
-R Cr 


R—-oco and noting that the integral over Cr vanishes, we have 


Saw est’ 


Taking the real part of both sides of (5.7) we have from (5.6) that 


I =7x(cos 6 + t)/(1 + @? + cos 6) 


Ast > 0 and — 2/2 < 6 < 2/2, we see that t cos 6 = 0. Further as | t | < 2R, 
we find 
(5.8) I<N,R/(1+#’) 


(ii) For ¢ < 0 we consider a contour in Im(¢) = 0 defined by the semi- 
circle Cr: (|¢|—) and the line segment —RS£=R. An argument 
similar to that given in (i) will show that 


(5.9) I= N,R/(1+#) 


(b) |¢|/22R>1. We return to (5.5). Using polar coordinates 
we find 


5.10 I = 


420 A. FRANCK. 


Now (r?+ #— 2rtsin@) = (|t|—r)?2#/4. Since 1/?S2/(1+&. 
we obtain on estimating (5. 10) 


(5.11) IS 8R/(1+?#). 


Since the second integral of (5.4) = R, we have from (5. 8), (5. 9), and (5. 11) 
by splitting the integral of (5.4) into the cases discussed that 


(5.12) “log* | g(2)| + VaR du(t)|/(1-+#) +) a/R. 


But the integral on the right side of (5.12) is convergent. Hence the result 
is established. The converse of the theorem follows from this result. 

As a second example we present a new and rather simple proof of a 
theorem due to A. Wishard [11], Theorem C, p. 672. This theorem was 
originally stated for a function meromorphic in a half plane. In this paper. 
however, we shall only establish this theorem for analytic functions. 


TuHeEorEM VI. Let f(z) be analyticing >0. Suppose that for all x > 0 
(5.13) log* dy SM, iy). 
Then f(z) is B. T. inx > 0; f(z) = 6(z)g(z) and for all x >0 
(5.14) f tog" | 


Conversely, if f(z) is B. T. in x > 0, then (5.14) holds with g replaced by f. 


Proof. Let us consider the sequences of circles Cy, radii Rn, whose 
centers dn = R, + 8, lie on the real-axis and & >0. If 6,—-0 and R, >, 
this sequence will exhaust x > 0. Noting that the integral of 


(log* f(z))/| 1 + 2 |? 


taken over the area of the circle C,, is less than that over the circumscribed 
square, rewriting the integral over C’, as an iterated integral and employing 
(5.13) we find 


f log* | f(z)|/| 1 + 2 |? dx dy S 2MR,. 
Cs 


Hence by Theorem I, it follows that f(z) is B.T. nz>0. 
By means of (5.3) we shall establish (5.14). We find that 
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T2 
(5.15) ay 


xldu(t)| dy ody 


Interchanging the order of integration in (5.15) and noting that 


& 1 dy 
we find 
(5. 16) f ‘slog’ ay 


22-+1 ¢* | du(t)| 


We note from Lemma I that the integral f | du(t)|/(1 + #7) is convergent. 


Furthermore dy/|1+2|?=a/(1+2). Thus, for all >0 and any 
T, and 


Ts 
J log* | g(z)|/ 
—T; 


Now let 7, ->0 and T,-»0. Hence (5.14) is established. The converse 
follows easily from this result. For if f(z) is B. T., then |f| = || |g|<|g!, 
satisfies (5.3) and hence the conclusion follows.?° 


UNIVERSITY OF MINNESOTA. 


*° The O. N. Theorem states that if F(w) is analytic in |w|<1 and 
logt | F(re*®)|d0= M 
for all r, O< r <1, then F(w) = B(w)G@(w) and 
J,” logt | @(ret*) | 
ior 0<r<1 with exactly the same constant M. If Theorem VI is restated for the 
unit circle, it is seen that the vertical lines correspond to a sequence of circles passing 
through the point w —1 which exhaust the unit circle. From this point of view it 


would be natural to ask whether the constants M and NW in (5.13) and (5.14) are the 
same also. An example can be given for which M < NW (see [1]). 
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INTEGRAL GEOMETRY IN HERMITIAN SPACES.* 


By L. A. Sanrato. 


1. Introduction. Let P,, be the n-dimensional complex projective space 
with the homogeneous coordinates (i= 0,1,2,---,n). Let x** denote 


the complex conjugate of 2‘. 
We consider the group U- (unitary group) of linear transformations 


which leaves the form 


4=0 


invariant. Here and in the sequel, a* denotes the complex con,ugate (= @) 
of a. The coefficients of &,* satisfy, then, the relations 


(1.3) — — bin 


where 84; 0 if and —1 if k=l. 


Since the coefficients &,4 are complex numbers, the group U depends upon 
(n+ 1)* real parameters. 

The geometry of P, with the fundamental group U of transformations 
is called the Hermitian geometry (more precisely the elliptic hermitian 
geometry) and the space P, itself is called an Hermitian space. The Integral 
Geometry in these spaces was initiated by Blaschke [2] who gave the densities 
for linear subspaces, without making applications to integral formulas. The 
case n = 2 was first considered by Varga [8] and later, in a more complete 
form, by Rohde [6]. 

In the present paper we generalize to the n-dimensional case some of the 
results which Varga and Rohde obtained for the plane. The main results 
we obtain are the following: 

We first determine the explicit form of the left invariant element of 
volume du of the group U. If LZ,° is a fixed linear subspace of dimension r 
(throughout the paper we shall mean by dimension the complex dimension) 


* Received August 27, 1951. 
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and I, is the subgroup of U which leaves L,° invariant, we determine also the 
explicit form of the invariant element of volume dZ, of the homogeneous 
space U/T,. Then, an easy calculation gives the total volumes (6.3) and 
(6.4) of U and U/T,. 

If the coordinates z‘ are normalized such that (rz*) —1 it is well 
known that every variety C, of dimension p (p < 1m) has an invariant integral 
of degree 2p, namely Jp(C,) defined in section 4. Let C;, and C, (r+ h =n) 
be two analytic varieties. Let wC, denote the transform of C, by the trans- 
formation u of U, and let C,MwuC, denote the (h + r—n)-dimensional 
variety intersection of C, and wC,. If the invariant element of volume du 
of U is normalized in such a way that the total volume of U is equal 1, we 
prove the following integral formula: 


If instead of C, we consider a linear subspace Z,, and the invariant 
elemert of volume dL, in U/T, is normalized such that the total volume of 
U/T, is equal 1, we also have 


U/Tr 


We do not consider the case in which C, is non-analytic. For n=2 
this more general case has been considered by Rohde [6], and it remains an 
interesting open question to extend the results of Rohde to the n-dimensional 


case. 


2. Relative components and equations of structure of the unitary 
group. The coefficients €,‘ of the unitary transformation (1.1) can be inter- 
preted as coordinates of the transformed points & (k—0,1,---,m) of the 
n+ 1 vertices of the n-simplex of reference; according to (1.3) they will be 
the vertices of an autoconjugate n-simplex with respect to the fundamental 
quadric (g&*) =0. These autoconjugate n-simplexes may be considered as 
the “ frames ” for the unitary group U (according to the theory of Cartan [3]) 
and the relative components ;, will then be defined by the equations 


(2.1) dt, — 
j=0 


From (2.1) and (1.3) de deduce 
(2. 2) = (€* ;déx), 
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and the equations of structure, deduced from (2.2) by remembering that 
d(dé&,) = 0, are 


(2. 3) = [vixonn], 
k=0 


where here and throughout the paper square brackets denote exterior multi- 
plication [3]. 

Notice that if o*,; denotes the complex conjugate of the pfaffian form o,,;, 
from (1.3) and (2.2) we deduce 


(2. 4) OKj w* 5x == (), 


3. Density for linear subspaces and cinematic density. We wish to 
define a measure for sets of r-dimensional linear subspaces LZ, invariant with 
respect to U. If L,° is a fixed L,, and T, denotes the subgroup of U which 
leaves L,° invariant, then the problem is equivalent to the determination of 
an invariant element of volume in the homogeneous space U/T,. 

We follow the general method [5], [7]. Let Z,° be defined by the 
points €,,£,,- ° -,€,. If it is fixed, in the equations (2.1) we will have 


(3. 1) o,=0 for r+1Sk=n. 
Since w;, are complex pfaffian forms, from oj, we deduce w*;, = 0. 
Consequently the number of forms (OS r+1SkSn) is 


2(r-+1)(n—r). The density for sets of L,, that is, the invariant element 
of volume in the space U/T, will be, up to a constant factor, 


(3. 2) aL, = x], 

where the exterior product is taken always in absolute value and the indices 
range between the limits 

(3. 3) rt-1isksn. 

According to the equations of structure (2.3), it is easy to verify that 
d(dL,) 0, which is a sufficient condition in order that dL, be effectively 
a density [7]. 

The invariant element of volume du in the space of the group U 
(“cinematic density ” in the nomenclature of Blaschke) will be, up to a 
constant factor, 

(3. 4) du = [Tl ix [Iona] 
Where j << k,0<j,k,h <n, that is, according to (2.4), du is equal to the 
absolute value of the exterior product of all the relative components. 
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4, The invariant integral J,(C,) of an analytic variety C, Let (, 
be an analytic variety of complex dimension r, that is, a variety defined by a 
set of n+ 1 analytic functions rt = t, tr) (0 = 0,1, 2,° - -,n) 
of r complex variables ¢,, t.,- - -,¢, in a domain D. 

Assuming the homogeneous coordinates z+ normalized such that 


i=0 
let us consider the following differential form of degree 2r: 
(4. 2) OF = 


the summation being extended over all the combinations of 4, i2,- - -, 7%, from 


1 to n. 
It is well known [4] that 0° is the only differential form of degree 2r 


which is invariant with respect to the group U. 
The integral of Q" over an r-dimensional linear subspace L, has the 


value [4], 
(4. 3) OF = 


For a general analytic variety C, we introduce the invariant integral 
J,(C,) defined by . 
(4. 4) Ie(Cr) fo 
If C, is an algebraic variety, J,(C,) coincides with its order (Cartan [4]). 
For some purpose it is convenient to write Or in another form. Let T, 


be the r-dimensional linear subspace tangent to C, at the point z, and take 
in T, r points % (p=—1,2,---,7) such that 


(4. 5) = 0, (%pa¥q) = 
We will have 


r r 
(4. 6) dzt = + dz* a*x*i + > 
p=1 p=1 


where a and b, are pfaffian forms given by 
(4. 7) a= (r*dz), bp = (a* 


From (4.6) and (4.5) we deduce 


(4. 8) > [de‘de**] [aa*] + 
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Since a= — a*, we have [aa*] —0, and taking the r-th power of both 
sides of (4.8) we get Or = [b,b*,b.b*.- - - b,b*,], or, according to (4.7), 


(4. 9) ar = [ II (ap*dx) (apde*) J, 
p=1 
a formula which will be useful in the following sections. 


5. The invariant integral J, for the variety generated by the (r—1)- 
osculating spaces of a given analytic curve. As an example, we: wish to 
evaluate J, for the variety generated by the (r—1)-osculating linear spaces 
of a given analytic curve of the n-dimensional complex projective space. 

Let C be an analytic curve defined by the n+ 1 parametric equations 
yi =y'(t) where y‘(¢) are analytic functions of the 
complex variable ¢. In order to evaluate J,(C) we must normalize the 
coordinates y* as indicated in (4.1). We set 2 = y*/(yy*)4; then 


dxt {2(yy*) — (dyy*)y* — (ydy*) y*}/2(yy*)*”, 
dx** — {2 (yy*) dy** — (dy*y) y** — (y*dy) y**} /2(yy*)*/, 


and by exterior multiplication and addition, 
> {(yy*) [dy'dy*!] — [(y*dy) (ydy*) 


Notice that 


(yy*) d[dy'dy**] — [(y*dy)(ydy*)] 
= {(yy*)(y'y*’) — (y*y)(yy*)} [dtdt*] = (yA y)(y*Ay*)) [dtdt*], 


where the notation a/\b denotes the bivector with the components 
Consequently we have 
n 
(5.1) = =| yAy’ |?/| y |*Ldtde*] 
4=0 


and finally, according to the definition (4. 4), 


If C is an algebraic curve, then (5.2) gives the order of C (except the 
sign which depends upon the orientation assumed for C). 
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Let us now consider the variety C, generated by the (r— 1)-osculating 


linear spaces of C. In order to evaluate A Q” we consider two consecutive 


r 


(r — 1)-osculating spaces, L,_,(t), defined by the points y(t), y’(t),---, 
and L,.(¢ + dt), defined by y(¢ + dt), y’(t + dt),---, y*(¢ + dt), which are 
contained in the linear space L,(¢) defined by the points y(t), y’(¢),---, y(t). 
The angle dr between L,_,(¢) and L,_,(¢ + dt) is equal to the distance 01 between 
the poles of Z,,(¢t) and L,.(¢-+ dt) considered as linear subspaces of L,. 
Choosing the coordinate system so that the equations of LZ, are y"*! = y"? 
=-:-+-:=y"=0, the pole of Z,1(t) in Z,(t) will be the point Y, whose 
coordinates are the determinants of order r in the r by r+ 1 matrix (y*), 
where += 0,1,---,r—1, and k—0,1,---,7. 

We now apply (5.1). The coordinates of the point Y’, are the deter- 
minants of order r of the r by r+ 1 matrix (y*), where 1—0,1,-- -, 
r—2,r, and k=0,1,---,r, and following a device due to Ahlfors and 
H. Weyl ([1], [9], p. 144), one can prove that 


(5. 2) =| 


where Y,_, and Y,,, have a meaning analogous to that of Y,, i. e. they are the 


multivectors defined by (y,y’,- and --,y™) respectively. 
The device consists of choosing a coordinate system in which y, y’,---,y 


have the coordinates 
In this system of coordinates the relation (5.2) becomes trivial. 
Therefore we have 
dr =| | |?/| Y, |*[dtdt*]. 


Since according to (4.3) fdr— {+= 2ni we have the relation 


dr/2mi = 0"/ or 
Lr 


and consequently we get 


Cc 


This expression is due to Ahlfors and H. Weyl [1], [9]. If C is an 
algebraic curve (5.3) give the classes of different orders. 
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For instance, for a plane algebraic curve y° = y°(t), yt = y'(t), y? = y(t), 
the class is given (except for the sign) by the integral 


To(C) = 1/2mi fly yyy’ 


where | yy’y” | denotes the absolute value of the determinant formed by the 
components of y, y’, y”. 


6. Total volume of the unitary group and of the homogeneous 
spaces U/T,. In order to calculate the volume Jf,du of the unitary group U 


with the invariant element of volume du given by (3.4), we put &* = p,e™ 
and consequently 


n 
woo = (€* = = (pxdpx + 
=0 
Since (€*of.) = px? = 1, we have > pxdp,—0, and therefore the 
0 0 


integral of woo over all possible values of the variables has the value 


n 
k=0 


The same proof gives 


(6.1) f 


On the other hand we observe that, according to (4.9), the exterior 
product 


[ TT = [ (E-:nd&*,) | 


denotes the element 0” relative to the linear (n—vr)-dimensional space 
defined by the points &,, &41,° °°, &n Consequently (4.3) gives 


(6. 2) [ r rsh | = (2at)"7/(n r) 
h=1 
From (3.4), (6.1) and (6.2) we get 


— (2ni)n I (2ni)"* /(n—r)! 
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which can be written 
n+1 
(6. 3) f 
U h=1 


This formula gives the total volume of the unitary group U. 

We wish now to calculate the total volume of the homogeneous space 
U/T;, or, what is the same, the total measure of all the linear r-dimensional 
spaces contained in the hermitian n-dimensional space. 

Let us write, for the moment, du = dup, in order to exhibit clearly the 
dimension n of the space. According to (3.2) and (3.4), we have the 
following relation between the elements of volume du,, dL,, and the elements 
du,, dun-r, of the r- and (n—r)-dimensional unitary groups: 


duy = dun+—. dL,]. 


Integration of both sides of this equality over all possible values of the 
variables, taking (6.3) into account, gives 


TI (2xi)*/(h —1)! (2mi)*/(h —1)! f 
h=1 h=1 h=1 U/Tr 


and consequently 


This is the measure of all the linear r-dimensional spaces of the hermitian 
n-dimensional space, i.e. the total volume of the homogeneous space U/T;. 

The finite values (6.3) and (6.4) induce a normalization of the elements 
of volume du and dL, in such a way that the total volumes of the corre- 
sponding spaces are equal to 1. These normalized elements will be 


(6.5) du’ TI (h —1)!/(2ri)*du 
h=1 


7. Linear subspaces which intersect an analytic variety. Let C; bea 
fixed analytic variety of complex dimension h. Let L,° be a fixed r-dimen- 
sional linear subspace and L,—ulL,° be the transform of L,° by weU. 
We assume r+ h—n=0, and let C,N LZ, be the (r + h —n)-dimensional 
variety intersection of C;, with L,. We wish to evaluate the integral 


(7. 1) f dn f 
U/Tr 
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Let & be a point of C,NL,. In order to define L,, we may take the 
points on the linear (h + r—n)-space tangent to the inter- 
section L, at &, and the points such that 


= = 0, = Sim 
Let yn be »—r points such that 
(7.3) = 0, (y*p%1) = 0, (y*pva) = 


and let Brsrnsi,* be points on the tangent space to at & 
such that 


(7. 4) (B*aBo) = (B*.&) = 0. 

In (7.2), (7.3), and (7.4) we agree on the range of indices 
r+1Spqsn 

According to (3.2) and (2.2) we have 


the product being extended over all y, € a. Since d& is on the tangent 
h-space to Cy, we have 


dé, = Agi + BaBa; 


where, according to (7.2) and (7.4), Ai= (&*idé&), Ba = (B*ad&). 
Consequently 


and 


(7. 6) [IT J = || (y*pBa) | | (I 


According to (4.9), the differential invariant 0* referred to C, and the 
differential invariant O° referred to C,M L, may be written 


Oh = [11 IT (B* (Badé*o) J, 
(7.8) — (I (€*:dé0) (:dé*o) ]. 
Consequently, from (7.5) and (7.6) we have 
(7.9) = [60"], 
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where @ is a differential form which does not depend upon é. According to 
(6.6) the same formula holds, up to a constant factor, for dL,’ instead of 
dL,. The integral of 6 over all possible values of the variables gives a constant 
value c which does not depend upon C;. Consequently, integration of (7. 9) 
gives I= cJ,(C;). The value of c can be found by considering the case in 
which C; is a linear subspace Ly. In this case we have Jisn( Ln L,) 


= = 1, Jn(Ln) = 1, and + dL,’ =1. Consequently c—1. 
We get the final result 


U/Tr 


If r+h—n=0,J.(CiN L,) denotes the number of intersection points 
of LZ, with C4. 


8. Analytic varieties which intersect each other. Let Cy, C, (h+r 
—n= 0) be two analytic varieties of dimension h, r respectively. Let uC, 
be the transform of C, by we U. We consider the integral 


(8. 1) [I= uC,) du’. 
7U 


The frame which determines u may be chosen in the following way. 
Let € be a point of the intersection C,N uC, We choose the points 
€2,° On the linear (h + r—n)-dimensional space tangent to the 
variety C,N uC, at &, and the points Grs-nsi1,* * *,% on the tangent r-space 
to C, at €, in such a way that 
(8. 2) = = 0, == Sim. 

Let * yn be n—r points such that 


(8. 3) (y*péi) = 0, (y*p%) = 0, (y*pva) = 

In (8.2), (8.3), and in the remainder of this section we agree on 
the ranges of indices 
rt+ispqsn. 

The frame which determines u is the n-simplex &, «1, yp. According to 
(3.4) we have 
(8. 4) du = [II (€*id&) [] (a*:da,) TT (y*pdyp) 11 (é*:dé;) TT 


where 147, 
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Let 8x be »—r points on the tangent h-space to Cy at &, 
such that 


(8. 5) = Sar, aki) = 0, 
—o-+ 
Since we always take é on C,, we have 
where, according to (8.2) and (8.3), (é%dé), Be= (B%edés). 
wo 
(y*rd£o) = (y*rBa) (B*adEo), = (Bade 0), 
and by exterior multiplication, 
The differential invariant OF referred to C,, according to (4.9), is 
(8. 7) ar = [11 (:dé*0) IT ]. 
From (7.7), (7.8), (8.4), (8.6), and (8.7) we deduce 
(8.8) = [yaro"), 


where y is a differential form which does not depend upon &. Up to a con- 
stant factor, according to (6. 5), the same formula holds for du’ instead of du. 
The integral of y over all possible values of the variables gives a constant 
value c. Consequently from (8.1) and (8.8) we deduce I = cJ,(Cn)J-(C;). 

In order to determine the value of the constant c we consider the case 
in which C, and C, are linear spaces LZ, and L,. In this case we have 
= 1, f dw’ =1, Jn(Cr) =J,(Cr) =1. Consequently we 
have proved the integral formula 


(8. 9) J, du’ = Jn (Cr) ITe(Cr). 


If r+h—n=0, Jo(CiNuC,) denotes the number of intersection 
points of C;, with uC,. 

For algebraic varieties, since the invariant J coincides with the order of 
the variety, (8.9) is an integrated form of the theorem of Bezout. Therefore 
(8.9) may be considered as a generalization of the theorem of Bezout to 
analytic varieties. 
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If we have p+ 1 analytic varieties Cy,,Cn,,° -,Cn, such that hy + h, 
+::-+th,=np, from (8.9) we get immediately by recurrence 


U 


= In. In, (Cn) 


THE UNIVERSITY OF LA PLATA, ARGENTINA. 
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ON THE PARABOLIC GENERATORS OF THE PRINCIPAL CON. 
GRUENCE SUBGROUPS OF THE MODULAR GROUP.* 


By Emin GRosswALD. 


1. The set of matrices . fi where the integers a, b, c, d satisfy 
ad—bc=1 


/ — 
and where we consider a 1) = = diz: Ae form the modular group. We 


define ['(p), the principal congruence subgroup of I modulo a prime p, by 
the additional conditions a==d=1 and b==c=0 (unless otherwise stated, 
all congruences are taken mod p). For p> 3, H. Frasch has shown ([3]; 
see also [7]) that ['(p) can be generated as a free group by the generators 
§? = t ) and (p—1)p(p-+1)/12 other generators, depending on three 
parameters, identified by the symbols (A, »,v) and defined as follows. Let 


where g and @ are any two primitive roots (mod p) satisfying aB=1. Let 
A, v be any set of integers satisfying 0 [A S(p—3)/2, OS pS p—l, 
1SvS p—1, and define 


o=indy, (reduced mod 4(p—1)), 
(3) : 


= pv? —v (reduced modp), w,=—1 (mod p); 
so that Ay, wx, vy, are in the same range, respectively, as A, w, v. Let us call 
“reciprocals ” two numbers related as vy and vy. Finally, let 
(4) R= S#TS’TS-*T 


— (wy +1) + 1)—yv 


Then the generators (A,p,v) of I'(p) are defined by 


* Received January 12, 1951. 
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(5) (A, pv) = ARV», 


The object of this paper is to show that if the prime p satisfies a certain 
condition? to be stated later, the independent generators (A,p,v) can be 
chosen in such a way that none of them is parabolic,” so that the only parabolic 
generator of ['(p) is S?. 

For our proof, we have to change slightly the process of elimination 
indicated by Frasch [3], whose method we follow, however, closely. Through- 
out the paper we consider only values of p > 7 (cf. a similar situation in [7], 
section I) ; in the other cases we would need sometimes special considerations, 
which complicate needlessly the exposition, as the corresponding generators 
are explicitly indicated in [3] and none of them is parabolic. A few inequali- 
ties will be meaningful only for some higher values of p and will be under- 


stood to apply only for them. 


2. We recall some results of Frasch [3], with some of their immediate 
consequences. The $p(p—1)? generators (A, », v) satisfy p(p — 1)(5p — 7)/12 
distinct defining relations, each permitting the elimination of one generator. 
We use them in order to eliminate all generators with a same value v of », 


unless satisfies 
(6) Vo? =—1 or (6’) (vo — 1) =— ], 


The defininig relations can be arranged in groups of binary and ternary 
relations. Following Frasch, we use the first group of binary relations to 
eliminate the generators with y=1. The following ternary relations permit 
the elimination of y= p—1. Using the second group of binary relations, 
v= 2 and y= p—2 are eliminated; and the corresponding ternary relations 
permit the elimination of their reciprocals, v=4(p2+1). In general, 
for k= 3, we use the binary group to eliminate v—k, v—p—k, and 
v=4{p +(2k—3)}, and the corresponding ternary relations to eliminate 
their reciprocals. The generators with the mentioned values of vy actually 
appear in the defining relations in the stated order, as explicitly shown in 
[3]. The number of relations at our disposal is larger than the number of 
generators on which we have centered our attention, and we may use the 
remaining ones in the order suggested in [3]. The process of elimination 


1 It seems likely that all primes satisfy that condition; see last footnote. 
? A corresponding property holds for the generators V, of I,(p), defined in [9]. 


See [5]. 
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has to be modified for ps4—1 (mod 12), when y takes on values satisfying 
(6) or (6’). Letv—k orv—p—k satisfy (6). Then k? + 1=0, so that 
k? —(p —1) = 0, and k =(p — 1)4._ If v satisfies (6’), then k(k — 1) =—1, 
so that k? —k —(p—1)20, 4+ (p— 3)! > (p—1)4. In the same 
way we show that if v—4{p+ (2k—3)} satisfies (6) or (6’), then 
k>4(pi+ 1). It follows that all values of v belonging to any one of the 


three intervals 
1SvSpi—1; p)—1; 


are not affected by the difficulties arising from (6), (6’), and can be eliminated 
from the final set of independent generators, using only the binary relations. 
Whenever we reach any value satisfying (6), or (6’), we continue as in [3]. 
If vy does not satisfy (6) or (6’), respectively, then the same is true of its 
reciprocal, and the generators with values of v reciprocal to those of (7) will 
also be eliminated, using the corresponding ternary relations. The values of v 
in (7) and their reciprocals form a set of at most 3(p4—1) distinct numbers. 
For the elimination of the corresponding generators we dispose (for some 
fixed A and ») of ;p(p—1) (5p —7)/$p(p—1) = (5p—7)/6 relations. 
For p> 7%, (5p —7)/6 = 3(p3—1), proving the previous assertion that the 
number of independent defining relations exceeds the number of generators 
which we want to eliminate. Finally, we remark that there remain in the 
generators only values of v, which satisfy, with their reciprocals, the inequalities 


(8) phR—1 <v, ve < $(p— +1, or $(p + —1 < p—pi+1. 


3. From (3) and (5) it follows that 


V>(A, VA = if A+o0<}(p—1), and 


(9) 
VAQA, if A+o024(p—1). 


If (A, u,v) is parabolic, then all its transforms M-1(A, »,v)M by any modular 
matrix M are also parabolic. In order to prove that (A,py,v) is not para- 
bolic it is, therefore, sufficient to show that RV-~ and RV-**4@) are not 


parabolic. Let, generally, V" = Then it follows from 


A B 
nh. n+1 n+1 


in 

be 
lic 

on 

h- 

18, 

Ts 

te 
12 

\ 

0 

it 

S, 

18 

l, 

d 

e 
ly 

n 
of 

€ 
n 

]. 


EMIL GROSSWALD. 


Ans = BAn — (@8 —1)B, Bas = —1)An— a8 — 2)B, 


(10) 
Ona =BCn— (@B—1)Dn = (48 — 1) Cn — —2)D,, 


For n = 1, by (2), A1— D, = B, (a — (a — B)/(a@B —1)) and B, + C, =0, 
Assuming that 


(11) Ay — Dy, = 2tBn, where t = 4(a— (a—8B)/(aB—1)), 


(12) 


hold for n, it follows by induction on n, using (10), that (11) and (12) 
hold for n +1; they hold, therefore, for all n. It follows from (1) and (12) 
that 

(13) AnD, + B,? =1 

and, as B, is an integer, 

(14) AnDn = 0. 

Hence, by (11) and (12), 


(15) A,B, > 0, A,C, < 0. 
For n=1, by (2), B: > Ai; assuming that, for arbitrary integral n, 
(16) | Bu | > | An |, 


it follows by induction on n, using (10) and (15), that (16) holds for n+1 
and so for alln. From (16) it obviously follows that (a8 —1)Bn/An—B > 9 
so that, by (10), AnsAn << 0. Hence, using (15), (12) and (14), B»Bn < 0, 
CrCau <0 and D,zDy..j=0. We shall see immediately that the equality 
cannot hold, so that we have, generally, with M standing for A, B, C or D, 


(17) < 0. 


Let, generally, e828 =—Kp+1, K21; then B,—Kp. From (10) it 
follows, by (14) and (17), that | Bu.s/B, | = a(aB— 2) — (a#B —1)A,/B, 
> a(aB— 2) — (aB—1) =a(Kp—1)—Kp=Kp—2 s0 that | B,| 
> | |(Kp—2)*? = Kp"(1— 2/Kp)"" and, for p > 7, 


(18) | Bu | > (5p/7)*. 
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Hence it follows in particular that | B, | > 1 and the equality signs in (14) 
and in D,D,,., = 0 may be suppressed. We have, consequently, using (15) 
and (12), 

(19) AnDn < 0, BD, < 6, CrD, > 0. 


We solve now (11) and (12) for A, and D,, using (16) and (19) to determine 
the signs of the radicals and obtain 

An = B,(t — (t? —1 + B,-*)4) 

Dy = — Ba(t + —1-+ B,’)4). 


As, by (11) and (18), 2 < 2¢ < By, it follows that 


t—1/2t> (?—1+ B,*)§ > ¢t—1/(2t—1), 
so that 
2t—1/(2t—1) < | D,/B,| < 2t—1/2t 
(20) 
1/2t < An/Bn << 1/(2t—1). 


4, Let now, for integral n= 1, RV" = R( — 


—C, A, Bn Fa 


If this matrix is parabolic, then we have (see [2, p. 21]) | An +D.,|—2, 
where, by (4), 


A, = — + 1) — ve] — + 1) — (uv + wave) + 1] 
(21) 
Dn = + 1) + + 1) —v]. 


If wp, ~ 0, all brackets are positive, as is cbvious for all except the coefficient 
of C,. Let its value be N, and apply (1) to R. It follows that N > 0, and 
by (15), (18) and (19), we obtain |@,+9,|>|Bi|(N +, +1) 
> (5p/7)"(N + p) > 2, so that RV cannot be parabolic. If » —0, then, 
by (3), w»—=p—v. From (15) and (19) it follows that |@,+ 9D, | 
=||@,|— |D,||; and by (20) and (21), we have 1<|(,/B,| < L, 
H>|9D,/B,| >h, with 


(p—v)vy—1 + —1/(2t —1) 
L = (p—v)vg — 1+ (24 — 1/28) re, 
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h = (we +1) + [(p—v)(4 + 1) 
H = +1) + [((p—v)(e + 1) 1). 


Consequently, 
(22) | Dn|—|@n| >| Ba|(h—L) 
and we assert that 


(23) h—L>1/2t 
if 
(24) either B< or 


Proof. (238) is equivalent to 
4t? — 2¢[2(v + 1/ve) — p] — [(p—v)(v + 1/ve) — + 1) S 0, 
which is satisfied for 0 = ¢ = 4y, or, by (11), for eS v+ (a— — 1), 


proving the assertion. 


By virtue of (8), (24) is always satisfied for 


(25) a= pi—?2 

and also for 

(25’) a= pt) —2, if pt)—1<v<p—ptl. 
Similarly, 

(26) |@,|—| >| Ba 


where 
(27) I— H=1/(2t—1) if (28) a=v+2. 


Proof. (2%) is equivalent to 


4t? — 2t[2(v + 1/vz) —p +1] 
— [(p—v—1)(v+ 1/vg) — (v—2) + +1] ZO, 


which is satisfied for 2¢ =v +1/v, +1, or, by (11), for 
— (a— B)/(«B —1) proving the assertion. In view of (8), @ satisfies (28), 
provided that 

(29) e=p—pP+3 


and also for 
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(29’) a= 4(p— pt) +3, if phR—1 < 3(p— pt) +1. 


Combining (25’) and (29’), it follows that for any possible value of v either 
(23) or (27) holds, in case we have simultaneously * 


(30) 4(p—pt) +8 <a<4(p+ pi) —2. 


We shall say that a prime p has the property C, in case* at least one of the 
following three alternatives holds: 


(a) the smallest primitive root of p does not exceed pi— 2; 
(b) the largest primitive root of p is not less than p — p4 + 3; 


(c) there exists a primitive root of p in the interval (30). 


Let us choose for a a primitive root satisfying either (a), or (b), or (c). 
From (22), (23), (26), and (27) it follows now, on account of (18), that 
if p has the property C, then 


(31) | On + Da| >| Ba |/2t > (5p/7)"/p. 


By (3) =v and, by the choice of a, v4 a; consequently, o£ 1 in (9), 
and it is sufficient to consider in (31) only values n=2. As for n=2, 
(5p/7)"/p > 2, it follows from (31) that |@,+ Dn| > 2, proving that if 
then is not parabolic. The case can be.reduced to the 
previous one by interchanging v and y,, which is possible without any further 
change of the argument or of the chosen value of «, since y and v, were both 
eliminated from the intervals (7). This finishes the proof that RV is not 
parabolic. 


Be 
Similarly, let RV D’, 


bolic, we obtain, proceeding as before, 


). Assuming that this matrix is para- 


* (25), (29) and (30) may be improved to a<pi, p—a< pi and |a—}3p| < 4ph 
respectively, by sharper estimates in (20). We remark also that (30) is meaningful 
only for p> 29. For all smaller primes, however, either (25), or (29) hold. See also 
remark at the end of 1. 

* Although it seems likely, that every prime has the property C, the best that is 
known at present is a weaker result of Loo-keng Hua [6]; see also [1], [4], and [8]. 
In [7] J. Nielsen considers only primes p, admitting as primitive roots either 2, or 
p—2 (consequently also 3(p+1)). Property C represents a weakened Nielsen condi- 
tion and every prime, satisfying Nielsen’s condition, obviously has the property C. 
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| D'n | = — +2) — vz | 
(21’) + + 1) — (uv + Have) + 1] 
— + 1) + + 1) —v] = 2. 


We observe that, except for its sign, (21’) is obtained from the values (21), 
interchanging the couples (y, v) and (uy, Consequently, | + D,|~2 
implies | @’, + D’, | ~2 contrary to (21’), and RV" is not parabolic, unless 
n=1. From 3(p+1)—o=1 would follow, however, by (3), o—0 and, 
further, v= a° —1, contradicting (7). Therefore, in (9), the exponent of 
V is different from one and RV4*)~ is not parabolic. By (9) we conclude 
that no generator (A,,v) is parabolic, so that the only parabolic generator 
of T'(p) is S?, q.e.d. 


Remark. A separate consideration of the cases p= + 1, + 5 (mod 12) 
yields some additional information and suggests that the above result holds 
for all primes, whether they have property C or not, with at most a finite 
number of exceptions. As an example, let p==—1(mod12). Then no 
relations (6), (6’) exist, and all values of v of the form v—k, v—p—k, 
1=k=[(5p—7)/24], and their reciprocals can be eliminated from the 
generators. Erdds has shown [1] that every prime p has a primitive root 


a < (log p)?"p4; and the considerations of 4 hold, provided « = v—1, or 
(32) (log p)"p* S [ (5p — 7) /24] —1, 


which is true for all sufficiently large p. In the same way, results of Fueter 
[4] could be used to improve our results in the cases p==-+ 1, and p=+5 
(mod 12). The interest of such considerations is, however, considerably 
diminshed by the fact that “sufficiently large” means, for (32), p > e™. 
Therefore, the additional results obtained do not seem to justify a detailed 
case distinction (mod 12). It is rather to be expected that the known results 
concerning the smallest primitive root (mod p) will be improved sufficiently 
(see [8]) to show that all primes have the property C. 


UNIVERSITY OF SASKATCHEWAN, 
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ON SOLUTIONS OF LINEAR PARTIAL DIFFERENTIAL 
EQUATIONS OF MIXED TYPE.* 


By STeraAN BERGMAN. 


1. Integral operators in the theory of linear partial differential 
equations. The realization that a number of relations between some properties 
of solutions of a homogeneous linear partial differential equation * 


(1. 1) L(y) =a + Ade + Ble + PY = 0, 
(04/02) = (1/2) [ — 
(04/02) = (1/2) [ (0y/dx) + 1(dp/dy) ], 


in the case where A, B, F are entire functions of their arguments, are either 

independent of the coefficients A, B, F of the equation L, or depend only 

upon some properties of A, B, F’, has been one of the most significant achieve- 

ments of the theory of integral operators of the first kind. See [3, 5, 6].? 
By the operation 


(1.2) y—O(f) —Re[P(f; 


== 2%, 7 = — Re = Real part, 


where E(z’,7,t) (the generating function of the integral operator) is a fixed 
function, an arbitrary function f of one complex variable is transformed into 
a solution y of (1.1). 


Remark. The point (2), which appears as an arbitrary parameter in the 


* Received March 7, 1951. Research paper done under Navy Contract Nord 10-449, 
Task 3. 

The ideas expressed in this paper represent the personal views of the author, and 
are not necessarily those of the Bureau of Ordnance. 

1 For our purposes, it is convenient to use complex notation and sometimes to con- 
tinue x,y to complex values of the arguments, even if our final results refer to the 
behavior of the solutions in the real domain, i.e., for real values of w# and y. 

2 The numbers in brackets refer to the bibliography. A familiarity with previous 
publications except some portions of [9] is not assumed in the present paper. 
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uperator, will be called its point of reference. Usually we set 2% = 2% —0, 
unless, as in the case in section 5, it is of essential importance to have 2, Z 
arbitrary. The possibility of using an arbitrary point (2) as a reference 
point becomes important if we consider functions f which are singular at the 
origin, or if the coefficients of the equation become singular there. (This is 
the case, for instance, for the equations considered subsequently). 


To every equation (1.1), it is possible to find a function #H =F, (the 
generating function of the first kind) which is determined in a unique way, 
so that the operator O, = Re[P,] preserves many properties of the operator 
“Re.” 

Using this approach, it has been possible to show that various chapters 
of the theory of functions of a complex variable can be interpreted not only 
as theorems on harmonic functions, but also as theorems on solutions of 
equation (1.1) with entire coefficients A, B, F. 

In particular * it has been shown that relations between the properties 
of the subsequence {Ano}, m= 0,1, 2,---, of the coefficients of the series 

development Y= > Amnz™2" of a real solution y of L(y) —0, and the 


m,n=0 


location and properties of its singularities are independent of the coefficients 
A,B, F, provided that these latter functions are entire in z and Z. 

It is of interest that the method of transforming functions of one variable 
into solutions of linear differential equations can be extended to certain 
equations of mixed type. This is of particular importance for the theory of 
compressible fluids, which is based on the study of equations of this type. 
In this theory we investigate the equation 


(1.3) = Yan + 1(H) = 0, 
(1. 4) — an(—H)*, a4>0, a< 0, 


where 1(H) > 0 for H < 0, and 1(H)< 0 for H>0. Reducing (1.3) to the 


normal form, one obtains the equation 


(11a) L(y) + +42 =0, N=(1/8)°1,, Z—rA— 18, 


*For other properties such as the existence of classes analogous to polynomials, 
approximation developments, summation theorems, the reader is referred to [3, 5, 6]. 
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where V(A) is now singular* for A= 0. Assuming that / and therefore V 
is an analytic function of the variable A, it is convenient to continue our 
functions to complex values of the arguments. The domains <0, 
H< 0] and [—«o<#<0,H>0] in the real plane correspond to the 
domains [—20< Red, < 0, ImA,; = 0] and [—»< >0, 
Re A; = 0] respectively. Here A; =A-+ 7A. 

Since the integral operator of the first kind is not defined at the points 
where the coefficient N becomes singular, it is useful, in studying (1. 1a) to 
introduce two integral operators Ps; and Po, (see (5.8), (4.1), and (4. 2)) 
of the second kind, which are defined in two different domains of the A, é- 
plane. Each of these operators is defined only in subdomains of the regularity 
domain of N, but Pz, is defined also on the singularity line A~—0 of NX. 
P., can be defined for —oo. 

As is the case of regular coefficients A, B, F, it is possible to show that 
for a class of equations (1.1a), namely those for which N(A) satisfies the 
conditions (3. 5a)-(3. 5d), a number of relations are either independent of 
N(A) or depend only on some properties of N(A). Among equations of this 
type, it is possible to select one, to which we shall refer as the “ simplified 
case,” where the situation is particularly simple, and whose theory can be used 
as a pattern for the development of the theory in the general case of equations 
of this type. In the “simplified case” where 1(H) —=— a,H, a, a positive 
constant, the generating function ° #,+ of the integral operator of the second 
kind is given by 
(1. 6) = (Z,Z,t), Ht =S8o(— Z=A+ 


where F.*} is a hypergeometric function of the variable u = ¢?Z/2A, 


(1.7%) = A,F(1/6, 5/6, 1/2, u) + (2/3, 4/3, 3/2, u). 


A, and B, are constants. 
By the transformation Z.* — H-E#., equation (3.2) of [9] for F, is 
reduced to the somewhat simpler equation (4.9) for #.*. 


* The study of the equations of mixed type is in this and many other respects equi- 
valent to the study of partial differential equations of the form (1.1) with singular 
coefficients. 

5 These results are of importance especially in fluid dynamics. 
sponds in the hodograph plane (i.e., in the plane whose Cartesian coordinates are the 
components u,v of the velocity) the origin u=v=0. 

® The generating function and some other quantities referring to the simplified case 
will be denoted by symobls with a dagger (7). 
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It has been shown in the general case that H,* satisfies a partial differ- 
ential equation (see 4.9), which in the “ simplified case ” becomes an ordinary 
differential equation (the hypergeometric equation). Equation (4. 9) possesses 
some features which can be considered a generalization of properties of hyper- 
geometric equation. 

In particular #,*+ can be developed into a series of powers of wu (and 
v=1—), converging in | Z/2A| <1, as well as into a series of powers 
of ut (and (1—v™)) converging in |Z/2A| > 1. Continuing the inves- 
tigations of [9] in sections 4 and 6, we show that in the general case of 
equation (1.1a) there exist generating functions H,, and H22 representable in 
the form of infinite series, converging in | Z/2A| <1 and in | Z/2A| >1, 
respectively. They can be considered as generalizations of the above-mentioned 
series developments for the hypergeometric function. Substituting #,, and 
E.. into (1.2) instead of H, we define the integral operators P2, and Pz. in 
|Z/2X | <1 and in | Z/2| > 1, respectively. 

Thus in the course of our investigations, we introduce a variety of integral 
operators which are defined in different domains, and which preserve different 
properties of the function f to which they are applied. In order to be able 
to employ different operators simultaneously, however, we must determine 
relations which exist between the associate functions of the same solution 
¥(A, 0) of (1. 1a), but with respect to different integral operators. In section 
5 we determine the associate of P,;. This result solves the initial value problem 
in the large, with the data w(A, 6), ¥r(A, #) given on a segment A = Ao, Ao < 0, 
ie, In the domain of elliptic behavior. In section 7 a similar problem is 
considered with y(0, 6), (— A) 0) = (H, 8) (see footnote 7? 


on p. 468) given, i.e. with data on the transition line, A—0. Our results 
give information about the behavior of the solution in regions lying in the 
domain of validity of the corresponding operator. We also clarify the extent 
to which these results depend upon the coefficient N of equation (1. 1a). 

Solutions of linear differential equations with analytic coefficients are 
analytic functions of two variables. When the y’s are continued to complex 
values of the arguments, they represent important subclasses of functions of 
two complex variables. As indicated in section 8, the results obtained in 
sections 5 and 7 can be interpreted from this point of view. They comple- 
ment in a natural way that portion of the theory of functions of two (and 
several) complex variables which is devoted to the study of the relations 
between the coefficients of the series development of a function, its growth and 
value distribution. 
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The theorems of sections 5 and 7 illustrate the application of the operator 
method. The results of the present paper can be employed for the study of 
various other questions in the theory of differential equations of the type (1.3), 
in a manner similar to that of the case of regular coefficients. 

The author wishes to express his thanks to Dr. Philip Davis for his 
assistance in the preparation of this paper and various valuable suggestions 
which have been incorporated. 


2. Solution of the initial value problem in the small. In this section 
we shall, by using a set of particular solutions introduced by the author’ 
(cf. [4]), solve the initial value problem in the small for equation (1.3) with 
the data given on the transition line. 


The above-mentioned solutions are 


(2. 1) 6) —11(")o fa 


n H H Hy 
0 0 0 


(2.2)  wno(H, ore fan, 1(H,) aH 


In this section, we assume that J(H) is bounded in some interval 
—H’=H=HW’. From this assumption it follows that all the functions 
(X= 1,2,- - =1, 2), are twice-differentiable over [— H’ SHH’; 
—o <6@<o]. These solutions have the further property that 


(2. 3) (0, 6) = 0, Ynz (0, 6) 6”, 
(2. 4) (H, 0) /OH] = [One (H, 0) /OH] = 0. 


THEOREM 2.1. Let the functions y,(0) (k =1, 2), possess expansions 
of the form 


(2. 6) xn (9) = > 
Then 


7 These functions were introduced independently in a joint paper [12] (see also 
[13]), by L. Bers and A. Gelbart, who term them o-monogenic functions. 
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converges in a domain 


(2.8) <0]; 


The series (2.7) represents a solution of equation (1.2) for which 
(2. 9a) ¥(0,0) = (9), 

(2. 9b) [ve (H, 0) x2(9), = 

holds. 


Proof. From the convergence of the series in (2.6) it follows that 
(2. 10) | | S | a2) | S p2/O,", (n= 0,1,2,- 


for some conveniently chosen positive constants pw, and pz. Inasmuch as /(H) 
is assumed to be bounded, we have for some positive constant c, 


(2. 11) |1(H)| Se for |H|<H’. 


Now select 
(2. 12) o > max [6,/H’, c]. 


From (2.1), (2.2), and (2.11), it follows that 
(2. 13) | vax (H, S for |H| =H’. 


If (H, 6) ¢ D, then | H| S (61/0) < H’ by (2.12), so that (2.13) holds for 
(H,@) in this domain a fortiori. Thus, for (H,#) eD, the series (2.7) is 
dominated by 


(2.14) (an + 0 | +61 1) 


But by (2.12) we have +c¢;H|< 6, for (H,0)eD, and therefore 
(2.7) converges absolutely and uniformly in D. By a similar argument, it is 
clear that the first two derived series also converge absolutely and uniformly 
in D, and therefore (2.7) is a solution of (1.1a). From (2.3) and (2.4) 
it follows that this solution satisfies the initial conditions (2. 9). 


Remark. Let A be a class of functions of H and 6 which are infinitely 
differentiable, and which possess the further property that any function of 
A is uniquely determined by the derivatives 6) /0H™00"] 9-0 
(m.n=0,1,2,-- +) (as, for example, the class of functions analytic in a 
neighborhood of H=0, 60). If 1(H) is infinitely differentiable over 
—H’ =H=Hy, and the solution (2.9) of the partial differential equation 
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is required to belong to a class A, then it is unique. For since y(0,0) = .(6), 
and y,, (0,0) = x2(@), it follows that (d"y(0,6)/00™) and 
[a™**y(H, 6) /0H06” | = (m = 0,1, 2,- - -), while the remaining 
mixed derivatives may be obtained from x;(@) and /(H) by recursion through 
the repeated differentiation of + 1(H) wo, 0. 


3. Reduction of the equation of mixed type to normal form; the class 
MN of differential equations of type (3.1). The function 1(H) given by 
(1. 3) will now be assumed to satisfy some additional conditions, the precise 
formulation of which will be given below. Our aim is to show that certain 
properties of solutions of (1.1) are independent of the special form of /(H), 
provided that /(H) satisfies these conditions. 

In order to formulate these conditions, it is convenient to reduce (1.1) 


to the normal form 


(3. 1) + Yoo + 4N = 0; N= (1/8)1°"lq, 


by means of the transformation 


(3. 2) frat. 


A formal computation shows that —A(—H) has an expansion of the form 
(3.3) —A(—H) = + 9? -, 


valid in a neighborhood of H = 0, while N has an expansion of the form 
(3.4) = + > 0, 


valid for <A <0, A If ro is the radius of convergence of the 


series >| 8,2”, then we have Ay = 7,°/”. 
We now impose the following requirements* on the function N(Ad). 


We shall say that a function N(A) of the real variable A belongs to the class 
MN, if 
(3. 5a) N(A) is an analytic function for —o< A < 0, and is real for A < 0; 


8 These requirements, of course, may be replaced so as to give conditions directly 
on the function 1(H); however, such a formulation would be more involved than that 


given above. 
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in the neighborhood of 40, N(A) possesses an expansion of the 
form (3.4), valid for —A << A<0;0<A Som; 


(3. 5b) 


(3. 5c) the integral exp[—f 2N (t)dt] H(A), exists for all A < 0. 


Under these assumptions, it may be shown that lim (—A)?/*H(A) exists.?° 


Set S,. equal to the value of this limit. We shall assume further ™ that 


(3. 5d) So > 0. 


Remark. If (3.1) possesses a coefficient V (A) ¢ Mt, we shall say that the 
differential equation is of class Jt. 

Before investigating the general equation (3.1), it is useful to consider 
the special case 
(3. 6) 


= — ai, a, > 0, 


to which, following [9], p. 862, we shall refer as “the simplified case.” In 
this case N(A) = (12A)-*.. If the lower limit appearing in the integral in 
(3. 5e) is replaced by any a for which —wo<a< 0, it will be found that 
conditions (3. 5a)-(3. 5¢) are satisfied. In the simplified case, the generating 


®In compressible fluids this integral equals I-*/4 = (p? (1— M?) )*/4. 
10 The existence of S, may be established as follows. Select A, such that —A,<A,<0. 


Then H(A) =exp[ f% (—2N(t) + (—2N(t) dt]. Introduce 


=—(1/6)log(—A) + (6Br/(2»—3)) 


(—A»<A<0); then (independently of A,), 
=expl f[—2N(t) ]dt + 7(d) 


Thus 


=expl 1. 

It should be pointed out that (4.3) of [9] should be corrected to read as (3. 5c) 
above. Also on p. 860 of [9], line 4 from the bottom, “i” should be omitted. On p. 871, 
lines 12 and 11, Ez,*7, and Ezz*+ should be replaced by FE; Ez,*f, and 
On p. 872, formula (4.9’), the exponent “— 2/3” should be replaced by “ 2/3.” 

11 The value of S, in the case of compressible fluids is given in (4.3) of [9]. A 
detailed derivation of this formula can be found in the appendix p. 898 to the Technical 
Report No. 10 of the series “‘ Operator Methods in the Theory of Compressible Fluids,” 
Harvard University. 
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function of the second kind FL} of the integral operator is the hypergeometric 
function of the variable u = Zt?/(Z + Z) = #Z/2vA,Z=rA+0,7Z=rA— 6; 


(3. 7) E.*+ = A,F (1/6, 5/6, 1/2, u) + (2/3, 4/3, 3/2, w), 


and it is possible to represent it in the form 


n=0 


holding for | Z/2A| <1, and 


holding for |Z/2 | > 1, where 


(3.10) Qf@)(2d) 
Qt (2a) =1, 


and where 7% 


(3.11) g(a) 


and 
(3. 12) gt) (A) 


_ (5/6) [(5/6)-+n—1] (4/3) (4/3) +1] 
- - - [(6/3)+-n—1] 


4. The integral operator of the second kind for the general equation. 
In this section we shall show that for the general case there exist two series 
developments which are analogous to (3.8) and (3.9). They may be written 
in the form ** 


1292 (2) has not been listed here inasmuch as the corresponding operator, after 
integration, yields zero identically. 

18 Formula (5.22) of [9] should be corrected as above. Formula (4.14) of [9] 
should read “ + (bsSo/(2A)?/*) (2A/(2A — t?(A + 6)))?F(.--.’ On p. 880, formula 
(5.20) should read “for 2 | A|<Z, and | |#/*<s8.” 

14TIn addition to developments in powers of wu and (1/u), the hypergeometric series 
has other representations. In section 5 we shall derive representations corresponding 
to developments in powers of 1— wu and 1—(l/u). 
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(4. 1) > (mk) (2) (k = 2), 
n=0 
and 
(4.2) = gl /(— (k =1,2), 
n=0 
[A] < Ao), 
where 
(4.8) (2m + + + 0, (— co) = 0, 


—4P; F(x) ——N*(a) — (1/2)N,(a) 

while the g are given by the recursion relations 

(4. 4) gx + 4F (A) — 0 (k = 1,2), 
(2k/3) + 4 (a) — 0, 

and satisfy the initial conditions which are implicit in (4.5). 


THEorEM 4.1. Let g@(A) (n=0,1,2,-- -;4—=1,2), be a set of 
functions which satisfy the relations (4.4) and in the neighborhood of the 
origin have developments of the form 


(4. 5) = C1, (me) (— 

where 

(4. 6b) == 0, 

(4. 6c) 29/8, (n2) (1). 


Then the series 


(4. 7) (k= 1,2) 
22 = — t?Z) ? ? 


converges uniformly and absolutely for Z belonging to any closed subdomain of 


(4. 8) and |¢|=1. 


15 The conditions (a) = 0, a>— could also have been imposed. 
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The series (4.7) then represents a solution of the partial differential equation 
(4. 9) — + 2Zt FEzz* + 2Zt FE* =0, 

where 

(4. 10) Z=A+ 0, 10, A= Z)/2, 

and is, therefore, when multiplied by H(A), a generating function of the second 


kind defined in the domain (4.8) for the differential equation (3.1). 


Proof. As has been shown? in [9], the series (4.7) converges abso- 
lutely and uniformly for |¢|=1 and for A, Z belonging to the region 
B[2|aA| <|Z|,r4< 0, | —A| < Ac], and represents a solution of the differ- 
ential equation (4.9). It remains to show that the convergence holds for 
A <—2A>. We shall first establish several lemmas. It is convenient to 
introduce the variable s = (— A)*/*, noting that — A is positive and choosing 
the real branch. In this variable, we shall have 


(4.11) F(A(s)) =s8(s), 


where S(s) is regular for |s|<|A.|?/*. Moreover, in this variable, the 
relations (4.4) become 


(4. 12a) — (1/2) 4 98(s) — 0, 


(4. 12b) — 3[n + (2/3) + 
(1/2) + 98 (s) 


ReMARK. We note that for g(A) and q(A(s)) the same symbol q is used. 


Lemma 1. Let 


@ 
(4. 13) w)(s) == (k =1, 2). 
y=0 


Then we have 


8 81 
0 0 


*6 The special case of this theorem where N is that which appears in the theory of 
compressible fluids, i.e., when it is given by (2.16), has already been stated on 
p. 878 of [9]. However, the proof given there is only for \ belonging to the domain 
E[2||<|Z|,—%<A<0]. The generalization of this part of the proof to the general 
case, i.e. N(A)e ®, is immediate; the main content of the present section is the removal 
of the restriction —A,.<A=0. For dX, see (3.4). 
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Proof. It has been shown on page 879 of [9] that w™(s) = q(s), 
so that by (4.12a), w“(s) (4 =1,2) are two independent solutions of the 
differential equation 


(4. 14) — (1/2) sw, + 9S(s)w =0. 


Introduce 


0 0 


so that it is necessary to prove that 

(4. 16) (3) == w) (3) (8), n =— 1, 0,1, 2,- 
Substituting the right-hand side of (4.16) into (4.12b), we obtain 
(4.17) + [ — (1/2) sw] 


—3[n + 
or 


= 3[n + (2k/3) 


Now it may be easily verified by differentiation that (4. 15) is a particular 
solution of (4.18), and therefore that (4.16) is a solution of (4. 12b). 


The first terms in the expansion of w(s)u*1(s) are given by 


[(3n/2)— (8/4) +k] (8n+ 2h)Co™ gl (8n/2)+k+(3/4)] 
[(38n/2) + 2k—(3/2)][(8n/2) + (3/2) ] 
| 
[(3n/2) + 2k — (1/2)][(3n/2) + (5/2)] 
4 090, [(3n/2)—(8/4) +E] 
Co) [(38n/2) — (1/2) + 2k] [(8n/2) + (5/72) ] 
2[(8n/2) — (3/4) 
[(8n/2) — (38/2) + 2k][(3n/2) + (5/2)] 
[(3n/2)—(3/4) +k] +. 


(See (4.13), (4.5) and (4.15)). From the coefficients in this expansion, 
it may be verified by induction that the conditions (4.6) are satisfied. Thus 
we have shown that g@*(s) and w(s)u**(s) are both solutions of 
(4.12b) and are such that their first two coefficients coincide. Our lemma 
now follows. 
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Lemma 2. The functions 

(4.19) Wo = exp f = (1/2), 

(see (3. 5c)) and 

(4.20) — 2"/°(38,H) Heda, 


A 
lim (—A)¥* exp[—2 f N(t)dt], 


both satisfy the differential equation (4.14). 
Proof. We have 
(4.21) A=—s*/, dd/ds = —(3/2)s¥/?, = —(3/4)s/*. 
so that 
(4. 22) dw,)/ds = — 3s¥/?w,.N, 
and 
(4. 23) = 9sw,N? + (9/2)swoNy — 
Substituting these values in (4.14) and simplifying them, we obtain 


(4. 24) + 4N?4+4F —0, 


which, by condition (4.3), is satisfied identically by WN. 
To prove that (4. 20) is a solution of (4.14), we may proceed as follows. 


Let 
(4. 25) W, = H-r, 


Then we obtain the following condition on r in order that (4. 14) be satisfied. 
We have 


(4.26) dw./ds = (1/H)r, + 1(1/H)., 
= (1/H) + 215(1/H)s + 1(1/H) ss; 
so that (4.14) becomes 
(4.27) 8°[ (ree/H) — 2re(H./H*) + r(1/H) oe] 
— (8/2) [(rs/H) + r(1/H)«] + 9[8(s)](r/H) =0, 


8 — — (1/2) 1s = 0, 


or 
(4. 28) 
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since (1/H) is a solution of (4.14). The quantity r, must therefore satisfy 


(4.29)  (tes/'s) = (2H./H) + (1/28), or 
(d log(rs)/ds) = (2d log H/ds) +-1/2(d log s/ds), 


8 
so that = cH?s’/?, and racf =—(2/3)¢ H? dx. 
0 0 


LEMMA 3. 
(4. 30) w)(s) = we2(s), 
(4. 31) w(s) = 2/88,wo(s) + 
where S, = 38,, and 8, has already been given in (3. 5c) ; and hence 


& 

(4. 33) w)(s) = H?s1/2ds. 


Proof. As we have shown, both sides of (4.30) and (4.31) satisfy the 
linear differential equation (4.14). Hence, by classical theorems, it suffices 
to show that the first two coefficients in the expansions coincide. It has been 
shown in [9], page 870, that in the neighborhood of A=0, H(A) has an 
expansion of the form 


(4. 34) H(A) + So81(—A)*/* + SoSe(—A)** 


Hence 


0 
(4. 34a) 
A 
0 


Therefore, from (4.13), (4. 6c) and (4.20), since the series development of 
w and we, begins with s°/*, both w® and w, coincide in the first two coefficients 
a; and a, 2°*/* of their series development a,(—A)/* + 
+--+. We have, furthermore, from (4.19) and (4. 34), 


SoWo = — 8,(— A) + - 


and from (4.20) and (4.34a) S,w. = 2°/*8,(—A)*/*+---, so that 
27/65 + 272/39 We 21/6 (— +. 0: (—a)*/* + const (— d) 
Therefore, by (4.13), (4.6a) and (4. 6b), the first two coefficients of this 
sum and w™ coincide. 


13 
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Lemma 4. For an arbitrary s. > 0 there exist three positive constants 
C,(82), C2(s2), C3(s ), such that 


(4.35) C,s*-@/) = w®(s) = (k—1,2), 
(4. 36) | | = 


Proof. We note that since S, and S, are both positive, it follows from 
(4.19), (4.32), and (4.33) that w(s) = 0, and w®(s) —0 only if s —0. 
By (4.13), 

(4. 37) w®)g-k+(8/4) |s| < &, 
y=0 
so that ws*+@/4) is regular in |s|< so. Since, in addition, the integrals 
(4.32) and (4.33) are valid for all real s = 0, the existence of constants for 
which (4.35) holds, now follows. Again, since 


(4. 38) wes — (vy + k —(3/4) ) |s| <8, 


wss*7/4) ig regular in | s|< so, so that the existence of C, with (4. 36) 


follows. 
We are now in a position to prove our theorem. Recalling that in (4. 15) 


was defined by 


8 8&1 
(4.15) (s) — 3[n + (2k/8)] f ds, 


we wish to show that for all s., s. > 0, and for all « >0, there exists a 
C = C(s2,€) such that 


2k/3 
(4.39) |u%(s)|< (1 + €)"s°"/?, 


Since, according to page 879 of [9] and (4.13), w®(s) = q®(s), we have, 
by (4.16), w(s) = 1, so that statement (4. 39) is obviously true for n = 0. 
From (4.5), (4.13), (4.16), the series development for u(™ has the form 


(4. 40) (s) CH) [ ] (1 Ay HX) 
p=1 


Let « and s, be fixed. In view of (4.40) and the fact that w™ = 0 and equals 
0 only when s = 0, it follows that for every finite n we may determine C’ so 
large that the inequality is valid for »—0,1,2,---,n. Fora fixed s., choose 
n so large that 


(4. 41) (3n/2) + 2k— (3/2) <6 


0=8s= %. 
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where C,, C2, Cz; are constants introduced in Lemma 4. Assuming the 
inequality (4.39) for » <n, we shall show that it holds for»—n+1. If 
we integrate the inner integral in (4.15) by parts, and note that w(0) = 0, 
we have, by (4.16), 


8 
0 


— 3[n +(2k/3)] (wy ds,. 


Therefore, using (4. 35), (4. 36), and (4. 39), 


3[n + (2k/3) ]2°T[n +(2k/3) ](1 +)" 
T(2k/3)0(n + 1) 

(3/2) (n +1) (3/2)C,?[(8n/2) + 2k —(3/2)](n +1) 
[n+ 1 +(2k/3)](1 + «) 
T'(2k/3)T(n + 2) 

CL, 

x [3 + 2k —(3/2) 


and in view of (4. 41), 


| y | 


n + 1 +(2k/3)](1 + 
(2k/3)T(n + 2) 4 


| | < 


which is the inequality for »—=n-+ 1. 
Finally, we have 


(4. 43) = (— #2) [n—(1/2)+(2k/3)] ? 


n=0 


(— BZ) | = | (— PZ) | (— 


by (4. 39), 


<3 2°T[n + (2k/3)]C| (1 + 
n=n | (— gen + 1) (— 


which converges for | 2A/tZ | <(1-+)7. Since « is arbitrarily small, the 
theorem is proved. 


5. Inversion formulae. In this section we shall determine the inverse 
of the various integral operators under consideration, i.e., the analytic func- 
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tion f(Z) which, when substituted in an operator of the form (1.2), yields 
the given (real) solution y(Z,Z) =O(f). The determination of the inverse 
reduces such questions as the determination of the domain of regularity, the 
determination of the character of the singularities, etc., to the corresponding 
problems in the theory of analytic functions of one complex variable. 

As we stressed in section 1, it is sometimes of interest to consider the 
integral operator of the first kind with the point of reference different from 
the origin. Such an operator may be written in the form *” 


(5. 1) Pi(9, = R(Z’, Z’)y* 2’), 
where 
(5.2) y*(Z’, 2’) =9(2’) 
and 
(5. 3) Z’ =Z—Z,, Z =Z—Z), 


and the functions P™ satisfy the recurrence relations, 

(5.4) Pz 4+2F=0; (2n 4 4+ 2FPO — 0 
(n= 1, 

and are such that 

(5. 5) P)(Z’,0) =0 

Here F = F[ (1/2) (2’ + 27) + (1/2) (Zo + Z)] is the function introduced 

in (4.3), where A= (1/2)(Z + Z), see (1. 1a). 


THEOREM 5.1. Let y(Z,Z) bea real solution of (1. 1a) which ts regular 
in the neighborhood of Z =Z,, Z = Z,, and is such that 


(5. 6) 20 (Z,Z) = + 
Then 
(5.7)  2W(Z,Z) = g(Z’) + RO, Z’)G(0),  2p(Zo, Z) = R(O, 2’)9(0) g(Z’). 


Proof. This follows immediately from (5.1), (5.2) and (5.5), by the 
substitution of Z’ = 0 and Z’ = 0, respectively. 


17 (5.1) is somewhat altered form of P(f), see (1.2). In (5.13) the relation 
between the corresponding f and g is given. 
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Similarly, we now consider the integral operator of the second kind with 
an arbitrary reference point Z). Such an operator is defined by ** 


(see (1.2)), where 
(5.9) 2; t) — 


exp[—f N(A + Ao) dA], 
and where the functions Q™(2d’) are given by the recursion formula 


(5.10) (2n + 1)[dQ@/dn’] + [€?Q™/dr’?] + + 2.)Q™ = 0, 
[dQ™/dn’] + 4F + A’) = 0, 
and are such that 
(5.11) =0, for ’ =0, (nm == 1,2,°--). 
Remark. The domain of regularity R of this operator is given by 
(A—Ao)? + # < 4A*.. This may be established by the method of [7], pp. 
36-39, replacing A by A’ =A—A, throughout. The operator (5.8) may be 


written in the alternate form 


where ¥*(Z’Z’) has the same form as that given in (5.2), except that 
P™(Z’,Z’) are to be replaced by Q™(2)’). Furthermore, f and g are 
related by 


THEOREM 5.2. Let there be given a (real) solution 
6) = H(2n)y* 7) = H(2N)¥*(N, 
= (1/2)(po(9; Zo) + Zo)), 


=> Pn = + 


n=0 


18 The operator P., with the reference point Z, = 0 has been considered in section 4. 


| 
> 
| 
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Furthermore, let 


(5. 14) v*(0, 6’) = > 


= [H(0)]*¥x (0, — Ay (0) [H(0) (0, = 
n=0 
Then jm are related to Bn and yn as follows: 
(5. 15) Len = (—1)"Bon, (—1)"*Bonss (n= 0, 1, 2," 


5. 16 n+2- 
( )  Ponse-k k 


0 0 a ™ On 


where doy = —1, v=0,- -,n—1, and where 
(5.1%) Dy == (—1)"(2n + 1)yen 
— [(@n + 1) — 29) 
j= 
(5. 17%b) = — [(2n +1) on-2m-1 (2 +1)!, 
(5. 1%c) C, = (2n) Ag 


A=0 
and 


(5. 18a) (-— 


— [(2n) 2) —1) 


(5. 18b) 2) — [(2n) !]-*Con-m-1A on-m-a (2m) 


Proof. 


n=0 


and therefore 


@ 
2 >» BrO’". 
n=0 


n=0 
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Equations (5.15) follow immediately from this. Furthermore, 
+E + (W) pax’ — 
Whence, by (5.11) and (5.174), 


> 


n=0 


From this it follows that 


(5.23) Ref{i"[(m + + + C,A2[n(m — 1) ]*pn-2 
CrAnpo(n 
=n (n==0,1,° 


It follows from this that 


(5.24) -yon(— 1)" = + 1)poner 1 + [(2n) !]* 1CjA 1 


(5.25) yonss(— 1)"* 


2n+1 
= (2n + 2)ponee 2 + [(2n + 2 (2n 1 — 1CjA 2 
(n=0,1,°--). 
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From the first of these relations and (5.15), we obtain 


n-1 


(5. 26) Hens 1 = Onjg™ 1+ 
=0 


while from the second, we obtain 


n-1 
(5.27) pans = + Da 
j= 


The expressions (5.16) now follow. 


Theorem 5.2 gives us the coefficients of the associate of the second kind 
in terms of the initial values yi, x2 The connection between the coefficients 
Bn; yn 0D One side, and py, on the other, can be interpreted as a projection in 
the coefficient space. While the associate of the integral operator of the first 
kind of = Amn2"2", Anm = Amn, can be determined in terms of the A, ’s 
independently of the equation, the above-mentioned projection depends upon 
the equation, since the elements of the determinant (5.16) depend on the 
Qs. (See (5.1%b), (5.1%c)). 

Our result represents much more than the solution of the initial value 
problem. All properties of the associate g (a function of a complex variable), 
or f (see (5.13)), can be “translated ” into theorems on the behavior of ¥ 
in the domain RF (cf. the remark on p. 461) of the regularity of the operator. 
For details, see [6], p. 299. As an example, it is of interest to formulate 
the results which follow from the Hadamard theory of coefficients of entire 
or meromorphic functions. If the coefficients of f satisfy the well-known 
Hadamard conditions, so that f has in a domain BCR, poles as its only 
singularities, then y will, at the corresponding points, have certain branch 
points of order n+ (1/2), nm integer. If f—f;/f2, where f; and fs. are 
functions which are regular in B, the representation 


t=-1 
holds in B. 


Remark. wy is an infinitely many-valued function possessing branch point 
at the point p, where f, has zeros, and we have to specify what branch of it 
is represented by (5. 28). 


If on the other hand g satisfies the Hadamard conditions, so that we can 
write g = (9:/92), where g, and g, are regular in B, then we can write 
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t=-1 


or 19 
y(Z’, 2’) = H(N’) (91/92) 


The above formulas can be used for the study of the growth and value distribu- 
tion in the neighborhood of a point of accumulation of singularities of y. 
Thus, the theory of integral operators gives us insight into the structure of 
the singularities of a solution of a differential equation. 

In this connection it will be of interest to clarify the possibility of the 
representation of single-valued solutions of (1.1) in the neighborhood of a 
point of accumulation of single-valued singularities. 

It is well known that the only singularities of linear differential equations 
of elliptic type with analytic coefficients which are single-valued in the real 
plane are fundamental solutions, say y“(Z,Z,)) = A(log + log Z) + B, 
B=B(Z, Zo, Z), — Zo, C= FZ —Z,, and their 
derivatives with respect to the parameters Zo, Z. (See [8], p. 473). Let Z, 
be an infinite set of points in a domain B. The question arises whether there 
exists an infinite sum 


of such singularities with conveniently chosen solutions H,’s, which are regular 
in B and possess the property that D(¢) = SS gw dxdy<a. Here w 
B 


is some (positive) weight function. In order to answer this question, we can 
repeat the considerations carried out in [2], p. 143-147, where we introduced 
fundamental solutions which are normalized with respect to the domain B. 
(They possess the property that they are orthogonal to every regular solution 
¢ with finite D(¢) of the differential equation). The considerations of [2] 
can be repeated in this case, and we get necessary and sufficient conditions for 
the existence of functions ¢, D(¢) < ©, possessing the above singularities at 
the prescribed points Z,. If sufficient conditions are satisfied, the above 
considerations will also give us a representation of the function ¢ in terms 


1° Tf g. is a polynomial, the above integral can be evaluated in terms of elementary 
(i.e., algebraic and logarithmic) functions. 
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of the kernel function of a complete orthonormal system with a weight 
function w. 


6. Other representations of the integral operator of the second kind. 
In the simplified case, in addition to the representation (3.8) for P., and 
(3.9) for P22, we can obtain two further representations of (3.7) in powers 
of v==1—wand (w—1)/u. We shall show that similar developments hold 
in the general case. 

The function — considered as a function of 
(6.1) u=t?Z/2, and s= (—A)?/, 
satisfies the differential equation 
(6.2) w(1—u)E* uy, + (1/2 — 2u)H*, — (5/386) + (2s/3)(2u — 1)E* us 

+ + 3u-t)E*, — (4/9) s?B* — 4(8(s) — (5/144)) E* = 0. 

If we now introduce 
(6.3) E* 


we find that £* satisfies the differential equation 


(6.4) u(1—u) ((3/2) — 3u)B*, — [48(s) + (8/9)]B* 
+ (8/9)sE*, + (28/3) (2u—1)B#*,, — (48?/9) = 0. 


and upon introducing the variable 
(6.5) v= 1—u=—1—#Z (2d), 
we have 
(6.6) (1 + [(3/2) — 30] — [48(8) + (8/9)] 
+ (83/9) £*, + (28/3)(2v — 1) B*y, — (48/9) 0. 


It will be observed that equations (6.4) and (6.6) are identical, except that 
the role of u and v is interchanged. It therefore follows that (6.6) has 
solutions of the form 


and 


whence, in the original variables, 
@ 
(6.9) = — #9Z)*/7[ (— a) + — 2d)"Q™(2d)] 
n=1 
(k = 1,2), 


2° In this section we consider both H,, and E.., but the subscripts have been omitted. 
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valid for |(#?Z — 2A)/2A| <1, and 


(6.10) B* = [g((a)] (2Z — 
=0 
(k = 1,2), 


valid for |(#?Z— 2d)/2A| > 1. 


7. On solutions of the initial value problem in the large. One of our 
aims is to consider the problem of the solution of the initial value problem 
in the large. More precisely: if on a segment of the transition line, the value 
of a solution and of its derivative in a direction normal to the line are given, 
how far can the solution be continued into the elliptic region, what are the 
locations and the character of its singularities, etc.? In the present section, 
we shall obtain a partial answer to these questions. The properties thus 
obtained are, to a certain extent, independent of the function F(A) (or NV). 
We shall now obtain a sufficient condition which will guarantee the existence 
of a solution ¥(A,@) of equation (3.1) which is regular in a subregion B 
of the elliptic region, and which satisfies given initial data on the transition 
line A=0. The problem is reduced to the determination of the domain of 
regularity of an analytic function of a complex variable in terms of the coeffi- 
cients of its Taylor development. This question can be answered by a number 
of results in the theory of analytic functions, and we shall not enter into it here. 

Let [ be a simple curve which connects the points —1 and + 1 of the 
complex t-plane and lies completely in 1 < |+| = A <o, A sufficiently large. 
For each point ¢, we denote by c(¢;1) the curve traced out by the values 
(1/2)€(1—?#*) as ¢ traverses [ from —1to + 1. Furthermore, we denote 
by 71(B) the domain 
(7. 1) T1(B) = 


If, for instance, [ is the upper half of the unit circle, then c(€;1) is the 
circle | z— £/2| =| €/2|, so that 71(B) consists of the union of all circles 
passing through the origin and points Pe B, and having the segment 0 as 
diameter. More generally, as ¢ traverses an arbitrary curve from —1 to + 1, 
the expression (£/2) (1— #?) varies on a closed curve c which passes through 
the origin. Thus 7;(B) consists of the union of closed curves c({,1), each 
passing through the origin, and each obtained from the fixed curve c by a 
dilation of amount | {| and a rotation of amount argé. It is clear that any 
closed curve passing through the origin may be selected as the fixed curve c¢, 
and that the origin will be a boundary point for all domains 7;(B). 


THEOREM 7.1. Let y,(0) and x.(6) be two functions of 6 which possess 
representations of the form 


| A6Y 

t 
@ 
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(7. 2) xj(0) = > a6", 0<0<6,,0, >0, (j—1,2). 


y=0 
Let a function f(£) be defined by 
where 
(7.4)  ¢,=—(— 2) ]7 
Xx [— dy -+- (— 
k=1 
with Im[ and * 
(7.5) dy =—(2/3) 18/78 As, dy = —(2°/8/8) de = — 
— (1/2) 1) 1/8) + 1)/Tv + 2/3)] 
(n =0,+ 1), 
(7.6) 
Jy — — 1) + + 4/3)] 
(n=0,+1). 


If a domain B situated in F)[3*” | A| < 6,6 >0,AS 0], contains the segment 
and if f(€) is regular in Ti(B), then 


(7.7) yQ,6) f at], 


where EH = A,E® + [Z(1— #?)/2]**A.E©, ts a solution of the differential 
equation (2.3), which ts regular in B and 1s such that ** 


(7. 8a) lim y(A, 8) = 
(7. 8b) lim (A, 6) — x2(8). 


Proof. With t on [ and Ze B, by Theorem 4.1, F(Z, Z,¢) is regular. 
By assumption, f[Z(1— ?*)/2] is also regular there. Hence, (7.7) is a 
solution of the differential equation (3.1). The boundary relations (7. 8a) 
and (7.98) follow 7? from Theorem 6.1 of [9]. 


*1 The three independent possibilities in (7.6), are covered by n=0, n=1, 
n = — 1, respectively. 
22 Tt follows from (3.3) that lim (—)-*/*d\/dH = (3a,/2)1/*, so that the limit 
\>0- 


in (7.8b) essentially coincides with lim y(H, @). 
H-0 


It should be further noted that the initial value problem for the equation 
Yuu + (—H)‘y,, =0, s >—1, has been studied in the papers [10], [15], [18], and 
formulas for the representation of the solution have been obtained for these particular 


cases. 
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THEOREM 7.2. Let x:(0) and x2(@) be two real functions of 0 which 
are regular in 0 60=4,, and which possess expansions of the form (7%. 2). 


If the function g(€) = £-/*f(¢) = > ¢,€’, where c, are the linear combinations 


of the given by (7.4), possesses at the point =a, (4/3) < arg a < 2x, 
an expansion of the form 


(7.9) g(t) 


valid for 0 < | £—«a| <oo, then there exists a solution y(A, 0) of the differ- 
ential equation (3.1) which is regular in |6|,6>0,|A|S0], 
and such that 
(7. 10a) Tim y(A, 8) —x.(8); 

>0- 


(7. 10b) lim (—A)*/*¥(A, 0) = x2(9), 
and which possesses a singularity at the point of infinity. 


Proof. We consider the function 


= Im[P..(f)], 


where [ is the upper half of the unit circle, and 
(7.12) E(Z, Z, t) 
= {exp J 2N(t)dt] } + [Z(1 t?) 
-® 


For Ze R= |A| and tel, it is clear that the 
points £ Z(1—??)/2 will be confined to the sector arg {= (4/3)z. 
Hence if « is confined to the sector (4/3)m S arg < 2m, and g() possess 
the expansion (7.9), then f[Z(1— will be regular for Ze R, tel —0 
(the endpoints, t= + 1 give no trouble in the integration). Thus, by the 
preceding theorem, ¥(A,0) is a solution of (3.1) which is regular in 
|aA| <0,0<6<0,A0], and is such that the initial value rela- 
tions (4.10) are valid. 
Now = + a)? = + (2), where h(t) = O(1) 
for 
Also 6) = Im[P2.(f)] = + We shall 
show that on the line XO the first integral becomes infinite, while the 


second remains bounded. From (7.5), (7.6) and (%.7), it is clear 
that on A= 0, H(Z, Z,t) becomes — 16, t) = const(— Thus 


] 

a 

) 

l, 

it 

n 
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Poo const (10/2) J [ (1 — #?)?/*(— t)-*/8]dt. Depending upon the 
determination of the root, we have 7° 
[(1 — dt — (— 1) 
+ 4/6) ][T(1 +.8/6)]2 0, +1) 


(see [9], p. 889). Thus Im[P22(f7/*)]} e,0, 40, so that 
A=0 


lim [Im 
Furthermore, 
—Im f — #)/2) 
Thus 
[Im — — #)/2)| | at | = 00), 
for oo. 


In (2.1) and (2.2) of section 2, we have considered a set of particular 
solutions Wn», (introduced in [4]). In [7], the operator R. was introduced * 


transforming the analytic function + 1B,)¢", 6-+ iH as follows: 
n=0 


(7.18) (an + = (8 + © + iH) MH]. 


Here Im(6 + 1H)™] + iH) {"} = ne. For the symbol © see 
[8], p. 455. It is of interest that the operator Im R, coincides in certain 
cases with the integral operator Re Ps. considered in section 4. 


THEorEM 7.3. Let yi(£) and x2(£) be regular for < fo, and let 
1(H) be regular at H=0. Then 


= Re 6, t)f(Z(1 — /2) )dt/(1 — 
where f(€) ts given by 
(7.15) f(€) =— {(— Im[ ]} 


[— do f dt d, f t-5/8y, (c) dt 
C2 C2 
dt], o = — %#f(1— 7”), 
C2 
and where the constants appearing here have been defined in (7.5). ° 


28 See footnote 21. *4In [7] the operator R, was designated by P,. 
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Proof. It is easily shown that 


(7.16) Im xe(#)dt + 


= (1/1) (H, 0) (H, 2) = 0); 


where xz (9) = Sa” (k —1, 2). 


If we assume that 1(H) is an analytic function of H, it follows from 
Theorem 7.1 that y(H,@) is a solution of the differential equation (1.3) 
which is analytic in H and @ in a sufficiently small neighborhood of, 
say, N=[—6,5650,,H, [H=0], 6,>0, and is such that y(0,6) 
hts ET x2(@). By Theorem 6.1 of [9], the expression 


1 
Re f 6; t)f(Z(1 — #7) /2) (1 — #7) is also a solution, possessing 
-1 
the initial values y(0,0) = and dy(H, = x2(0) on the line 
H=0 


H=0. We shall now show that this solution must also be regular in the 
neighborhood V. From this it will follow by the uniqueness theorem (cf. the 
remark on p. 449) that the two solutions considered must be identical. 

It is clear, first of all, that the function 


05 t) — #)/2) (1— 


must be regular in .s/?, where s==(—A)?/* (see (5.7) of [9]). Since by 
(3.3), H is a regular function of s in the vicinity of s = 0, it suffices to show 


that this integral must be regular in s. 
If we replace in the differential equation (1.1a) the variable A by s, 


we obtain 
(7.17) +- 
= + Bos -](0y/08) = 0. 


Since the above solution is known to be regular in s‘/*, we have 


(7.18) + 4 yp, p even, > 2. 
n=0 


In view of the fact that the fractional powers do not combine with the integer 
powers, we need merely substitute the second portion of (7.16) into (7.17). 
When this is done, and when we compare the coefficient of s®-®)/?, we obtain 
4((p +1)/2)((p—1)/2)yp = 0. Hence yp = 0, and this shows (by induc- 
tion) that fractional powers cannot appear in a solution of the form (7. 18). 
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8. Connection between the results obtained by the operator method 
and the general theory of functions of two complex variables. It is of con- 
siderable interest that the results obtained by the operator method can be 
considered as complementing an important portion of the general theory of 
analytic functions of several complex variables. While in the case of functions 
of one complex variable, the methods of Nevanlinna, Ahlfors, and others 
establish relations between the growth of the function and value distribution 
in the whole plane, generalizations of these methods (by exploiting the idea 
of the distinguished boundary surface and that of the extended class) lead us 
to relations between the growth and value distribution in certain (non-analytic) 
three-dimensional manifolds of the (four diemnsional) space of two complex 
variables. These investigations in two variables can be complemented by 
results establishing relations between coefficients of the series development, say 
of an entire function, and its growth, so that from properties of the coefficients 
we can draw conclusions about the growth and the value distribution in certain 
three-dimensional manifolds of the z,, z.-space. 

As it has been mentioned in [2], one of the aims of the theory of functions 
of two complex variables is to investigate the relations between the properties 
of coefficients, growth and value distribution in certain non-analytic two- 
dimensional manifolds, e. g., in the real plane y,; —0, y. = 0. 


The fact that a function f= > @nnz"2" of two complex * variables 2z, 2 


satisfies a linear differential equation with entire coefficients, 


can be expressed by requiring that the dm» satisfy infinitely many relations 


p=0 


y=0 v=0 


(m = 0, 1, 2,- 2,°: ), 


where A,,, Bry, Cy, go to zero in a certain way as v0, p— 0. 

On the other hand, the class of functions which we obtain in this manner 
has a number of interesting properties which sharply distinguish it from other 
analytic functions of two complex variables. The method of integral operators 
indicates that this class of functions has very many properties in common with 


25 We note that when f(z,2) is continued to complex values of # and y, 2 and @ 
are two independent variables. 


m,n 
m n m n 
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the class of functions y(z,Z) = f,(z) + f2(Z), i.e., sums of two functions of 
one variable. For instance, these functions can have singularities only on the 
surfaces z = const., 7 const. If, on the other hand, our function satisfies 
a differential equation with singular coefficients, say (3.1), with WN satisfying 
the conditions indicated in section 3, then the character of these solutions, 
when continued to complex values of the arguments, changes considerably.”° 
Thus these functions of two complex variables, in addition to the surfaces 
z= const., Z = const., can have singularities on the singularity surface of the 
coefficients, in our case on 2+ Z2—0. 

These results can be generalized to the study of pairs of functions. If 
we consider a pair of solutions y1, ~2 of the differential equation (1.1) (or 
(3.1)) in the real space, it is natural to pair the two real solutions whose 
series developments have the form 


@ @ @ 
= p" (dn cos np — by sin np) + Y p™(Cmn™ cos np + dma sin ng), 
n=0 


Yo = > p”(b, cos nb + ay sin nd) DY p™(Cmn™ cos nb + dinn® sin np), 
n=0 m=0 n=0 


Z == pet?, Z == pe~*?, 


(We note that the coefficients a, and 6, can be given arbitrarily, while the 


coefficients Cinn™, dnn®™ =1,2), are uniquely determined by the require- 
ments that y; satisfies th equation (1.1) or the relation (8.1). 

The theory of integral operators has been applied in some cases ([6], 
pp. 321-330, and [14]) to obtain theorems on value distribution in the real 
plane y; = 0, y. 0, and leads to similar results in the case of other non- 
analytic surfaces. The theory of integral operators indicates that the above 
theorems represent only special cases of relations which exist for functions 
whose coefficients satisfy relation of the type indicated in (8.1). In particular, 
from the integral representation of functions satisfying a differential equation 
of order 2n, n > 1, follow similar theorems for solutions of linear differential 
equations of higher order. The author hopes in the future to return to the 
investigations of these questions in greater detail. 


DIVISION OF ENGINEERING SCIENCES, 
HARVARD UNIVERSITY. 


26 These considerations may also be regarded as a generalization of investigations 
of solutions of ordinary differential equations with singular coefficients (Fuchs theory) 
to the case of two variables, in which case a partial differential equation arises instead 


of an ordinary one. 
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ON THE APPLICABILITY OF LINEAR DIFFERENTIAL OPERATORS 
OF INFINITE ORDER TO FUNCTIONS OF CLASS L’(B).* 


By Davis. 


1. Introduction. In the plane of the complex variable z =x + ty, we 
shall designate by L?(B) the class of functions f(z) which are regular and 
single valued in a fixed domain B and such that 


By introducing the integral 


as an inner product, and || f ||? = (f,f) as a norm, the class L?(B) becomes 
a Hilbert space. This space is intimately related to problems in conformal 
mapping, and has been studied extensively. Reference is made to Bergman [2] 


where a systematic theory will be found. 

In the present paper we study the class of bounded linear functionals 
defined on Z?(B) considered as differential operators of infinite order. We 
show that such an operator is generated by an entire function of exponential 
type, and is a member of a class of functions, designated by #?(B) which are 
transforms of the functions of Z?(B) arising from a Laplace kernel. The 
properties of H?(B) are investigated, and there is obtained a generalization of 
a theorem due to Muggli [7] on the applicability of linear differential 
operators where the case of functions analytic in a circle has been considered. 
In later sections, the inversion of this transform is discussed, and these 
considerations are applied to the question of the completeness of sets {e*} 
for L?(B), and to the coefficient problem for functions of exponential type 
with a preassigned indicator. This extends a familiar theorem of Lindelof. 

We shall find it convenient to recall a few basic facts about the space 
[?(B). To every B, there corresponds a complete orthonormal system of 
functions {¢,(z)}, and a “strong ” Riesz-Fischer Theorem holds. Moreover, 
there is a function of two complex variables Kz(z,#), known as the Bergman 


* Received January 22, 1951; revised July 12, 1951. 
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kernel of the domain, which has proved to be of prime importance in the 
theory. The kernel belongs to L?(B) in both z and #, and may be defined by 


(3) Ka (2,1) => 


but is independent of the particular choice of complete orthonormal system 
used in (3). Here (¢,(t¢))- designates the complex conjugate of ¢n(t). 
In the present paper we shall restrict our domains B as follows. It will 
be required that B be schlicht, bounded, and simply connected. Moreover, if 
the boundary of B is b, it will be required that all the points of the plane 
which do not lie in B + 6 form a single region whose boundary is precisely b. 
Thus a slit circle would be ruled out. It has been shown by Farrell [5] that 
for such domains, the set of powers is complete. If, therefore, B is such a 
domain, there exists a unique complete set of orthonormal polynomials 


(4) Pn(2) Re(dnn) = 0, dnn ~ 0, 
=0 


where the coefficients an; have been determined by the familiar Gram-Schmidt 
orthonormalization process. Although a number of our theorems go through 
for more general domains, we shall find it convenient to restrict B as above 
so that a complete orthonormal set of polynomials is available. 

In addition to the class Z°(B), we shall be dealing with linear differential 


operators of infinite order 

(5) L(d) = Bad, 

where the symbolic d” is thought of as having the force of an n-th derivative 
evaluated at the origin: L(d) > Bnf™(0). It is convenient to replace 
the d in (5) by the complex duis’ and to think of the operator L(d) as 


being generated by the formal power series? L(z) = > 8,2". Our initial aim 
n=0 


is to distinguish a class of operators (5) which will be applicable to functions 
of L?(B), and to characterize their generating power series. 


2. On the applicability of linear differential operators. At the outset, 
we make the following definition. Suppose that L(d) is given by (5), and 
that f(z) e L°(B) has the Fourier expansion 


1On the utility of this device for the discussion of certain problems arising in 
interpolatory function theory, see, e.g., Boas [3], Buck [4]. 


the 
by 
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(6) F(z) = 2 = (f, Pn). 
We shall say that L(d) is applicable (B) to f if and only if the series 
(7) > Bupn™ (0) >) Ann ! 

n=0 k=0 =0 k=0 


converges. If the sum in (7) is r, then we shall write L(d)sf =r. 
Let us observe that if p(z) is a polynomial of degree N, then 


N 
p(z) Gnpn(z), so that 
n=0 
N n N N 
n= c=0 =0 c=n 
& (0) L(d)p. 


N 
Moreover, if L(z) has a positive radius of convergence, and if p(z) = > ¢n2", 
n=0 


then we shall also have 


N 
(9) L(d) sp = (0) —2 Buexk ! (0) = p(d)L(z). 
= = c=0 
By virtue of this observation, we may say that L(d) is applicable (B) to f(z) 
if and only if } %,L(d)pn(z) converges. 
n=0 


THEOREM 1. L(d) ts applicable (B) to all functions of L?(B) if and 
only if 


(10) S| |? 


In this case, the operator is bounded. 


Proof. By our definition, the series > % } @nx8xk! is required to con- 
k=0 


n=0 


verge for all sequences {a} with >| a%|?<0oo. A familiar theorem of 
n=C 


Landau [6] tells us that (10) is a necessary and sufficient condition for this. 
If we set 


(11) S| |? 


n=0 k=0 


then, by the Schwarz inequality, | L(d) af K? | on |? K? || f estab- 
n=0 

lishing the boundedness of the operator. 
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For the circle C,:|2| <r, the orthonormal polynomials are given 
explicitly by 
(12) = (n + 1) 
and as a result of their simple structure, we see from (7) that if L(d) is 
applicable to f(z) e L*(C,), then L(d)c,f = L(d)f. Thus for the case of 


the circle, applicability as defined by (7) reduces to ordinary applicability 
(cf. also (49)). For the circle, the criterion (10) becomes 


In his connection, cf. Muggli [7]. 


For a fixed domain B, we shall designate the class of power series D(z) 
whose coefficients {8,} satisfy (10) by #°(B). It will appear shortly that 
the power series in this class have more than formal meaning; indeed, they 
are entire functions of exponential type. The exact scope of the linear 
differential operators of class H*(B) is indicated by the following converse of 


Theorem 1. 


THEOREM 2. Any bounded linear functional defined on L*(B) may be 
represented as a linear differentiai operator of infinite order and of class E?(B), 


Proof. From the general theory (see, e.g., Stone [9], p. 62) it is 
known that if Z is such a functional, there will exist an h(z) e L?(B) such that 


(14) Lf = (f, h) for all fe L*(B). 


Suppose that A(z) has the Fourier expansion h(z) => anpn(z). Set up 


n=0 


the infinite system of linear equations in the unknowns £; (k =0,1,- - -), 


n 
(15) D Anz Bak ! = ag (n= 0,1,-- -). 
k=0 
Inasmuch as the system (15) is triangular, and dn, +0, it will be possible 
to arrive at a solution in a step-by-step fashion. Since > | on |? <oo, the 
n=0 


power series L(z) = > has the property (10). Thus, L(z) H?(B), and 
k=0 


L(d) is applicable (B) to all f(z) e L?(B). If now f(z) => yapa(2), then 


478 
n=0 k=0 


DIFFERENTIAL OPERATORS OF INFINITE ORDER. 
a 
(3 
n=0 m=0 


Yate = ! — Ld) of. 


n=0 


We next give an explicit construction for the function h(z) associated 
with the functional Z(z) through the relation (14). It is obtained by 
operating on one variable of the kernel Kg(z,#) by L(d). In this connection, 
see also Aronszajn [1]. We shall merely state the result. 


THEOREM 3. Let L(z)eH?(B). Then the function 


belongs to L*(B), and 1s such that 
(12) L(d)af = (fh) 


for all fe L*(B). The subscript in L(d,) indicates that the operation is to 
be performed on the variable z. 


The quantity (h,h)4 is the norm of the operator, and we have explicitly 


The norm of L(d) depends, of course, upon the domain B, and when we 
wish to emphasize the role of B we shall write || L(d) |x. 


3. The class E?(B). In this section we characterize more closely the 
class of power series E?(B) whose Maclaurin coefficients {8,} are subject to 
(10). First we shall find a representation for functions of this class, showing 
that it is identical with the class of transforms of fe L*(B) arising from a 
Laplace kernel. 


THEOREM 4. g(z) © H?(B) tf and only tf 
(19) ff ee (f(w))-dudos tie, 
with f(z) © L?(B). 


Proof. Let f(z)eL*?(B) and have Fourier coefficients a = (f, pn). 
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Then we have 


where Bn = (n!)-*(w", f(w)). Therefore, 


holding, there exists by the Riesz-Fischer Theorem an f(z) e Z?(B) such that 
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@ 
p> Bn2", 
n=0 


so that condition (10) holds. Conversely, given a g(z) = > Baz" with (10) 
n=0 


n 
the quantities ( > anx8.k!)- are its Fourier coefficients: 
k=0 


(20) — (Pry f) (n—0,1,- +). 


We now claim that g(z) = > By* = J f e*”(f(w))-dudv. To show this, 
k=0 B 


it suffices, as above, to prove that 


Buk! (w*, f(w)) (k=0,1,---). 


From (20), we have 


(n=0,1,---). This triangular system may now be solved step-by-step, and 
yields (21) as its solution. 


It will be convenient to abbreviate the transform (19) as g = &s(f), and 


when this notation is employed, it will be understood that fe Z?(B). We 
shall now characterize the growth of the transforms z(f), but before doing so, 
it will be useful to recall a number of definitions and theorems which are of 
importance in the theory of entire functions of exponential type. For this 
material, reference is made to Pélya [8]. By the Phragmén-Lindeléf indicator 
of an entire function of exponential type f(z) in the direction 6 is meant the 


quantity 


If we have h(?) So for 06S 2z, we shall speak of an entire function 


h(@) = lim sup r™ log | f(re*) | 
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k=0 k=0 
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(22) 
k=0 k=0 k=0 
(23) 
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of exponential type at most o, a class designated by (1,0). If f(z) =X an2” 
n=0 


is an entire function of exponential type, then the associated series 


(24) S(f) = aan 


is known as the Borel transform of f. An entire function f(z) is of class 
(1,0) if and only if the radius of convergence of B(f) is at most o. The 
closed convex hull of the set of singularities of 6(f), known as the conjugate 
indicator diagram of f, will be designated by D(f). If fe(1,¢), then it 
possesses a representation of the form 


(25) f(2) Bf(w) aw, 


where C is any simple closed curve containing D(f) in its interior. If Bisa 
bounded convex domain, its supporting function &(6) is defined by 
(26) = ysin@). 

eB 
The indicator of an entire function of exponential type and the supporting 
function of its conjugate indicator diagram are related intimately by the 
formula 


TuEorEM 5. Let B designate the closed convex hull of a given domain B. 
Every function g(z) of the class E?(B) ts an entire function of exponential 
type. If h(@) is its indicator, and tf k(0) 1s the supporting function of B, then 


(28) h(0) = k(—8), 0S0S 
Furthermore, we have D(g) CB. 
Proof. With g(z)eH?(B), we have, by Theorem 4, g = &2(f) for some 
fe L*(B). Applying the Schwarz inequality, we obtain 
(29) g(re) exp (row) |? dudo 
J JB 


exp{2r(u cos v sin 6) }dudv. 
Now for (u, v)€ B, and hence for (u,v) eB, we have by (26) 
ucos @—vsin# = k(—8@), 2, 


so that (29) becomes | g(re*) |? = || f ||? exp{2r4(— 6)} area (B). Therefore, 


| 
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h(@) = lim sup log | g(re#”)| k(—6). Finally, by (27), h(—6) is the 


supporting function of D(g). By virtue of the last inequality, we have 
h(— 6) =k(6), and this implies that D(g) C B. 

While D(g) C B, the former need not be interior to the latter. We shall 
give an example which shows that in certain cases the boundary of B may 
contain a boundary point of D(g). Take B as the unit circle. For this 
domain B = B, and (2”, 2") +1) Consider 

the function ¢(z) =a 2 z"/(n-+1)% @ is regular in the unit circle, and 
le +1)" (et. (12), s0 that $e L*(B). Now y(2) 
= 2"/n!(n + 1)%/, so that B(y) = > (n + 1)-8/z--1, This last series 


n=0 


converges at points exterior to B, and 8(y) possesses a singularity on the 
circumference of B. 
A basis for the space #?(B) is provided by the functions 


(30) Qn(z) = Sf e*” (p,(w) )~ dudv 
B 
By Theorem 5, the q’s are entire of exponential type. Since also 
n-1 hed 
ew == Dd )a*wk/k!, 
k=0 k=n 
and each p,(z) is orthogonal to all polynomials of lower degree, we have 


It is easily shown that all functions of the class H?(B) may be expanded in 
a series of q’s, convergent uniformly in every bounded domain. 


4. Inversion formulas for the &,; transform. In the present section, 
we derive a number of formulas for inverting the &g transform (19). 


THEOREM 6. Let g=Xz(f). Then 
(32) 


(33) #(2) (9 (de) 2))> 


(n=0,1,-- -). 
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where C is any simple closed curve containing the origin in its interior. If tt 
is assumed, in addition, that D(g) lies in the interior of B, then we have 


where C, is any simple closed curve lying in the interior of B and containing 
D(g) in tts interior. 


Proof. With pp(z) = » Anxz*, we have by (9) 
(36) Pa(2) (0) — am f) — (Ps f). 


Hence the Fourier coefficients of f are (g(d)pn(z))-, and (32) follows. 
Equation (33) follows from (32) by Theorem 3. To arrive at (34), we 
notice that by Cauchy’s theorem and (24), 


(37) (2mi)-* — (0) — (Pus f). 


To establish (35), we proceed as follows. Let C designate a circle centered 
at the origin and of radius sufficiently large so that D(g) is contained in its 


interior. If g(z) =D yn2", then the function 8(g(z)) =D yan!/z™" is 
n=0 n=0 


regular on C,, while its Laurent series converges absolutely and uniformly on 
C. Thus we have 


Cc. k=0 k=0 
The last equality follows by (37). By (34), therefore, 


Since Kz(w,Z) is given by (3), and for fixed z converges uniformly for w 
in any closed subset of B, we arrive at (35) easily. 


Corottary. Let g=Xs(f). Then for all h(z)eL?(B), 
(38) g(d)eh(z) = (h, f). 


| 
ive 4 
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ay 
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k=6 k=0 
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Proof. This follows directly from Theorems 8 and 6. 
Cornottary. If g(z) =0, then f(z) =0. 


Two functions whose &g transforms are identical are therefore themselves 
identical. It should be observed that this result has been derived on the 
assumption that B is a domain for which the powers of z form a complete 
system. It will be shown in a later paragraph that there exist bounded 
simply-connected domains for which the &g transformation is not one-to-one. 

We next record a number of identities relating the orthonormal poly- 
nomials and their &g transforms q,(z). 


CoroLuaRy. The sets {pn(z)} and are biorthonormal in the 
sense that 


(39) qm(4)Pn(%) = Pn(d)Gm(%) = (m,n 


This results from the first corollary above and the orthonormality of the p,’s. 
The biorthonormality relations (39) may also be expressed in the following 
two ways. Let A and B be the oo by o matrices of coefficients 


(40) A= (dn), B= (bnx), 
with ay; given by (4) and by; by (31). Then 
(41) AB=BA =I. 


Alternately, the following identity holds for w arbitrary and uniformly for z 
lying in a closed subdomain of B. 


In section 3 we proved that if g(z)eH?(B), then D(g)C B. In 
addition, we gave an example showing that the boundaries of D(g) and of B 
may have points in common. In the reverse direction, we shall show in 
Theorem 7 that if D(g) is contained in the interior of B, then g(z) is surely 
a member of #?(B). But if we know only that D(g) C B, it may not follow 
that ge H?(B). 

As an example of this behavior, let B be selected as the unit circle. For 
g(z), choose the entire function g(z) = (e*—1)/z. It is easily verified that 
8(g) =log(1—z*). Therefore D(g) has a point which lies on the boundary 
of B, viz. z=1. Again, we have pna(z) = (r)4(n-+ 1)%2", and assuming 


that g = where f= > apn, we find that a, (x(n +1))4. Thus 
n=0 
| f || 0, and g is the transform of no fe L?(B). 
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THEOREM 7%. Let g(z) be an entire function of exponential type and 
such that D(g) CB. Then g(z) ¢ E?(B). 


Proof. Let C, be a simple closed rectifiable contour lying in B and 
containing D(g) in its interior. Construct the function 


(48) f(2) = 
where 
(44) (2) B(g(2) (n= 0,1,- 


Applying the Schwarz inequality to (44), we obtain 


(2)? |? max | B(g(2)) | as 


so that 


(2n)? S| |? S1(Cs) max | B(9(2))|* Ko(2,2)ds 
n=0 zeCy Ci 


inasmuch as C, is interior to B. Therefore fe Z?(B), and we have 


g(2) — (2ni)* B(g(w)) dw — aw 


by (25), (42), (48), and (30) successively. 


Corotuary. Let B, and B, be two domains such that B, CB, Then 
E?(B,)C E?(B,). In particular, the conclusion holds if B,C B, and at 
least one of the two domains ts convez. 


Proof. Let g(z) #?(B,). Then D(g) CEG by Theorem 5 and 
our hypothesis. Therefore, by the present theorem, g(z) e H?(B2). 


Under the hypotheses of Theorem 7, an alternate expression for g(d)sf(z), 
fe L?(B), may be found. From (38) and (35) we obtain 


where C, is a simple closed curve lying in the interior of B and containing 
D(g) in its interior. Thus we have 


(46) g(d)af(2) = f B(g(w))dw 
— f(w)B(g(w) yaw. 


e 
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If it is further assumed that B is a star domain with respect to the origin, 
then by the well-known theory of Mittag-Leffler summability of Taylor series 


we have 
(47) f(w) + (n—1)8), 


uniformly on every closed subset of B. With (46) this yields 
(48) 9(d)af—lim J w"B(9(w) +(n — 1)8) 
6-0 n=0 
=lim Saf +(n—1)8), 
n=0 


@ 
where we have assumed that g(z) = | a,2"._ This may be written 


n=0 


(49) 9(d) af (2) = (ML) anf (0), 


the symbol (M) indicating a process of Mittag-Leffler summation. If it is 
@ 
known from independent considerations that S\a,f™(0) converges, then 


n=0 


since (M) is a regular method of summation, we have 
(50) 9(4)af(z) = anf™(0) = 9 (4) f(z). 


5. Completeness of the set {e\*}. In the present section, we employ 
the inversion formula just derived plus the well-known device of Szdsz [10] 
to obtain conditions on the distribution of the complex values A, under which 
the set of functions {e*} (n=0,1,- - -) will be complete for L*(B). By 
this device, the completeness is referred to the possible distribution of zeros 


of the entire functions of class H?(B). 


THEOREM 8. Lei Ao, be a sequence of distinct complex numbers 
with Let n(x) denote the number of for which Sz. Let 
c(B) designate the circumference of the convex hull of B. If 


(51) lim sup rt f"(n(x)/x)de > ¢(B)/2n, 


then the set {e*} will be complete in L?(B). 


Proof. Suppose that the sequence of d’s satisfies (51) but that the set 
is not complete. Then there will exist an fe Z?(B) not identically zero, such 
that (e*, f(z)) =0 (n=0,1,-- -). Consider now the function g = &z(f). 


n=0 
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The entire function g(z) is not identjcally zero by the second corollary to 
Theorem 6. The points 2A, form a subset of its zeros. If, therefore, 
n*(a) denotes the number of zeros of g whose moduli do not exceed 2, we 
shall have n(x) S n*(ax). By Jensen’s Theorem (see, e. g., Titchmarsh (11) 


we have 


(52) (n(x) /x) da < <(22r)7 tog | g(re**)| dé 


where c is a fixed constant which depends solely upon g. Now from Theorem 5 
we have log | g(re)| S rk(— 6) + log || f || + 4 log Area (B), so that 


(on this last equality see [8]). This contradicts (51). 

It is possible to show that for convex domains possessing a center of 
symmetry, the constant c(B) /2n is the best possible. This fact falls out as a 
corollary to a more general theorem which we shall now prove. 


THEOREM 9. Let the domain B contain in its interior a conver polygon 
P which posesses a center of symmetry. Then there exist systems {e\*} with 


(53) lim — o(P)/2 


which are not complete in L?(B). 
Proof. We assume that z= 0 is the center of symmetry of P. Select a 
vertex of P, denote it by 2,, and, proceeding counterclockwise, let the remaining 


vertices be denoted by 2s, 23,° * 2ny — 21) — Set 


Wy = 43(22—%1), — 22),° = $(2n— 2n-1)5 
(54) 
Wn = 4(— 41 — 2n). 
Then the circumference of P is c(P) wn). 
Consider now the function 
n 


(2) = sin(w2/i) — (—i/2)* 


j=1 
(—i/2)"lae 


where the first sum is to be extended over the 2” possible combinations of + 
in the second sum. It follows from (24) that the singularities of 8(¢(z) ) 


= 
BS 
3 
| 
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are located at the 2" points } + w;. Now it may be easily verified that the 


2n vertices of P are located at points p> + w; for some 2n selections of +, 

while the remaining 2" — 2n selections give rise to points which are interior 
to P. Thus the conjugate indicator diagram of ¢ is precisely P: D(¢) =P. 
Since P is interior to B, by Theorem 7, ¢(z) = Xz(y) for some ye L?(B). 
If mai/w; (m = 0,1, 2,- - 7 then we have by (55), 
(e*,~) =0. Let A, denote these points arranged in order of non-decreasing 
absolute value. For this set it is clear that 


(56) n(x) = (2¢/r)(|wi|+| we} 
Hence for the function y we have 
lim (1-*) (2/n)( | |) = 


CoroLuary. If B is conver and possesses a center of symmetry, then 
there exist systems {e*} for which 


(57) lim (r+) f — ¢(B) /2r—e, 


and which are not complete in L?(B). 


Proof. In this case we may find a polygon possessing the same center of 
symmetry, and lying in the interior of B, whose perimeter differs from that 
of B by arbitrarily small amounts. 


Throughout the present work the assumption has been made that the 
domain B is such that the powers of z are complete for Z?(B). Under this 
assumption, the 2g transform has been shown to be one-to-one. However this 
transform may be defined for any bounded domain, and the order conditions 
of Theorem 5 will be preserved. But it is possible to show that in general 
the transform will not produce a one-to-one mapping of Z?(B) on E?(B). 
To show this, suppose that the domain B, assumed to satisfy our usual con- 
ditions, is slit. That is, let a Jordan are issuing from a boundary point of B 
and penetrating into its interior be added as a part of its boundary. Denote 
the resulting slit domain by B,;. The following theorem now holds. 


THEOREM 10. There exists a function f(z) ¢ L?(B,) which is not iden- 
tically zero, and 1s such that 


(58) Re, (f) =0. 


DIFFERENTIAL OPERATORS OF INFINITE ORDER. 489 


Prooof. Assume that the conclusion is false and that the only function 
for which (58) holds is the null function. If a sequence of constants A, is 
selected so that condition (51) is satisfied, then the proof of Theorem 8 will 
go through word for word, and we will have proved that the set {e*} is 
complete for the class L?(B;). Now this is impossible, for if we orthonormalize 
the set {e*} with respect to Bs, the resulting set of exponential polynomials 
will be complete and orthonormal for B itself, inasmuch as the slit does not 
affect the values of the area integrals which occur in the orthonormalization 
process. If, then, f(z) e L?(B,), it would have an expansion in orthogonal 
exponential polynomials converging in the interior of B, and we would have 
every function of L*(B,) regular in B. This is a contradiction. 


6. Application to a coefficient problem in the theory of entire func- 
tions of exponential type. Let f(z) be an entire function of exponential type. 
As we have already mentioned, the indicator of f is essentially the supporting 
function of the convex domain D(f):h;(6) = kpiy) (— 9), 0S 0S 2x. Con- 
versely, it is known that for any given convex domain C there are entire 
functions f such that D(f) =C. We now pose the following problem. Let 


L(z) => Bn2". What are necessary and sufficient conditions on the sequence 
n=0 


of coefficients {8,} in order that Z(z) have a preassigned indicator, or what 
is equivalent, in order that D(L(z)) be a given convex domain. Such a con- 
dition is conveniently given in terms of the norm of the operator L(d). 


THEOREM 11. Let the domain B be conver and kp(6) denote its 
supporting function. In order that the indicator h(0) of L(z) satisfy 


(59) = kp(—8), 22, 
it is necessary and sufficient that 
(60) | L(d) |lne < for all B* with B C B*, 


and 


(61) 


|| L(d) ||p+« == 00 for all B* with BN ExtB* ~0. 


Proof. Let (60) and (61) hold. By (60), L(z) e« H?(B*) for all B* 

containing B in its interior. Select a sequence of convex domains B*,, 

(n =1,2,-- -), such that B*, > B*,,,, and which converge to B. If kg«,(0) 

are the supporting functions of B*, \"en we have lim kg+,(0) =ks(6@), 

06022, so that since h(0) =kp-,(—6), we have h(0) = 6) 

(09027). If now h(6) < kg(—4) for some 6, then by the continuity 
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of h(@), the inequality would hold over a range of values, and therefore B 
would have interior points which are exterior to D(L(z)). It would then be 
possible to find a domain B’ containing D(L(z)) in its interior but such that 
B has points exterior to B’. Since D(L(z)) is interior to B’, by Theorem 7, 
L(z) E?(B’). This is impossible by (61). Therefore = 8), 
0S05 2z. 

Conversely, suppose that (59) holds. Then D(L(z)) =B. Let B* 
contain B in its interior; then by Theorem 7, L(z) e H?(B*), so that (60) 
must hold. Suppose that B contains an interior point exterior to a domain 
B*, and that (61) does not hold. Then L(z) e H?(B*). From Theorem 3, 
D(L(z)) must lie in B* and we have a contradiction. 

If the orthonormal polynomials of a domain B* are given by 


n 
p*n(z) a* 
=0 


then conditions (60) and (61) become 


n 
(62) | a*axBuk! |? <0 or =o. 


n=0 k=0 
Since a*,;, depend solely upon B*, we see that (60), (61) are, in reality, 
conditions to be satisfied by the coefficients of L(z). 
As a special case, we may obtain the familiar Lindeléf relationship 
between the coefficients of the series development of an entire function of 


exponential type and the type. Let g(z) = > Bn2" be an entire function of 
n=0 


exponential type o. A necessary and sufficient condition for this is that D(q) 
be contained in the circle | z |<, and that at least one boundary point of 
D(g) lieon |z|=o. If C, designates the circle | z | =r, then it is necessary 
and sufficient that 


(63) for r>o, 
(64) ll g(a) llc, for r<o. 


Referring to (18), || g(d) ||?c, => | Bn |?n!(m + 1) !1-?", while the radius of 
n=0 


convergence of this series in r is 


(65) lim n sup (m/e)| Bm |?/™. 
Theorem 11 can therefore be poe as a generalization of Lindelif: 
Theorem. 
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UNIQUENESS THEOREMS FOR TWO FREE BOUNDARY 
PROBLEMS.* 


By James B. SErRIN, JR. 


An important new approach to the Helmholtz problem of plane wakes, 
based upon general results in the theory of conformal representation, has been 
developed by Lavrentieff [1]. In his paper Lavrentieff considered the general 
existence and uniqueness for a certain class of obstacles; however, the essential 
simplicity and elegance of his method in the case of the uniqueness problem is 
obscured by his recourse to results of the complicated existence theory as well 
as by the difficulty one experiences in understanding his proof.’ 

It is the purpose of this paper to present an adequate and simple account 
of this uniqueness theory and to extend its validity. In Part I we develop 
the function theoretic basis for the theory. Theorem 1 is Lavrentieff’s basic 
result, but the proof we give is new; on the other hand, Theorem 2 was neither 
stated nor proved by Lavrentieff, although he apparently made use of the 
result. In Part II the uniqueness theory proper is presented. In its exposition 
we have used, outside of Theorems 1 and 2, only one well known property of a 
flow solving the plane wake problem. The class of obstacles we consider 
includes as a special case the class considered by Lavrentieff, while it neither 
includes the class of obstacles discussed by Leray [2] nor is it included in 
that class. 

Finally, in §6 we show that flows solving the so-called finite cavity 
problem exist, while in § 7 we indicate certain generalizations. 


Part I. 


1. A corollary of Julia’s theorem. Julia’s theorem may be stated in 
the following form: ? Let f(£) be regular and | f(£)| << 1in|f| <1. Suppose 


* Received February 26, 1951. Prepared under Navy Contract N6onr-180, Task 
Order V, with Indiana University. 

1 The present author states frankly that he is unable to follow many of the argu- 
ments. Also see Weinstein, Proc. Symposia on Applied Math., vol. 1, Am. Math. Soc., 
1949, pp. 1-12. 

* Bieberbach, Lehrbuch der Funktionentheorie, Chelsea, 1945, vol. 2, pp. 112-121. 
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that f(1) =1 and lim f’(€) =a, where £1. Then « is real and positive, 
and 

(1) | — | F@)|?) |?/—|¢|?). 

The equality holds if and only tf f(€) ts linear. 


CorotuaRy. Let f(£) satisfy the hypotheses of Julia’s theorem. In 
addition, suppose that f(—1) =—1 and limf’(£) = 8, where £>—1. 
Then B is real and positive, and a8 =1. The equality holds if and only sf 


(2) = + a)/(aé + 1) 


where a is a real number, |a| <1. 


Proof. The hypotheses of Julia’s theorem are satisfied by the function 
=—f(—Z); in fact lim g’(é) =limf’(—¢) = B. Hence is real 


and positive, and 
(3) [1+ — | 8 | 1—¢ |?/A—| 
Putting 0 in (1) and (3), and multiplying the resulting inequalities 


together, we obtain 
a8 = | 1—f(0)? |?/(1—| f(0)|?)? = 1. 


Obviously, the equality can hold only if f(g) is linear. However, the 
only linear function satisfying the hypotheses is (2). For this function, 
#8 =1, which completes the proof. 


2. Applications to hydrodynamics. By a flow we shall mean a steady 
irrotational plane motion of an ideal incompressible fluid. We suppose that 
the motion occurs in a closed simply connected region R (which may be many 
sheeted) over the complex z-plane. The fluid may not penetrate the boundary 
of R (that is the boundary consists of streamlines), although a finite number 
of sources and sinks are allowed on the boundary. Let w(z) —¢-+ wW be 
the usual complex velocity potential; then w(z) is regular in the interior of 
R and maps the boundary of F into straight arcs y = const. of the w-plane. 

Without exception, each flow we consider will occupy an infinite region 
and have a well defined velocity at infinity of fixed magnitude U.* A flow 
of this type will be called an admissible flow if w(z) maps RF onto the upper 
half plane y= 0. If in addition the inverse of w(z) is single valued and 


’ By this we mean that the complex velocity w’(z) = u-+ w approaches a limit at 
infinity, and | w’(co)| =U. 
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regular for y > 0, then the flow will be called a simple flow. The speed at a 
point P in PR of a flow in R will be denoted by V(P, R); i.e. 


V(P, R) =| w’(zp)|.4 


Since only one flow will be considered corresponding to a given region R, this 
notation will cause no confusion. 

Let R, and R, be two regions of the type described above. If each point 
P of the surface R, may be set in correspondence with a point P’ of R, such 
that zp = zp:, and if this correspondence is continuous for P on R2, then we 
say that R, contains R,. We shall often be dealing with several flows simul- 
taneously ; although these flows are considered as occurring in the same plane 
(z-plane), they are independent of one another. Our results will depend on 
the following theorems. 


THEOREM 1. Let R, and R, be two closed simply connected regions over 
the complex z-plane, such that R, contains R,. Suppose that there exists an 
admissible flow in R, and a simple flow in R,. If the streamlines y = 0 have 
a common point M, then V(M, R,) = V(M, R2), the equality holding if and 
only if the flows are identical, or V(M, R,) =0. 


£ 


Proof. Let w,(z) and w.(z) denote the complex velocity potentials of 
the flows in R, and R, respectively. Without loss of generality we can take 
W, (zu) = = 0. 


Define 
= {—(t— 1) w— 1)}/{@—1)w— (1 + 1)}. 


This function maps the upper half plane, which we shall denote by A, onto 
the unit circle C such that £(0) =1, (0) =--1. If the unit circle C is 
mapped upon the upper half plane A by the inverse of £(w), A onto R, by the 
single valued regular function which is the inverse of w2(z), R, into a sub- 
region of A by w,(z), and this subregion into C by {(w), we achieve a 
conformal mapping f(£) of the unit circle into itself. Clearly f(1) —1, 
C’[we(z)] we'(z) 1)wi(z) — + 1) 


‘The complex number corresponding to a point P in the flow plane will be denoted 
by zp. If P is on the boundary of R, w’(zp) does not necessarily exist. However, by 
writing the symbol V(P, R) we shall imply that the derivative in question does exist. 


TWO FREE BOUNDARY PROBLEMS. 


Hence, recalling that « and £ are real, 


| | (¢—1)w2(z) — (+ 1) |? 


a = lim | f’(¢)| = lim 


| | FD) 
V(M, R,)/V (mM, 3 


B= | —lim | W2 (2) /w.(z) |?. 


To evaluate the limit, we fixe > 0. For z sufficiently large, | w.’(z2) —U | 
| w.’(2) —U|<e. Using these inequalities, we obtain for sufficiently large 
2, Za: 
(U —e)| z—za | —| wa(2a)| — | — (U +e) | | +] 
(U +e)|z—2a4| +] wi(za)|~ | wi(z)| (U—)| z—24 | —| wi(za) | 


Hence (U—e)/(U S lim | w.(z)/w,(z)| Since 


can be made arbitrarily small, the limit is 1. Thus, 8 —1. 

Applying the corollary, we get a8 =V(M,R,)/V(M,R.) 21. The 
equality holds if and only if f(£) = (€+ a)/(a€ +1); that is, if and only 
if the flows in R, and R, are identical. 

The following lemma will be useful in proving Theorems 2 and 3. 


Lemma 1. Let R, and R, be two regions whose boundaries have a 
common arc MN, and which lie on the same side of MN. Suppose w,(z) and 
W2(z), respectively, map R, and R, onto the upper half plane. If P 1s an 
interior point of MN and lim | w,’(z)|, where 2 — zp, exists, then lim | w2’(z)| 


exists, where z—> Zp. 


The simple proof, which we omit, depends on the Schwarz reflection 


principle. 


THEOREM 2. Let R, and R, be two simply connected closed regions over 
the complea-z-plane. Suppose that there are admissable flows in R, and Raz, 
and let S, and S, denote the respective streamlines y=0. Let 8, and 8, 
have an arc MN in common such that the direction of each flow on MN is 
from M to N. Furthermore let an arc QM of S, and an arc NQ of S. bound, 
together with MN, a simply connected region MNQ =R; which ts contained 
in both R, and R.. Then the inequality 


(4) V(M, < V(N, 


implies that V(M, Ri) < V(N, Ri). 
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FIGURE | 


Note. Figure 1 shows a particularly simple case of the theorem when Q 
is the point at infinity and the flows in both R, and R, are simple. It is 
convenient to think of this situation rather than the more general one during 
the course of the proof, although the argument is identical in any case.° 


Proof. Let we(z) be the complex potential of the admissable flow in f,. 
We may take w.(zy¥) =0. Let w;(z) map FR; conformally onto the upper 
half plane A such that w3(zy) = 0, w3(zv) = We(zy), W3(ze) = ©. By virtue 


of Lemma 1, lim | w;’(z)| and lim | w,’(z)| exist; we shall denote these 
22 y 


limits by V(M, Rs) and V(N, R;). The proof rests on two auxiliary inequalities. 
First we shall show that 


(5) V(N, B2)/V(N, Rs) 


Let £(w) map A onto the upper half unit circle [ such that (0) =—1, 
f[we(zv)] =0, —=-+1. The image of the positive real axis of the 
w-plane is then the segment (—1,-+ 1) of the real axis in the £-plane. 

If [is mapped onto A by the inverse of (w), A onto R; by the inverse 
of w;(z), Rs into a subregion of A by w.(z), and this subregion into IT by 
£(w), we achieve a mapping f(£) of T into itself. Now f(0) —0, and f(g) 
is real and continuous on the real axis. Consequently, f(£) may be analytically 
continued, by reflection, throughout the entire unit circle. Then by Schwarz’s 
Lemma, =1. But 

f'(0) = {0 ]ws’(2w)} = Re)/V(N, Bs). 


Secondly, we shall show that 


(6) {V(M, B2)/V (M, Bs) }{V(N, Be) /V(N, Bs)} = 1. 


° Theorem 2, as well as Theorem 1, is stated in more generality than is necessary 
for the purposes of this paper; in particular, the flows we consider in applications will 
all be simple. However, the increase in generality does not alter the proof, and in a 
later paper [3] it will be of the utmost importance. 

It may be remarked here that if equality holds in (4), then equality holds in the 
conclusion if and only if the flows are identical. 
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Using a series of conformal mappings very similar to that already exhibited, 
we may define a function g(¢) such that | g(£)| <1 for |¢| <1, and 
g(t) =1, g(—1) =—1, finally 9/(1) —V(M, Re)/V(M, Bs), 9/(—1) 
= V(N, R.)/V(N,R;). The required result follows from our corollary. 


Combining inequalities (5) and (6) we obtain 
) R2)/V(N, Rs) S15 VN, Rs)/V(N, Re) S VM, Re)/V(M, Rs). 


Hence, using (7) and (4), 


(8) V(M, Rs) S {V(M, R.)/V(N, B.)} V(N, Bs) < V(N, Rs). 


Now a duplication of the preceding argument, this time with respect to 
the regions FR; and R,, leads to 


V(M, R,)/V(M, Rs) S V(N, By)/V(N, Rs); 
(it is sufficient to interchange the roles of M and N, and to replace R, by FR). 
From (7%) and (8) we obtain 


V(M, S {V(M, Rs)/V(N, Rs)} V(N, Bi) < V(N, B,), 
which completes the proof. 


The following theorem is essentially due to Lavrentieff. Although no 
use will be made of its result, it is an interesting corollary of the preceding 
theorems. Let # be a region occupied by a simple flow, and let S be the 
streamline y —0. We may assume without loss of generality that § has zero 
tangent at infinity and that R is “above” S. Let § contain an are M*PN* 
having the following properties: 


1. If § is given parametrically by z —z(¢), then the points —o, M*, 
P, N*, +- correspond in that order to increasing ¢; 


2. M*PN* has a continuous tangent ; 


3. P is an inclination point of S, and the inclination of § is monotone 
on M*P and PN*; 


4, The straight line LZ tangent to S at P does not intersect § other than 
at P, and is not horizontal. 


5. The speed V(Q,F) exists at all interior points Q of M*PN*. 
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A direction is assigned to L to correspond to the direction of increasing ¢ 
at P; Figure 2. 


L(N)) 


t 


FIGURE 2 


THEOREM 3. Under hypotheses 1-5, there 1s an arc MPN of M*PN* 


such that, if L is directed into R, V(N,R) > V(M,R), or if L is directed 
out of R, V(N,R) < V(M,R). 


Proof. We note here that no attempt has been made to obtain a minimal 
list of hypotheses for the validity of the theorem, or even to state the present 
hypotheses in the shortest possible form. It is sufficient to consider only the 
ease that L is directed into R. 


Let N, be any point of PN*, and denote by L(N,) the ray tangent to § 
at N,, directed in the sense of increasing ¢ at No. Similarly let M, be any 
point of M*P, and denote by L(M,) the ray tangent to § at Mo, directed in 
the sense of decreasing ¢ at Mp. 

In virtue of hypotheses 1-4 there exists an arc M,PN, of M*PN* such 
that Z(N,) is entirely in R, L(M,) is entirely outside R, L(N,) and L(M;) 
have the same inclination, and the inclination of S on both M,P and PN, 
is monotone. See figure 2. 

The simple closed curve consisting of the ray L(M;), the arc M,PN,, 
and the ray L(N,) divides the plane into two simply connected regions; let 
R, be that one containing the are (—o, M,) of S. By Lemma 1 we deduce 
easily that R. contains a simple flow. Moreover, by the same lemma, V(Q, 2.) 


L 
s 
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exists for interior points Q of M,PN,. We shall prove that there is a subarc 
MPN of M,PN,, such that 


(9) V(N, Bz) > V(M, Re). 


Assuming for the moment that this is true, then the hypotheses of Theorem 2 
are satisfied by R and R, (compare figures 1 and 2). It follows that 
V(N, > V(M, proving the theorem. 

Before proving (9) we shall introduce a useful notation: any region 
which is congruent to a given region FR will be denoted by R’. If a point in 
R’, when considered as a geometrical entity of the configuration R’, corresponds 
under the congruence to a point Q of R, it will be denoted by Q’, etc. 

Now we can place (or more precisely, construct) a replica R,’ of R, such 
that R.’ is contained in R, and some interior point M’ of M,’P’ coincides with 
some interior point N of PN,. Then by Theorem 1, V(N, R.) > V(M’, R.’) 
= V(M, R.), proving (9). 


Part Il. 


3. The problem of the wake. Consider a fixed obstacle (arc) AB 
immersed in a uniform flow (§2) having a velocity U at infinity. It is 
assumed that the flow separates from AB at its endpoints, leaving a wake or 
cavity behind AB. The streamlines } and 3* which bound the cavity are 
not given geometrically, but by the condition that the flow speed on & and &* 
is to be constant; this constant will be called the cavity speed. The problem 
of the wake is to determine such a flow past the given obstacle AB (a fuller 
discussion of this well known problem is readily available in nearly every 
treatise on hydrodynamics). We shall consider the uniqueness problem for 
two characteristically different wakes that an obstacle might produce. 

First we consider the usual Helmholtz wake problem. That is, } and &* 
are required to extend downstream to infinity; it is well known that this can 
occur only when the cavity speed is U 

The second problem is the so-called finite cavity problem.* As the name 
implies, it is required that the cavity be finite in extent, so that i) the free 
streamlines meet and end at a point # behind the obstacle, and ei the point 
at infinity is an interior point of the flow. 

Let the flow take place in the complex z-plane. There is obviously a 
stagnation point O of the flow on AB; O will be taken as origin and the 
positive z-axis in the direction of the uniform flow. For the purposes of this 


* A fuller discussion of the finite cavity problem is contained in [3]. 
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paper it is necessary to restrict our consideration henceforth to symmetric 
flows past symmetric obstacles. Because of this we need only look at the 
“upper half” of the complete flow and, indeed, this point of view will be 
adopted consistently. We shall assume that AB has a continuous tangent; 
the inclination of the tangent vector will be denoted by the variable ¥.7 A 
symmetric obstacle will be called a regular obstacle if there exists a number g, 
such that holds along OB. 

Regular obstacles will be our main interest. Clearly a line whose 
inclination is a intersects the arc OB of a regular obstacle in at most a single 
point or along a straight segment. The following lemma shows that = enjoys 


the same property. 


Lemma 2. Ina symmetric solution of either the Helmholtz problem or 
the finite cavity problem for a regular obstacle, the inclination @ of & satisfies 
a. 


A proof of Lemma 2 is given in [3]. The following result is well known. 


Lemma 38. The free streamline & in a symmetric solution of the Helm- 
holtz problem may be represented parametrically by the equations 


2(£) = + w'(0)* log | + P.(Z?)], 
y = y(f) = + 


where —1<£=0. Here a and o’(0) are certain constants, and P,() and 
P.(€) are analytic functions in the umt circle. Hence the free streamlines 


are analytic curves. 


Remark. If ’(0)=40, the free streamlines approach the parabola 
y? = [4a0’(0)?]z. If w’(0) < 0, approaches the upper branch, and the 
lower. If o’(0) > 0, & approaches the lower branch, and * the upper. This 
overlapping of the flow region in the latter case, although physically unrealistic, 
is not objectionable mathematically. If w’(0) —0, then the free streamlines 
asymptotically approach a curve y? = const. 2-*"-1, where n is a positive integer. 

In the finite cavity problem a corresponding lemma exists, and the free 
streamlines are analytic curves. We note finally that the “upper half” of a 
flow solving either of our problems is a simple flow. This fact is important 
in the application of Theorems 1 and 2. 


7In determining VY, the tangent vector is considered to be directed from A to B; 
inclination is measured in a counterclockwise sense from the positive a-axis. 
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4. The Helmholtz problem. We recall that it is only necessary to 
consider the “ upper half” of a flow. 


THEOREM 4. There can be no more than one symmetric flow solving the 
Helmholtz problem for a regular obstacle AB. 


Proof. Suppose for contradiction that there exist two flows solving this 
problem. Let A, and R, be the regions occupied by these flows, and let 3, 
and 3S. be the corresponding free streamlines. It is apparent by Lemma 3 
that one of the free streamlines, say 31, is below the other at infinity. 


FIGURE 3 


Figure 3 illustrates the situation arising from a suitable translation of 
a replica R.’ of R,. (In figures, we represent a replica of a given region by a 
dotted curve. The prime notation associated with a replica is explained 
on page .) Here R, contains R,’, and %, and 3.’ have a common point 
M. It will be proved in a moment that such a translation always exists 
(provided only that AB is a regular obstacle). Assuming this result, however, 
we obtain an immediate contradiction. For on one hand, by Theorem 1, 
V(M, R,) > V(M, R.’), while on the other hand, V(M, R,) = U = V(M, R,’), 
since M is on both the free streamlines 3, and >.’. 

To complete the proof, we begin by noting a property of the curves 3%, 
and 3. which follows from Lemma 2. Namely, let A be the line passing 


through B whose inclination is a. Then any line parallel to A, 


i) cannot intersect either 3, or &. if it is on the same side of A as OB; 
ii) intersects both %, and 3, in exactly one point if it is on the other 
side of A. 
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Now let z= 2z(s) be a parametric representation of 3. Let d(s) be the 
distance between the point z(s) of =, and the curve 3, measured along a line 
parallel to A. (We take d(s) positive if the distance is measured into R, 
and negative otherwise.) In virtue of ii), the function d(s) is well defined, 
and by Lemma 3 it is continuous. d(s) is zero at B and negative at infinity; 
therefore, it attains a maximum value d. 

If the replica R.’, originally in coincidence with Rez, is translated a dis- 
tance d parallel to A, the required situation is evidently obtained, gq. e. d. 


5. The schlicht cavity problem. Given an obstacle AB, the following 
problem will be called the schlicht cavity problem: find either a solution of 
the finite cavity problem for AB or a solution of the Helmholtz problem for 
AB;; in the latter case it is required that, sufficiently distant from the obstacle, 
the free streamlines do not overlap. Evidently a uniqueness theorem for this 
problem will account for the finite cavity problem as well. Before stating 
our main result, we prove two preliminary theorems, the second justifying 
the name “schlicht cavity problem.” 


THEOREM 5. In a symmetric flow solving the finite cavity problem the 
cavity speed V is less than the speed at infinity U. 


Proof. Let R be the “ upper half” flow region. Obviously there is some 
point M on & with a non-positive minimal ordinate yy. Let R, be half plane 
above the line yyy. The uniform flow w(z) = Uz in R, is a simple flow, 
and R, contains R. Therefore from Theorem 1, 


V=V(M,R) < V(M, =U. 
THEOREM 6. In a symmetric flow solving schlicht cavity problem the 
free streamline & stays entirely above the real axis.® 


Proof. Let R be the “upper half” flow region. We prove separately 
case I, when the flow solves the Helmholtz problem, and case II, when the flow 
solves the finite cavity problem. 


Case I. Suppose the theorem is false. Then there must be some point 
M on & with a non-positive minimal ordinate yy. Let R, be the half plane 
above the line yyy. Then by Theorem 1, V(M,R,) >V(M,R). But 
this is impossible, for V(M, R) =U = V(M, R,). 


Case II. Let M, be the point of = with minimal ordinate, and let N; 


® Except, of course, at H if the flow solves the finite cavity problem. 
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be the point of the arc M,# of § with maximal ordinate. Let RB, be the region 
above the curve consisting of the arcs L(M,), M,N,, and L(N;) in figure 4. 


FIGURE 4 


Now by Theorem 1, there exist two points M and WN of the are M,N, such that 
V(M, BR.) < V(N, Fz); (see the proof of Theorem 3). The hypotheses of 
Theorem 2 are satisfied by R and R, (compare figures 1 and 4). It follows 
that V(M, R) < V(N,R). This is impossible since V(M, R) = V(N, Rk) = JV, 
where V is the cavity speed. 


THEOREM 7%. There can be no more than one symmetric flow solving the 
schlicht cavity problem for a given regular obstacle AB. 


Proof. Suppose for contradiction that there exist two flows solving this 
problem. Let R, and R, be the regions occupied by these flows, and let 3, 
and 3, be the corresponding free streamlines. If both flows solve the Helmholtz 
problem we contradict Theorem 4. There remain two cases. 


Case I. The flow in R, solves the finite cavity problem, while the flow 
in R, solves the Helmholtz problem. Figure 5 illustrates the situation arising 


FIGURE 5 
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from a suitable translation of a replica R,’ of R, Here R, contains R,’, and 
>, and 3,’ have a common point M. A rigorous justification of this assertion 
is readily obtained by the same reasoning already employed in the proof of 
Theorem 4, and need not be repeated. 


By Theorem 1, V(M,R,) > V(M,R.’). This is impossible, however, 
for (Theorem 5) V(M,R,) =V <U and V(M, R,’) =U. 
Case II. Both the flow in R, and the flow in R, solve the finite cavity 


problem. We shall suppose the endpoint #, of the streamline %, is to the 
right of the endpoint F, of the streamline 3p. 


E'2 


FIGURE 6 


Figure 6 illustrates the situation arising from two suitable translations 
of replicas R.’ of R,. Consider first the replica R.’ which contains R,. Here, 
V(M, R.’) > V(M, R,). However, since M is on both the free streamlines 
>.’ and 3,, we have V(M, R.’) = V, and V(M, R,) = Vi, where V, and V, 
are the cavity speeds. Hence 
(10) V2 > V3. 


On the other hand, considering the replica R,’ inside R,, we have 
(11) V(N, Ri) > V(N, B.’). 
Now NV is on 33, so that 
(12) V(N, B,) = V3. 


However, considered as a point of R.’, N may be on either the free streamline 
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>,’ or the arc (H.’,0). (The latter possibility is shown in figure 6.) If NV 
is on 3,’ then 


(13) V(N, R.’) V2. 


From (11)-(13) it follows that V, > V2. This contradicts (10), so that V 
must be on (H.’,00). If we can show that in this case 


(14) V(N, > V2, 


then it will follow again that V, > V2, contradicting (10) and completing 


the proof. 
To prove (14), it is sufficient to show that V(N, R.) > Vo, for any point 


N on the are (H:,0). Thus, let the region R; be the upper half plane. If 
the common are HN of the boundaries of R, and PR, is associated with the are 
MN of Theorem 2, then the geometrical hypotheses of Theorem 2 are satisfied 


by R, and R;. Moreover, 
(4’) V (#, Rs) = V(N, Rs) =U. 
Hence V,.—V(E,R.) << V(N,R2). q.e.d. 


6. Existence of finite cavity flows. Consider a simple closed curve 7 
symmetric about the z-axis. Let O and O’ be the two points of intersection 


of T with the z-axis, with O to the left of 0’. Let 7 have the property that 
any symmetric are BOB* of T is a regular obstacle. 

It can be shown [3] with the help of the Schauder-Leray fixed point 
theory that there exists a solution of the schlicht cavity problem for any 
symmetric are BOB* of T. If B, B* are sufficiently near O, then any line 
parallel to the z-axis can intersect BOB* in at most one point. In this case 
it is well known (see Leray [2], p. 157) that the (unique) solution which 
does exist is necessarily a Helmholtz flow. Conversely, we can guarantee that 
if B and B* are sufficiently near 0’ the solution which does exist is necessarily 
a finite cavity. 

Proof. Consider first the symmetric classical flow, with uniform velocity 
U at infinity, past the obstacle 7. The real axis exterior to T is a streamline 
of this flow, while points O and O’ are stagnation points. Since O’ is a 
stagnation point there is some arc NO’N* of T along which the speed is every- 
where less than or equal to U. We assert that if BOB* is a symmetric arc of 
T and B, B* are points of NO’N*, then the solution of the schlicht cavity 
problem cannot be the Helmholtz flow. For, upon supposing the contrary, 
essentially the argument used in the proof of Theorem 7, Case I, leads to an 


impossibility. 


16 


506 JAMES B. SERRIN, JR. 


7. Concluding remarks. ‘The results of this paper carry over as well to 
symmetric flows past obstacles with corners. More important is the following 


generalization. 
A curve will be called starlike if 


i) there exists a point o in the lower half plane y= 0, such that any 
straight line passing through o intersects the curve in at most one point or 
along a segment, or if 

ii) there exists a number a, 0 = # =z, such that any straight line whose 
inclination is « intersects the curve in at most one point or along a segment. 


A symmetric obstacle with a continuous tangent (a finite number of 
corners may be allowed) will be called a starlike obstacle if the curve con- 
sisting of the negative real axis together with OB is starlike. It is apparent 
that the regular obstacles discussed in the body of the paper are also starlike 
obstacles. The proof of the following lemma is indicated in [3]. 


LemMA 2’. In a symmetric solution of the schlicht cavity problem for 
a starlike obstacle AB, the steramline » 0 consisting of the negative real 
axis, OB, and & is a starlike curve. 

With the help of this lemma, Theorems 5-7 may easily be shown to hold 
for starlike obstacles. The proof need be modified only to the extent that 
our auxiliary translations of replicas of given flows regions be replaced by 
suitable magnification of replicas, the center of magnification being o. Such 
a magnification, it is noted, leaves flow velocities unchanged at geometrically 


similar points. 
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EXTENSIONS OF DIFFERENCE FIELDS.* 


By Ricuarp M. Coun. 


1. Introduction. By an (abstract) difference field [4]? we mean a field 
with an endomorphism. The algebraic theory of difference equations has led 
to the discovery of two surprising phenomena concerning difference fields. 
J. F. Ritt [5], § 3, showed that a difference field % may have extensions & 
and § which cannot both be embedded in any one extension of %, and which 
we shall therefore call incompatible. In [1] it was shown that a difference 
field % of characteristic 0 may have a proper extension which does not permit 
two distinct mappings into any extension of %. We call such an extension a 
monadic extension of %. A corresponding phenomenon occurs in the theory 
of algebraic fields, that is, fields in the ordinary sense, only if the characteristic 
p exceed 0. In this case an extension which is monadic in the sense just 
described may be produced by adjoining a p-th root not already in the field. 

Our purpose in this paper is to present in organized form the still rudi- 
mentary theory of these phenomena, and to point out their decisive importance 
in the algebraic theory of difference equations. They seem, in fact, to mark 
a point byond which one can no longer use the theory of polynomial ideals 
or the algebraic theory of differential equations as a guide to the study of 
difference equations, but must expect phenomena which are swi generis. Our 
results also suggest interesting questions concerning field structure. It would, 
for example, be desirable to characterize those fields which possess incom- 
patible or monadic extensions. Our principal result is a first step toward 
such a characterization; fields which are algebraically closed have no finite 
extensions of these types. 


2. Definitions. By the (first) transform e, of an element e of a 
difference field % we mean the element into which e is carried by the endo- 
morphism in virtue of which % is a difference field. By the transform of 
order k, or the k-th transform e, of e we mean, of course, the element into 
which e is carried by the k-th iterate of the endomorphism (hence ¢) =e). 


* Received April 28, 1951. 

1This paper was written while the author held a university research grant from 
Rutgers University. 

? Numbers in square brackets refer to papers listed in the Bibliography. 
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For the difference field @ to be an extension of the difference field %, 
it must be an extension of % as an algebraic field, and the operation of taking 
transforms in © must coincide for elements in % with that of taking trans- 
forms in %. The difference field resulting from the adjunction of a set S of 
elements of © to % is by definition the least extension of % containing the 
elements of § and their transforms of all orders. Such an extension will be 
called a finite (countable, etc.) extension of the difference field % if S is finite 
(countable, etc.). Hence a finite extension of the difference field % may well 
be an infinite extension of % considered as an algebraic field. The extension 
just described will be denoted by %<S>, while the algebraic field resulting 
from the adjunction of the elements of S without their transforms will be 
denoted by 3(9). 

We define two extensions © and § of a difference field % to be incom- 
patible if there does not exist an extension ® of § containing a subfield 6, 
isomorphic to @, and a subfield §, isomorphic to §, these isomorphisms 
leaving each element of % fixed.® 

Let @ be an extension of % such that not every element of & has a 
transform of some order in %. We then define © to be a monadic extension 
of the difference field %, if there does not exist an extension ® of % into 
which © has two distinct isomorphisms both preserving the elements of %.* 

All fields occurring henceforth in this paper will be supposed to be of 


characteristic 0. 


3. Examples and applications. Hxample 1. Let % be the difference 
field consisting of the real numbers, with the identity as endomorphism. Let 
® be the difference field consisting of the complex numbers, with the identity 
as endomorphism, and let § be the difference field consisting of the complex 
numbers, with the transform of a number defined to be its complex conjugate. 
Since an extension of % can contain at most one subfield isomorphic as an 
algebraic field to the field of complex numbers, it is evident that © and § 
are incompatible. 


Let us consider the systems of difference polynomials * with coefficients 


in 


8 Henceforth, when we refer to isomorphisms of extensions of a difference field %, 
it will be understood that we mean isomorphisms which leave each element of & fixed. 

* In other words no extension of ¥ can contain two distinct subfields each isomorphic 
to & by isomorphisms which leave every element of % fixed, nor does © have an auto- 
morphism, other than the identity, which leaves each element of § fixed. 

5 We deal here with a difference ring ¥{y} consisting of all polynomials in 
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A) y+1, and B) 


It is evident that A) has a solution, the square root of —1, which generates 
® when adjoined to %, while B) has a solution, again the square root of — 1, 
which generates . Hence it is possible to solve the system A) or the system 
B), but not to solve these systems simultaneously, even though they have no 


unknown in common. 

We may put the matter in a more basic, if less striking, form by saying 
that the manifold of the algebraically irreducible difference polynomial y? + 1 
consists of two irreducible manifolds ® Mt, and Mt. Wt, is the manifold of 
the reflexive prime difference ideal 3, with characteristic set’ y? +1, y:— y, 
and Mt. is the manifold of the reflexive prime difference ideal %, with 
characteristic set y° + 1, + y. No extension of % contains generic zeros’ 
or, indeed, solutions of both 3, and 3. As suggested by this example, we 
define a set of reflexive prime difference ideals (or their manifolds) to be 
incompatible if there exists no extension of the coefficient field containing 
generic zeros of all of them. We say that an algebraically irreducible difference 
polynomial has an inconsistent general solution, if the manifolds of its general 
solution (see [1], p. 152) are incompatible. We shall later see that if a 


Yo=Y;Y1, With coefficients in %. The endomorphism of the ring is defined by 
the stipulations that elements of & shall have the same transforms as in ¥ itself, and 
that the transform of y; shall be y;4, i =0,1,---. To solve a system of polynomials 
of ¥{y}, we must find a difference field @ which is an extension of %, and contains an 
element a such that when y is replaced by a (which means, of course, that, for each i, 
y, is replaced by the i-th transform of a), the polynomials vanish. The extension of 
these concepts to rings in two indeterminates y, z, or rings in m indeterminates, is 
obvious. In the latter case we shall generally designate the indeterminates by 
Then y,; will denote the j-th transform of 7=0,1,-..-. 

* The manifold of a system of difference polynomials is the set of its solutions in 
all extensions of the coefficient field. It is proved in [3] that every such manifold of 
solutions is the union of a finite number of irreducible manifolds, that is of mani- 
folds which, if they annul a product AB of difference polynomials, annul one of 
the factors. The statement in [3] does not refer to abstract difference fields, but the 
work of [4] makes it evident that the result applies to them also. The set of all poly- 
nomials vanishing on an irreducible manifold forms a reflexive prime difference ideal. 
Conversely, the solutions of a reflexive prime difference ideal constitute an irreducible 
manifold. This correspondence is one-to-one. 

7 Characteristic sets of difference polynomials are defined in [3], where they are 
called basic sets. In this paper we have brought the terminology for difference poly- 
nomials into accord with the new terminology for differential polynomials adopted by 
Ritt in [6]. We list here the terms used in earlier papers, each followed by the term 
which is to replace it: arbitrary unknown, parametric indeterminate; ascending set, 
chain; basic sequence, characteristic sequence; basic set, characteristic set; general 
point, generic zero. 
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difference field has a finite extension which is incompatible with some other 
extension, then there is an algebraically irreducible zero-order difference 
polynomial with coefficients in the field, whose general solution is inconsistent. 

As a result of the existence of incompatible extensions, the dimension or 
order ® of a reflexive prime difference ideal may be reduced when the coeffi- 
cient field is extended. Thus the system A), which is of zero order in %, 
has no solution if § is taken as the coefficient field. The system 


C) yx + — 


is the characteristic set of a prime ideal & of order k with coefficients in %, 
as we know from Theorem IV of [1]. If @ is any solution of = except 0, 
then since a satisfies C), a,/a is a solution of A). Hence <a> is an 
extension of &. It follows that 0 is the only solution ® of the polynomials 
of 3, considered as a system of polynomials with coefficients in §. Hence 
the order of this system is reduced from k& to 0 when the coefficient field is 
extended to §. 

Incompatible extensions also lead to difficulties when we try to replace 
parametric indeterminates by special values. From the analogy with systems 
of algebraic or algebraic differential equations, we should expect that if 
II is a reflexive prime difference ideal in the indeterminates w;, U2,° - -, Ug; 
Yi, Y2,° * the u; being parametric indeterminates,’° it would be possible 
to find a solution of II in which the u; have any assigned values not annulling 
a certain difference polynomial U in the u;. But this is not true for the 
reflexive prime ideal II in indeterminates ** uw, y, with characteristic set 


D) u*y? + 1, + uy. 


Here u is a set of parametric indeterminates for II, and the coefficient 
field is % above. Suppose a U of order m exists. Let « be a generic zero of 
a system C) with k >m. Then Theorem IV of [1] assures us that « does 


8 “ Dimension ” corresponds to the heuristic concept of the number of indeterminates 
whose values can be chosen arbitrarily (parametric indeterminates). “ Order” corre- 
sponds to the heuristic concept of the number of arbitrary periodic functions in the 
solution. See [1], p. 141 and p. 162. 

® That 0 is a solution of = can be shown by an easy application of the technique 
used in our paper “Singular manifolds of difference polynomials,” Annals of Mathe- 
matics, vol. 53, pp. 445-463. Let ¢ be a generic zero of =. Adjoin to ¥ an element c 
which is its own transform, and which satisfies no algebraic equation over %. Then 
ge annuls the polynomials of C) but not their initials. Hence ¢c annuls the polynomials 
of =. It follows readily from this that 0 is in the manifold of =. 

1° Here single subscripts do not indicate transforms. 

11 Single subscripts do indicate transforms here. 
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not annul U. Now %<a@> is an extension of &, while every solution of II 
lies in an extension of §. Hence there cannot be a solution of II with u = a. 
Thus the assumption that U exists leads to a contradiction. 

The existence of incompatible extensions also has implications for the 
analytic theory of difference equations. We consider difference polynomials 
in a field 8 of functions of the complex variable z meromorphic on a line 2 
which contains z+ 1 if it contains z. The transform of a function f(z) is 
defined to be f(z-+1). If S, and Sz are systems of such difference poly- 
nomials with the property that no extension of 8 as an abstract difference 
field contains both a solution of 8, and a solution of S2, then obviously at 
most one of these systems has solutions meromorphic on &. Of the systems A) 
and B) the latter has, of course, no meromorphic solutions whatsoever. 


Example 2. We consider the field of rational functions of z with com- 
plex coefficients. This becomes a difference field %, if we define the transform 
of any rational function f(x) to be the function f(42). Consider the differ- 
ence polynomial A = y*—z which is algebraically irreducible in %. Its 
transform A, is y,7—-4a. Then A, — 4A = y,? — 4y? = (y, — 2y)(yi + 2y). 
Hence every solution of A annuls either 


We know from Theorem IV of [1] that both E) and F) have solutions 
in suitable extensions of %. We shall show that no one extension contains 


E) y?—2,y,:—2y or + 2y. 


solutions of both, so that A has an inconsistent general solution. 


Let « be a solution of E). The only other solution of A lying in an 
extension of is 8==—a. From E) we have a4, —2¢. Now =— a, 
2a—28. Hence annuls E), and no extension of contains a 
solution of F). 


Example 3. We now define the transform of a rational function f(z) 
with complex coefficients to be f(x*), and let % be the difference field con- 


sisting of all such functions of « with transforms defined in this way. We 


find that every solution of the algebraically irreducible difference polynomial 


— zx annuls either 
—2,Y,— yx or H) — Y1 Yt. 
As before we see that the manifolds of G) and of H) are incompatible. 


Example 4. If we define the transform of a rational function f(z) with 
complex coefficients to be f(x?), we get a difference field % which has monadic 
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extensions. For example, every solution of the algebraically irreducible differ- 
ence polynomial y*—z annuls one of the systems 


J) y*® — 2, — oy’, 
K) — 2, 91 wy’, 


where » is a complex cube root of unity. All these systems have solutions 
in suitable extensions of %. Let « be a solution, say of I). Then wa, 7a, 
are the only other solutions of y*—~z in any extension of §<a>. It is easy 
to see that they annul the systems K) and J) respectively. Hence no 
extension of %<a> contains a subfield other than <a) itself which is iso- 
morphic to <a> by an isomorphism leaving each element of % fixed; nor 
does <a> have any automorphism except the identity which leaves each 
element of % fixed. No transform of @ is in %. Hence <a> is a monadic 
extension of %. J) and K) likewise furnish monadic extensions of %. 

It is interesting to note that if we define the transform of a rational 
function f(x) with complex coefficients to be f(x?), where f is the function 
obtained by replacing each coefficient in f by its complex conjugate, we obtain 
a difference field © in which the systems I), J), K) define not monadic 
extensions, but rather extensions any two of which are incompatible. 

We define a reflexive prime difference ideal 3, not containing 1, or its 
manifold Yt to be monadic, if no transform of a generic zero of & lies in the 
coefficient field, and if there exists no extension of the coefficient field con- 
taining two generic zeros of =. We shall see that if a difference field % has 
finite monadic extensions (and consequently monadic prime ideals), it has a 
monadic extension which is obtained by adjoining a solution of a zero order 
difference polynomial in one indeterminate. In fact, the situation with finite 
monadic extensions is even stronger than with finite incompatible extensions— 


every finite monadic extension is of zero effective order.'* 

The proof that finite algebraic extensions of a field of characteristic zero 
are simple, and the proof of the corresponding theorem for differential fields,’ 
are based on the fact that such fields do not have monadic extensions. For 
fields of characteristic p the proof fails and the theorem does not hold. In 
the case of difference fields of characteristic zero, however, the difficulty 


12 The concept of a quasi-linear system, defined in [1], p. 164, includes monadic 
prime ideals and the uninteresting prime ideals whose generic zeros or their transforms 
lie in the coefficient field. The result we have just referred to is essentially Theorem XI 
of [1], which we prove again in slightly altered form in the corollary to Theorem II 
below. 

18 See [6], pp. 41 and 86. 
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caused by the existence of monadic extensions can be circumvented, and a 
completely analogous theorem can be proved.’* The corollary to Theorem II 
of this paper (or Theorem XI of [1]) is required for the proof. 


4, Preliminary lemmas. As stated above we shall see that all difference 
fields which have finite incompatible extensions, or a finite monadic extension, 
have incompatible or monadic extensions of the types shown in the examples; 
i. e., extensions formed by adjoining solutions of a zero order difference poly- 
nomial in one indeterminate. For both incompatible and monadic extensions 
the proof depends essentially on Lemma III of this section, which in turn 
depends on Lemma II. It is convenient before considering these lemmas to 
make some conventions regarding notations. 

Let a set of indeterminates y,,- - -, Yn be adjoined to a difference field 
%-. The least difference ring containing % and these indeterminates will be 
denoted by Yn}. We denote by the j-th transform of 

Let S be a set of difference polynomials of - +, yn}. The least 
difference ideal containing the polynomials of § will be denoted by [S], while 
the perfect difference ideal which they generate is indicated by {9}. 

Now let % be any field, not necessarily a difference field. Let indeter- 
minates y1,° - *,Yn be adjoined to % to form a ring, which does not, of 
course, contain transforms of the y; We denote this ring by §[41,° - -, yn]. 
Let S represent a set of polynomials of this ring. The least ideal containing 
the polynomials of § will be denoted by (8) o. For definiteness, ideals in 
®l41,° °°, Yn] will be called polynomial ideals. The set of ali polynomials 
of which a power is in (8), is the perfect polynomial ideal {S},. It may 
happen that % is a difference field, and the indeterminates of this paragraph 
are a finite subset of transforms of the indeterminates of a difference ring. 
Then (8), involves only these transforms. 

We shall sometimes want to indicate that one of the ideals just described 
is to be formed from § in an extension & of %. In such a case the symbol © 
is placed in the brackets after S, and separated from it by a semicolon. We 
write, for example, {S; G} for the perfect difference ideal generated by poly- 
nomials of § in the field &. 

From this point on we depend heavily on the results of [1], [3], [4], 
and [6]. We remind the reader of the changes in terminology listed in 
footnote 7. 


*4 The proof is given in our paper “ On extensions of difference fields and the resol- 
vents of prime difference ideals,” to be published in the Proceedings of the American 
Mathematical Society. 
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Our first lemma is a restatement of a well-known theorem concerning 


algebraic, not difference polynomials. 


Lemma I. Let I be a prime polynomial ideal with coefficients in a 
field %. Let & be an extension of %. Then {I1; G}_ ts the intersection of 
prime ideals 1I,,Tl2,---,U,, which are such that any set of parametric 
indeterminates of II 1s a set of parametric indeterminates of each Ty. 


Proof. Let II involve the indeterminates w;, Yor * 
the u; forming a set of parametric indeterminates. We form a resolvent %° 


p 
for II using w= > piyi. The »; may be chosen as integers. Let © be the 


prime polynomial ideal {II, w— > piyi}o, and let 
i=l 


L) 


be a characteristic set for Q, with A introducing w, and A; introducing yi, 
t=1,---,p. Each A; is then of the first degree in 4. 


Let the irreducible factors of A in the field G be B,,---,B,. Each 
B,, effectively involves w, for otherwise A would not be irreducible in Ay 

We adjoin to & a set of elements a, 1 1,- - -,qg, which annul no non- 
zero polynomial with coefficients in ©. 

B, has a solution uj—a, 1—1,---,qg;w— fx. This solution can 
annul no initial of any A;; for these initials are not multiples of B, and hence 
some linear combination of an initial with B is a non-zero polynomial in the 
u; alone. In each A; we replace the u; by the «, and w by Bx, forming a poly- 
nomial A; of first degree in y;. By solving A; we find the value y,;“ 
for y;. 

Let ©; be the prime polynomial ideal consisting of those polynomials 
of Glu, Which vanish when we put uj— 4%, 
ys, j=1,---,p. Evidently 0, contains no 
polynomial in the uj alone. We claim that {Q; ©}, is the intersection of 
the Q,. 

We see that the solution of 2; given in the preceding paragraph annuls 
the polynomials of the characteristic set L), but not their initials. Hence 
QCQO,, and therefore {0; G},C Q,. 

Let P be a polynomial which is in every Q;. We form the remainder 
R of P with respect to the chain A,,---,Ap. R is a polynomial in the w; 
and w alone, which vanishes for the solution u;j=— a, i1—=1,---,q;w= Bx 


15 See [6], p. 86. 
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of Q,. Hence RF is a multiple of By. Since this is true for each & from 1 to r, 
FR is a multiple of A. 

It follows that P has zero remainder with respect to L:). We may write 
P as a finite sum > 8,;£;, where the 8; are elements of © which are linearly 
independent with respect to %, and the H; are polynomials with coefficients 
in %. It is easy to see that each EH; has zero remainder with respect to L). 
Hence the F; are in Q, and therefore P is in {Q; &},. This proves our state- 
ment that {2; G}, is the intersection of the OQ. 

Now {II; G}, consists of those polynomials of {Q2; &}, which are free 
of w. For we may write any polynomial with coefficients in © in the form 
> 8&£;, where the §; are elements of © which are linearly independent with 
respect to %, and the E£; are polynomials with coefficients in %. The set of 
all polynomials which have a representation of this form in which every E; 
is in II forms an ideal, and. it can easily be seen that this ideal is (II; G)>. 
Those polynomials having representations of this form in which every £; is 
in © form the ideal (Q;@G)o. Now IL consists of those polynomials of Q 
which are free of w. A polynomial of (2; @) > is free of w if and only if 
each H; is free of w. Hence (IL; &), consists of those polynomials of (2; &), 
which are free of w. Finally {II; G}, consists of polynomials of which a 
power is in (II; G),); and {Q; &}, consists of polynomials of which a power 
is in (Q;@),. Our statement follows immediately from this. 

Let II, be the prime polynomial ideal consisting of those polynomials of 
Q, which are free of w. Then it follows from the preceding statements that 
{II; ©}, is the intersection of the II,. The II, are prime ideals, and the u; 
form a set of parametric indeterminates**® for each II,;. This proves the 


lemma. 


Lemma II. With the notation of Lemma I, if every element of & not 
contained in % is transcendental over %, then {I1; G}, is itself a prime poly- 
nomial ideal, and a characteristic set of I is a characteristic set of {I1; G}o. 
In particular, if % is algebraically closed and & is any extension of %, then 
{II;G}, is prime, and a characteristic set of II is a characteristic set of 


{II; 


Proof. To show that {II1; G}, is prime, it is sufficient to show that A 
is irreducible in @; for then & —1 in the proof of Lemma I. Now a poly- 


16 This is so because 2, contains no non-zero polynomial in the u, alone. Hence II, 
contains no non-zero polynomial in the u, alone. On the other hand II, and hence each 
II,, contains a non-zero polynomial in u,,- - -,u, and y, for each j from 1 to p. 


; 
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nomial § in one indeterminate has the same factors in & and in %, if we 
consider two factors to be identical when their quotient is an element of the 
coefficient field. For first of all, it is possible to restrict S and its factors to 
polynomials with initial coefficient 1. Secondly, 8 has a factorization into 
linear factors with initial coefficient 1 in some algebraic extension of %. All 
factors of § in any field which meet our restriction are products of these 
linear factors, and therefore have coefficients algebraic over %. Hence if such 
factors have coefficients in G, then they have coefficients in %. 


By a device due to Kronecker ** the factors of A can be formed from 
those of a related polynomial S in one indeterminate. It is easy to see from 
Kronecker’s method of obtaining the factors of A from those of § that, since 
S has the same factors in & as in %, the same is true of A. Hence A is 
irreducible in @, and {II; G}, is a prime polynomial ideal. 

Let B,,- - -, By be a characteristic set of II, and C,,- - -,Cp a charac- 
teristic set of {I1;G} . Suppose some C; is reduced with respect to B,,---, Bp. 
We let & be the least integer such that C;, is reduced with respect to this chain. 
We may then take Cj = Bi, 1 Si < k. 

We adjoin to elements 1,- - -,q, annulling no polynomial with 
coefficients in ®. Replacing the u; by a, we solve B, for y,. Substituting 
the «; for the u; in B., and the solution just obtained for y,, Bz becomes a 
polynomial in y, alone. Solving this and substituting in a similar way into 
B, we obtain a polynomial in y; alone. Continuing in this way, we find all 
the y; At no point are we unable to solve; for each ideal (B,,- - -, Bj, Zj.13 3)o, 
where J;,, is the initial of B;,,, contains a non-zero polynomial in the 4; 
alone,"* so that J;,, cannot be annulled by the solution obtained for B,,---, Bj. 
In the same way we see that a solution obtained in this manner annuls no 
separant of any B;. Hence when we come to solve B,, we can find as many 
distinct solutions as its degree in y;. In particular, then, we may choose a 
solution of B, which does not annul Cy. (Since the chain B,,: - -, By, is a 
characteristic set of a prime ideal of polynomials with coefficients in G, the 
initial of C; cannot be annulled by the solution obtained for the u; and y;, 
j<k) 

The solution we obtain in this way annuls I. Hence it annuls {I1; G}p. 
This contradicts the fact that it does not annul C,. Hence no C; is reduced 
with respect to B,,- --,B,. This proves Lemma II. 

The discussion of Example 1 shows that there is no possibility of obtaining 


17 See Van der Waerden, Moderne Algebra, Ist ed., vol. 1, p. 129. 
18 See [6], Chapter IV, § 9. 
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a complete analogue of Lemma I for difference polynomials. We can, however, 
obtain a result analogous to Lemma II. 


Lemma III. Let $ be a difference field and I a reflexive prime difference 
ideal of polynomials with coefficients in %. Let G be an extension of &, 
which is such that every element of © not contained in & ts transcendental 
over %, considered as an algebraic field. Then {I1; G} is a reflexive prime 
difference ideal. Any set of parametric indeterminates of II is a set of para- 
metric indeterminates of {I1; G}, and the effective order of IL in the remaining 
indeterminates equals the effective order of {IL; G} in those indeterminates. 


In particular, if % is algebraically closed, and & is any extension of %, the 
statements of the lemma apply. 


Proof. Let wy, * *,Ug3 *>Yp be the indeterminates of II, 
the u; forming a set of parametric indeterminates. 


The set of polynomials of order not exceeding & in each uw and y; will 
be denoted by Ix, =0,1,---. Tl, is not empty for sufficiently large, and 
it is a prime polynomial ideal in the indeterminates 1 = 1,- - -,q;m—0, 
and yj, 

By Lemma II, the polynomial ideal A; = {Il,; G}, is evidently a prime 


ideal in the same set of indeterminates as I,. The union A of the A; is a 
prime ideal in the infinite set of indeterminates Wim, Yn, Where now the second 
subscripts have the range 0,1,---. We shall show that A is actually a 
difference ideal in the uw; and yj. 

Let C be in A. We write C as > yiCi, where the y; are a finite number 
o elements of & linearly independent with respect to %, and the C; are 
difference polynomials with coefficients in §. 

Now C has zero remainder with respect to the characteristic set of some 
A,. By Lemma II we may use a characteristic set of I, as a characteristic 
set of A;. Then each CQ; has zero remainder with respect to this characteristic 
set. Hence each C; is in Ij, it first transform is in T;,,, and the transform 
of C is in A,x,,, and therefore in <A. 

We shall show that the reflexive prime difference ideal {A} is {II; G}. 
On the one hand, since every II, is in I, every A, is in {11;G}. Hence 
A C {Il; G}, and therefore {A} C {I1;G}. On the other hand, since IEC A, 
{II; {A; G} {A}. 

No A; contains a non-zero polynomial in the wim alone. Hence the u; 
constitute a set of parametric indeterminates for {A}. It remains to show 
that {A} and II are of equal effective order in the y;. 
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Let A; be that leader of a characteristic set of II which introduces y;. 
By the result of [1], p. 149, we see that II is held by no non-zero polynomial 
in y, and the u; alone which is of lower effective order than A, in y;. By 
Theorem IX of [1] and the result of [1], p. 149, we see that II is held by 
no non-zero polynomial in y,, y, and the u;, of lower effective order than A, 
in y,, and of lower effective order than A, in ys. Continuing, we have the 
following result: Let 7 designate the set of yj such that, for each 7, n takes 
those values, and only those, which are less than the effective order of A; in y;, 
and let 7, designate the set consisting of the g-th transforms of the yj in T. 
Then II contains no non-zero difference polynomial in the wim and the yjn of 
any T,. By [1], Theorem X, the number of yj in T is the effective order 
of II in the y;. To prove the lemma it suffices to show that {A} contains 
no non-zero difference polynomial in the yj of any Ty and wu. 

No II, contains a polynomial in wim and the yj of a T,. Hence for all 
sufficiently large values of k, T, and the wim present in II, form part of a set 
of parametric indeterminates for I,. By Lemma II, they form part of a set 
of parametric indeterminates for A;. Hence A contains no non-zero polynomial 
in any set 7, and u; Then {A} contains no non-zero polynomial in any set 
T, and u; This proves Lemma ITI. 

We shall need one more result of a different sort, analogous to Gourin’s 
Theorem for differential polynomials.*® 

Lemma IV. Let I and Il’ be reflexive prime difference ideals such that 
II is properly contained in II’. Then either I’ is of lower dimension than I, 
or it is of the same dimension as II, every parametric set for II’ is a para- 
metric set for II, and II’ is of lower effective order than II relative to any 


parametric set. 


Proof. Since II contains no non-zero polynomial in a set of parametric 
indeterminates of II’, only the last statement of the lemma requires any con- 
sideration. Let us assume then that u,- - -,Ug is a parametric set for both 
II and Il’, the remaining indeterminates being 4;,° - -, Yp. 


For non-negative integers a, b, c, let IIgne represent the prime polynomial 
ideal consisting of all difference polynomials in II which involve no transform 
of any y; of order less than a or more than a+ 8, and no transform of any u; 
of order more than c. For a, b, and ¢ sufficiently large, the dimension of 
IIgpc is the sum of the effective order of II in the y; and the number (c + 1)q 
Of Uim With m Sc. 


1° E. Gourin, “ On irreducible systems of algebraic differential equations,” Bulletin 
of the American Mathematical Society, vol. 39 (1933), pp. 593-595. 
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Let polynomial ideals II’,,- be defined for II’ as the Igx- were defined 
for Il. For all sufficiently large a, 6, and c, the dimension of II’qy¢ is the 
sum of the effective order of I’ and (¢+1)g. Now Wave contains Hare. 
II’ contains a polynomial P which is not in II. For all sufficiently large a, 
b, and ¢, II’,»- contains a transform of P, and hence contains Igy- as a proper 
subset. Then II’gy- is of lower dimension than IIg,, when a, b, and ¢ are 
large. The lemma follows from the relation above between effective order 


and dimension. 


Corottary. Under the hypotheses of Lemma III, {I1; G} contains no 


CY 


polynomial with coefficients in & except the polynomials of I. 


Proof. The polynomials of {I1; G} with coefficients in % constitute a 
reflexive prime difference ideal A. Since ITC A, evidently {I1; G} — {A; G}. 
By Lemma III, a set of parametric indeterminates for II is a set of para- 
metric indeterminates for {II; 6} — {A; G}, and hence is part of a set for 
A; by another application of Lemma III, it is a set for A. The effective 
order of II relative to this parametric set equals that of A by the same lemma. 
Then, by Lema IV, A cannot contain II as a proper subset. Hence II and 


A are identical. 


5. Incompatible extensions. 


THeEorEM I. Let the difference field § have the incompatible extensions 
®G and , of which at least one is a fimite extension. Then there is an 
algebraically irreducible difference polynomial of zero order with coefficients 
in % whose general solution is inconsistent. 


Hence, if % is algebraically closed it has no incompatible extensions one of 
which is finite. 


Proof. Let ©, say, be a finite extension of %, and let it arise by the 
adjunction of elements @, %,° - -,%, to %. Let & be the set of all difference 
polynomials in unknowns 4;, - Yr, with coefficients in %, which are 
annulled when each y; is replaced by the corresponding ¢;. & is not the ideal 
[0], for otherwise we could find an extension of § containing a subfield iso- 
morphic to G merely by adjoining to § r elements annulling no algebraic 
difference polynomial with coefficients in ©. Evidently & is a reflexive prime 


difference ideal. 


In terms of the ideal = we have the following condition for an extension 
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R of % to be incompatible with G: is incompatible with G if and only if 
{;R} contains a polynomial with coefficients in % which is not in &. 

For suppose, first, that 8 and & are not incompatible. Then an extension 
&’ of R contains a subfield isomorphic to @. Let & be the element of 
corresponding to a. The a must annul the polynomials of &, but no other 
polynomial with coefficients in %. Since every solution of } in an extension 
of & is a solution of {3;8}, it follows that {=;} contains no polynomials 
with coefficients in % except the polynomials of %. 

Next suppose that {=; 8} contains no polynomial with coefficients in 
except the polynomials of 3. Let I,,I.,---,Il, be the reflexive prime 
difference ideals whose intersection is {;R}. At least one II; contains no 
polynomial with coefficients in %, except the polynomials of &. For other- 
wise there would exist for each i, 1 —1,-- -,r, a polynomial B; of 11;, with 
coefficients in %, which is not in 3. The product of the B; would be a poly- 
nomial with coefficients in % which is in {%;} but not in 3. This would 
contradict our assumption. Let I,, say, contain no polynomials with coeffi- 
cients in % except the polynomials of 3. We adjoin a generic zero of I, 
to R forming &’. The subfield of R’ formed by adjoining the generic zero 
of II, to % is isomorphic to ©. Hence & and & are not incompatible. This 
proves our statement of the condition for incompatibility. 

Returning to the consideration of the extension §, we let §* consist of 
those elements of § which are algebraic over %. We claim that §* and & 
are incompatible. 

Suppose that §* and © are not incompatible. Then, by the condition 
just given, {=;$*} contains no polynomials with coefficients in % except the 
polynomials of 3. It follows as before that, among the reflexive prime 
difference ideals II,,- - -, 1, whose intersection is {%;*}, at least one, 
say II,, contains no polynomial with coefficients in % except the polynomials 
of 5. 

Let A denote {II,;§}. The corollary to Lemma IV shows that A con- 
tains no polynomial with coefficients in §*, except the polynomials of Mh. 
Hence A contains no polynomial with coefficients in %, except the polynomials 
of Since {=;6} CA, our criterion for incompatibility shows that and 
§ are not incompatible. This contradiction shows that © and §* are 
incompatible. 

§* may be an infinite extension of 3, but © must be incompatible with 
a finite zero-order extension * of %. For {3;6*} contains, by the above 


2° A finite zero-order extension of % is an extension of the form %<71,- - -,Ya>» 
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criterion, a polynomial B with coefficients in % which is not in 3. As shown 
in [4], p. 449, B can be obtained from a finite number of polynomials of 5 
by a finite number of shufflings.2! These operations involve only a finite 
number of elements of *. Let §’ be the difference field formed by adjoining 
these elements to %. Then {%;’} contains B. Hence G and © are 
incompatible. 

§’ is a finite zero order extension of %. But this implies that it is a 
simple extension. For let ¢c,,- - -,¢s be the generators of §’. There is an 
element c, a linear combination with integer coefficients of the c;, such that 
the algebraic field %(c) contains the c; Then the difference field 3<c> con- 
tains the c;, and hence is §’. 

Since §’ is a finite extension incompatible with G, a repetition of the 
preceding argument shows that © contains an element d algebraic over § 
such that G’ — %<d> is incompatible with §’. 

We now know that the existence of the incompatible extensions & and § 
implies the existence of simple extensions algebraic over % which are incom- 
patible. It only remains to show that two such simple extensions can 
be produced by adjoining different solutions of one irreducible zero-order 
difference polynomial. 

Let P and Q be the algebraically irreducible zero-order difference poly- 
nomials annulled by ¢ and d respectively. Considering % as an algebraic 
field, we adjoin to it a solution y of P and a solution & of Q, forming the 
algebraic field %. There is an integer & such that 3(y + k8) is %o. Let R 
be the algebraically irreducible polynomial with coefficients in % which is 
annulled by y + £8. 

Using Theorem IV of [1] in place of the fundamental theorem of 
algebra, we adjoin to §’ solutions of the difference polynomial Q equal in 
number to its degree. Among these solutions there must be a d such that 
the mapping c—y, d—>8 carries %(c, d) isomorphically into >. We denote 
by 3, the reflexive prime difference ideal consisting of all difference poly- 
nomials in the unknown y, and with coefficients in %, which are annulled by 
c+kd. Now $(c+ kd) must contain %(c). Hence $<c + kd> contains 
&<c>. In other words, the field %, obtained by adjoining to § a generic zero 
of 3, contains a subfield isomorphic to §’. 


where each *y, is the solution of a zero-order difference polynomial with coefficients in e: 
It must not be confused with a finite algebraic extension of ¥ considered as an algebraic 
field, that is, with an extension of the form % (5,,- - -,5,), where the 5, satisfy algebraic 
equations with coefficients in §. 

*1 A shuffling, as defined in [4], involves taking transforms, forming linear com- 
binations, and factoring difference polynomials into products of transforms. 


17 


if 
n 
n 
Is 
le 
0 
h 
d 
Ly 
iS 
yf 
§ 4 
ls 
l- 
1° 
ls 
d 
h 
»» 

|_| 


RICHARD M. COHN. 


The difference polynomial P has a solution é in an extension of §<d), 
which is such that the mapping ¢—>y, d—8 carries 3(¢,d) isomorphically 
into %o. Let 3. be the reflexive prime difference ideal consisting of all 
difference polynomials in the unknown y, and with coefficients in %, which 
are annulled by €+ kd. We see as above that the field %. obtained by 
adjoining to % a generic zero of %2 contains a subfield isomorphic to W’. 
Hence %, and %. are incompatible. Since 3, and 3, are essential prime 
ideals in the decomposition of {R}, Theorem J is proved. 


Corotuary. If the difference field % is algebraically closed, there is an 
extension R of % such that every reflexive prime difference ideal with coeffi- 
cients in % has a generic zero in R. 


We suppose that the reflexive prime difference ideals with coefficients 
in % have been well-ordered. The proof is then easily carried out by induction. 
We produce a correspondence between the ideals and certain extensions of %, 
such that the extension corresponding to a reflexive prime difference ideal % 
contains a generic zero of 3, and such that if 3, precedes ¥, in the well- 
ordering, then the extension corresponding to 3, includes that corresponding 
to 3,. Evidently the extension corresponding to the prime ideal which is 
first in the well-ordering can be constructed. Suppose we have constructed 
such a set of extensions for all the reflexive prime difference ideals preceding 
an ideal A. Then the union © of these extensions is itself an extension of %. 
By Theorem J, there is an extension § of © which contains a generic zero 
of A. We let § be the extension of % corresponding to A. The union of all 
the extensions of the set is the extension & of the corollary. 


6. Monadic extensions. 


TuHeEorEM IJ. Jf the difference field § has a finite monadic extension, 
then it has a monadic extension §<a>, where « 1s a solution of a zero-order 
difference polynomial with coefficients in &. 


Hence, if % is algebraically closed it does not have a finite monadic extension. 


Proof. Let @ be a monadic extension of % formed by adjoining to § 
the elements a, i—1,---,n. The a annul some non-zero difference poly- 
nomial with coefficients in %; for otherwise, if we adjoined to © a set of 
elements 1=1,- - -,n annulling no non-zero difference polynomial with 
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coefficients in &, the resulting extension of © would contain an extension of 
isomorphic to & and distinct from ©, namely 

Let ©* be the subfield of © consisting of all elements of © which are 
algebraic over the inversive extension 7? % of %. We shall show that @ 
coincides with &*. We assume the contrary and obtain a contradiction. 


An element of © whose transform is in ©* is itself in @*. Hence, by 
our assumption, ® contains elements no transform of which is in @*. Then 
® must be a monadic extension of ©* formed by adjoining the a. Let & be 
the reflexive prime difference ideal consisting of all polynomials in 4;,- - -, Yn, 
with coefficients in @*, which vanish when the y; are replaced by the corre- 
sponding a. is not empty. Since there is an a no transform of which 
is algebraic over ©*, & either has a set of parametric indeterminates which 
is not empty, or is of effective order different from zero. 

Let A denote {3;@}. By Lemma III, A is a reflexive prime difference 
ideal which, like &, either has parametric indeterminates, or is not of effective 
order zero. Hence a generic zero f;,: - *,Bn of A is not contained in ©. 
By the corollary to Lemma IV, A contains no polynomial with coefficients 
in &* except the polynomials of 3. Hence the extension &<fi,- - -,Bn> 
contains a subfield G*<B,,---,Bn> isomorphic to and distinct from ©. 
This contradicts the fact that © is a monadic extension of ©*. Hence 
G — G*. 

From what we have just shown, every a; has a transform a;* algebraic 
over %. %<a.*,- - -,G:*> is a monadic extension of %. For first of all, 
there is some «;, and hence some @;*, no transform of which is in %. Secondly, 
if there existed an extension R of % such that 3<a,*,- --,a,*> had two 
distinct isomorphisms into R, then %<@,° - -,%n> would have two distinct 
isomorphisms into the inversive extension of &, which is impossible. 

As we showed in the proof of Theorem I, a finite zero-order extension 
of a difference field is simple. Hence there exists an element « such that 
= +, a,*>. is the solution of a zero-order difference poly- 
nomial with coefficients in %. This proves Theorem II. 


22 An inversive extension of a difference field is an extension which, if it contains 
an element h, contains an element g whose transform is h. In particular, we mean by 
the inversive extension § of a difference field ¥, that unique inversive extension all of 
whose elements have transforms in %. It existence is shown in [2]. The inversive 
extension @ of & contains ¥. Those elements of G which are elements of @ and which 
are algebraic over ¥ are the elements of @ which we call algebraic over the inversive 
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CorotuaRy. If & ts a finite monadic extension of the difference field %, 
then every element of & is algebraic over the inversive extension of %. 


Proof. This is equivalent to the statement © = *, proved in the pre- 
ceding demonstration. 


An examination of the proof of Theorem II will show that we have made 
no use of the fact that the monadic extension & has no automorphisms onto 
itself except the identity. We have used only the fact that @ cannot be 
isomorphic to two distinct subfields of an extension of %. Hence, if G is a 
finite extension of % which has this property, then there 1s a simple zero-order 
extension of % which contains a transform of every element of ©. 

Conversely, if G’ = %<«> is a simple zero-order extension of %, there 
is an extension © of @&’ which has the property just stated. For let P be 
the algebraically irreducible difference polynomial whose solution is «. P is 
of :ero order in an indeterminate y, and of degree n=1 in yo. Using 
Theorem IV of [1] in place of the fundamental theorem of algebra, we may 
adjoin n — 1 additional solutions of P to @’. The resulting field is &. 


This property of zero-order extensions is in no way surprising; we find 


quite the same situation in algebraic fields and differential fields. What is 
anomalous is that some of these extensions have no automorphisms except 
the identity, i.e. are monadic. We have found no other way of characterizing 
those zero-order extensions which are monadic. At the end of this paper we 
give a conjecture which, if correct, gives a somewhat narrower class of exten- 
sions which includes the finite monadic extensions. 


7. Infinite extensions. We obtain conclusions somewhat weaker than 
those of the preceding sections when we deal with countably infinite exten- 
sions of a difference field which are incompatible or monadic. To study these, 
we must first consider the following situation. 

Let § be an extension of the difference field §*, such that every element 
of § not included in §* is transcendental over §*. Let a set of elements 
* Ons, be adjoined to §. Let denote the reflexive prime difference 
ideal consisting of all polynomials in y;,-- -, Yn, with .coefficients in §*, 
which vanish when these y; are replaced by the corresponding a. Let nu 
consist of all polynomials in 4;,° - -, Yn; Yns1, With coefficients in §*, which 
vanish when these y; are replaced by the corresponding a. Of course 3, 
consist of those polynomials of 3,,, which are free of yn,,. Let An = {3n; 9}; 
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and let Anws = {3ns13 H}. We shall show that A, consists of those polynomials 
of Ans which are free of Yns- 

We denote by Sax and &=0,1,- - -, the polynomial ideals con- 
sisting of those polynomials of %, and n.1, respectively, which contain no 
transforms of any y; of order exceeding &. Let Anz = {Snxz;O}o, and let 
Ans k = {3nsi ki O}o. We see from the proof of Lemma III that A, consists 
of those difference polynomials a transform of which is in some A,x, and that 
Ans: consists of those difference polynomials a transform of which is in some 

nx consists of all polynomials of 3n,,, which are free of transforms of 
Yns1- We choose a complete set T,, of parametric indeterminates for Snx. 
(Tn, may be empty, or may consist—when yx is the ideal [0]—of all the 
indeterminates of nx.) Since Sn: contains no non-zero polynomial in the 
indeterminates of 7T,,, we may select a complete set T'n,,, of parametric 
indeterminates for Which includes and are also sets of 
parametric indeterminates for A», and An, x% respectively, by Lemma II. 

Let II be the prime polynomial ideal which consists of those polynomials 
of Ans: x Which are free of yn,, and its transforms. Then ID A,,. Since II 
contains no polynomial in the indeterminates of Ty, it has at least as large 
a set of parametric indeterminates as A», Hence An, cannot be a proper 
subset of II. Then Il = Ajy,x. In other words An; consists of those polynomials 
of Ans: x Which are free of yn,, and its transforms. 

Let P be a difference polynomial in A,,, which does not involve Yn,1. 
Then for some #, a transform of P is in An,; x, and therefore in Ay; Thus P 
is in An, which proves our statement. 

Let be a generic zero of By the result just proved, 
Yn 18 @ generic zero of Ay. Conversely, let a1,- - be a generic 
zero Of An. Since $’ = +, is isomorphic to $<y1,° -,yn>, We 
ean find an extension of §’ which is isomorphic to $<y1,° yn; Let 
Gns1 be the element corresponding to yn,; in this isomorphism. Then 
Qn, 1S a generic zero of An,;. Hence any generic zero of A, can 
be extended to a generic zero of An... It is in this form that our result will 
be used in studying countably infinite extensions. 


THEOREM III. Let a difference field § have the at most countably infinite 
extensions © and § which are incompatible. Then % has incompatible 
extensions &* and $*, at most countably infinite, every element of which is 


algebraic over %. 
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Proof. Let G* and §* consist of those elements of & and §, respectively, 
which are algebraic over %. We shall assume that © and §* are not incom- 
patible, and show that this implies that © and § are not incompatible. 


By our assumption, there is an extension §’ of §* which contains a 
subfield isomorphic to &. This subfield must be formed by adjoining to § 


a set of elements a, 71—1,2,---. There is no loss of generality in assuming 
that there are an infinite number of «;, since they need not all be distinct. 
For each n, n=1,2,- --, let &, denote the reflexive prime difference 


ideal of polynomials of §*{y:,---, 4%} which vanish when each y; is replaced 
by a;. Let A, be the reflexive prime difference ideal {,; 5}. We shall adjoin 
a set of elements 1 = 1, 2,- - -, to such that, for each n= 1, Bi,---, Ba 
is a generic zero of Ay. If A, is [0], this is to mean that B,,- - -, Bn annul 
no non-zero difference polynomial with coefficients in §. 

For 8, we choose a generic zero of A;. Suppose we have adjoined 
Bx. Then Bi,- - Bx is a generic zero of Ay. Now consists of 
those polynomials of 3;,, which are free of y;.:. By the result obtained at 
the beginning of this section, we may adjoin an element to the set Bi,- - -, Bx 
to obtain a generic zero of Ax,:. Let Bx., be this element. By induction we 
construct the set Bi, 1=1,2,---. 

For any n, Bn annul no polynomial of - yn}, except 
those annulled by @,--+,@,. For, by the corollary to Lemma IV, A, 
contains no polynomial with coefficients in §* except the polynomials of %,. 
Hence A, contains no polynomial with coefficients in %, except the polynomials 
of with coefficients in %. It follows that B2,- contains a sub- 
field isomorphic to G, namely 3<;, B2,- - >>. Then © and § are not incom- 
patible. Since we have obtained a result which contradicts the hypothesis of 
Theorem III, it follows that © and §* are incompatible. 

We can find a countable set of elements yi, y2,- - -, such that the field 
@ (yi; *), formed by adjoining the y; to considered as an algebraic 
field, is §. We need merely take for the y; all transforms of the elements 
which produce § when they are adjoined to %, considered as a difference field. 
It follows that when § is considered as a linear vector space with § for 
coefficient field, its dimension is at most Ny. Hence §* is a linear vector 
space over % of dimension at most 8». Therefore $* is an at most countably 
infinite extension of %, considered as a difference field. By a repetition of 
the demonstration above, we see that $* is incompatible with G*. This proves 
Theorem III. 
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THEOREM IV. Let a difference field % have a monadic extension & 
which is an at most countably infinite extension of %. Then every element of 
& has a transform which is algebratc over %. 


Proof. Let &* be the set of elements of & which have transforms 
algebraic over %. We shall assume that © contains elements which are not 
in ©* and obtain a contradiction. © can be obtained by adjoining a count- 
able set of elements @,, %,- - +, to %. Of these elements, at least one is not 
in ©* because of our assumption. Changing the subscripts if necessary, we 
arrange matters so that a, is not in ©*. Then a, annuls no difference poly- 
nomial of effective order zero and with coefficients in G*. For otherwise, a 
transform of a, would be algebraic over %, and, a, would be in &*. 


Let %, denote the reflexive prime difference ideal consisting of those 
polynomials of G*{y,,- - +, Yn} which vanish when the y; are replaced by 
the a; Let A, be the reflexive prime difference ideal {3,; G}. 

We shall adjoin a set of elements f,, B2,- - - to @ such that, for each 
n=1, Bn is a generic zero of An. For 8, we choose a generic zero 
of A,. Suppose we have already adjoined --, Then -, By is 
a generic zero of A;. By the result obtained at the begnning of this section, 


we may adjoin an element Bx,: to the set 8i,- - -, 8, so as to obtain a generic 
zero Of Ay: By induction we construct the set Bi, 1—=1,2,-- -. 

By the provision above concerning %, %, is either [0] or of effective 
order different from zero. Hence A, is [0] or of effective order different 
from zero. Therefore its generic zero f, is not in the coefficient field ©. 

For each n, A, contains no difference polynomial with coefficients in %, 
except the polynomials of which have coefficients in Hence §<B;, Bs, 
is isomorphic to ©. Then ©<A:, contains two subfields isomorphic 
to G, namely itself and %<B:,B2,- ->. These subfields are distinct, 
because 8, is not in &. Therefore & is not a monadic extension of %, and 
we have obtained a contradiction. This proves Theorem IV.”® 


8. Conclusion. We have seen that if a difference field % permits finite 
incompatible extensions, or a finite monadic extension, then there is a single 
algebraically irreducible difference polynomial A of zero order in its indeter- 


7° As noted after the proof of Theorem II, we have actually proved a theorem con- 
cerning a class of extensions wider than the class of monadic extensions. For it is only 
necessary to assume that @ is such that no extension of ¥ contains two distinct sub- 
fields isomorphic to &. 
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minate y, such that a monadic extension of %, or incompatible extensions of 
¢, can be obtained by adjoining solutions of A. 

Now for a single difference polynomial of zero order the two cases 
of incompatible extensions and of a monadic extension represent opposite 
extremes of a range of possibilities. Let us consider such a polynomial A, 
algebraically irreducible, and of degree n >1 in y. We suppose that {A} 
is the intersection of two or more reflexive prime difference ideals II,,- - - , I,, 
whose manifolds we denote by Mt,,- - -, Mt, respectively. 

We show as in the proof of Theorem I that there exist extensions of } 
containing solutions of A. In fact any difference field containing k < n 
solutions of A can be extended to a field containing n solutions of A. Not 
all such extensions of % need be isomorphic, as we see from Example 1 above. 
It may be that for a particular polynomial A, the solutions in any one such 
extension all lie in the same manifold Yt; (where 7 depends on the extension). 
In such a case all the manifolds are evidently incompatible. Examples 1-3 
all illustrate this. If, on the other hand, every such extension of % contains 
one solution in each Yt; (so that we must have r—n), then each Mi; is a 
monadic manifold. Example 4 illustrates this. 


For an example of a distribution of the solutions among the manifolds 


which is intermediate between these extremes, and which results neither in 
monadic nor in incompatible extensions, we consider the field © which is 
formed by adjoining a transformally transcendental element u to a difference 
field %. 

We consider { momentarily as an alegbraic field and adjoin a sequence 
of elements such that t1—0,1,---. Evidently 
%,° *) becomes a difference field if we define the transform of 
a to be €0,, 7==0,1,---, where each «& is either +1 or —1. All the 
difference fields (¢)= are isomorphic. There is no other way of extending 
the endomorphism of to - -). 

Let A be the algebraically irreducible polynomial in y, with coefficients 
in &, whose solutions are + @,, —@ @, —@%—a@,. We con- 
sider A is a difference polynomial. Let y be any solution of A. Since a; 
can be expressed rationally in terms of «+ @,, or any of its conjugates, 
T<y> is isomorphic with one of the fields (e)& and therefore contains four 
solutions of A. Since the fields («)& are isomorphic, all fields formed by 
adjoining solutions of A to & are isomorphic. Hence the four solutions must 
be distributed in a fixed manner among the essential irreducible manifolds 
of A, and there must be at least one of them in each of these manifolds. We 
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shall show that there are actually two essential irreducible manifolds of A, 
and that two of the four solutions lie in each of them. 

For convenience, let y be a solution in one of the fields (e€)2. Then yo 
is a conjugate of a+ a,. We form the algebraic field 2, —Z(y.) which 
must contain and @. is of second degree over Hence y,; is of 
second degree over 2. Then the transform A, of A factors in Z, into two 
irreducible polynomials of second degree. Let denote D(a, a1,° 
It follows as with A, that the h-th transform A, of A factors in &, into two 
algebraically irreducible polynomials of second degree. Theorem IV of [1] 
now shows that A has wo irreducible manifolds It, and Mz. 

From our previous discussion we know that if we adjoin a solution of 
either Yt, or Yt. to ©, we obtain a field isomorphic to any (e)Z, and con- 
taining a solution y’ of Qt,, and a solution y”’ of Mt. But the mapping 
which carries each a into — a, or the corresponding mapping in a field 
isomorphic to (¢«)&, is easily seen to be an automorphism of the difference 
field It carries y’ into —y’, and y” into —y”’. Hence —y’ and — y” 
are solution of Yt, and Mt, respectively. This proves that there are always 
two solutions in each manifold. Evidently Dt, and Mt, are not incompatible, 
nor does either furnish a monadic extension of &. 

We may duplicate this example in the field # of rational functions of z 
with complex coefficients, the transform of a function f(z) being defined as 
f(t-+1). We simply replace the wu, in the preceding example by x + k. 

It would be interesting to know whether the fields # or ZT have finite 
monadic or incompatible extensions (other than those obtainable from incom- 
patible or monadic extensions of § by adjoining z or wu). It would follow 
that they do not if we could establish the following conjecture: If an essential 
irreducible manifold Mt of an algebraically irreducible zero order difference 
polynomial A with coefficients in a difference field % is monadic, or if it is 
incompatible with another manifold of A, then a solution of Mt is contained 
in an extension of % which, considered as an algebraic field, is a finite exten- 
sion. In other terms, we conjecture that the characteristic set of A which is 
annulled by Xt terminates in a polynomial which is of first degree in the 
highest transform of the indeterminate present in it. 
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